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FOREWORD 


The topic with which I regularly conclude my ~ 

lends an esthetic - I should like to say metaphysical - attraction 

Thi'problems to be treated belong mainly to the classical mathe¬ 
matical literature, as shown by their connection with themes of 
Laplace Fourier, Green, Gauss, Riemann. and William Thomson, 1 
order to show that these methods are adequate to deal "'>* actua^ 
problems, we treat the propogoMoti of radio waves in some detail in 

'^'"'^Chapter V deals with the general method of eigenfunchons Ihe 
most spectacular domain of application of that method is wave awchamcs, 
as we show here with the help of some selected, particularly simple 
examples. The mathematically rigorous foundation of the existence and 
the properties of eigenfunctions ivith the help of theorems about inte¬ 
gral equations cannot be given here; the latter are mentioned only occa¬ 
sionally as the counterpart of the corresponding theorems on differential 


equations. 

Chapter IV on Bessel functions and spherical harmonics is compara¬ 
tively lengthy despite a development that is as concise as possible. For 
the sake of brevity we have relegated some proofs to the exercises, as 
we have also done in other chapters. A special section is dedicated to the 
beautiful method of reciprocal radii and to the demonstration of the fact 
that it unfortunately cannot be applied to other than potential problems. 

Chapter III deals exclusively with the classic problem of heat con¬ 
duction. In addition to the Fourier method we develop in detail the 
intuitive method of reflected images for regions with plane boundaries. 
Chapter II deals with the different types of differential equations and 
boundary value problems; Green’s theorem and Green’s function are intro¬ 
duced in considerable generality. 

Chapter I about Fourier series and integrals is based throughout 
on the method of least squares. If the latter is complemented by a 
requirement which we called “the condition of finality,” then we can 


VI 


FOREWORD 


replace the more formal computations of the older developments in a 
complete and generalizable way, not only in the trigonometric case but 

also for spherical harmonics and general eigenfunctions. 

As is seen from this survey, the arrangement of the material is 

determined not by systematic but by didactic points of view. Chapter I 
intends to put the reader in the midst of the methodology of the Fourier 
and the Fourier-like expansions. Only in Chapter II do we start to 
introduce the concepts from the theory of partial differential equations 
that are of the greatest-importance for the mathematical physicist. 
From a systematic point of view Chapter III would be subordinated to 
the general methods of Chapter V but it precedes it for histone and 
didactic reasons. The lengthiness of Chapter IV may be justified by the 
fact that a large part of the material contained in the textbooks on 
Bessel functions and spherical harmonics is at least sketched there, and 
is put in readiness for application. The formal mathematical part is 
interrupted for didactic reasons for both classes of functions by typical 

examples of applications. 

It is obvious that this material could not be presented completely 
in a short summer term. In fact several mathematically more com¬ 
plicated sections have been added in print, some of these m the form of 
appendixes. In this connection we wish to mention Appendix II to 
Chapter V, which was added only after the completion of the rest of the 
manuscript and which is likely to be of fundamental importance for 
problems dealing with the intermittent range between short waves and 
long waves, that is, for the passage from geometrical optics to wave 


^ In the preparation of the manuscript I was able to rely on the lecture 
notes of R. Schlatterer for 1935, as well as on earlier notes of Professor 
J Meixner My friend F. Sauter critically perused the entire manu- 
L^t and has aL been most generous in giving me his o- -P-ved 
version on many points. I owe him more than I can pomt out in the 
text My colleague, J. Lense, examined the manuscript from t 
mathemafical point of view. Dr. F. Renner collaborated on the l^t 
chapter especirily; H. Schmidt advised me on the arrangement of the 

material. 




Votoe n intHW. ••Mech.ni.-. of Deform.ble Bndie..'’ .re in prep.n.l,on. In 
text they are referred to as v. I and v. IL] 


EDITORS’ FOREWORD 


This book is the first volume in a proj ected new series of mathematical 
books to appear under the title “Pure and Applied Mathematics. 
The books of the new series will be “advanced” in the sense that they 
wiU maintain a standard of scientific maturity. It is not intended 
however, to adhere to any rigid pattern of presentation or degree of 
difficulty. Thus there will be a place for textbooks for first-year graduate 
students as well as monographs for research workers and possibly an 
occasional treatise. It is the hope of the Editors that these volumes will 
find a worthy place in the growing list of excellent scientific works which 

have appeared in recent years. 

P. A. S. 

S. E. 

New York, 1949. 


Erratum 

“Eigenvalues” (see pp. 166ff.) should be written as one word. The 
two-word form is incorrect. 
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Chapter I 


Fourier Series and Integrals 


Fourier's TMorie analytlque de la ehaleur- is the bible rf the 

Sdary value problem is treated in an exemplary fash,on tor the typ.eal 

ShemarwLures on Fourier series emphasis is usually put 
on the concept of arbitrary function, on its continuity properties and it 
l^LrS (accumulation points of an infinity of maxima and minima . 
Thh point of view becomes immaterial in the .-X 

Seal of the atomistic nature of matter and of intemct.on, -ust -13 
be taken as smoothed mean values, just as the partial differential equa 
tions in which they enter arise from a statistical averaging » 
complicated elementary laws. Hence we are concerned with tdat vdy 
simple idealised functions and with their approximation with le^t 
possible error.” What is meant by the latter is explained by Gauss in his 
‘‘Method of Least Squares.” We shall see that it opens a simple and 
rigorous approach not only to Fourier series but to all other senes expan¬ 
sions of mathematical physics in spherical and in cylindrical harmonics, 

or generally in eigenfunctions. 


§ !• Fourier Series 

Let an arbitrary function/(x) be given in the interval — n ^ x ^ + .-i : 
this function may, e.g., be an empirical curve determined by sufficiently 
many and sufficiently accurate measurements. We want to approximate 
it by the sum of 2n -I- 1 trigonometric terms 

S„ (x) Ao+ cos X -f- -42 cos 2 X ^-1- A„ cos n x 

-f JBi sin a: -f- .Bj sin 2 X • • • + sin n x 

»Jean Baptiste Fourier, 1768-1830. His book on the conduction of heat 
appeared in 1822 in Paris. Fourier also distinguished himself as an algebraist, 
engineer, and writer on the history of Egypt, where he had accompanied Napoleon. 

The influence of his book even outside France is illustrated by the following 
quotation: “Fourier^s incentive kindled the spark in (the then 16-year-old) William 
Thomson as well as in Franz Neumann.” (F. Klein, Vorlesungen liber die Geschichte 
der Mathematik im 19. Jahrhundert, v. I, p. 233.) 
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PARTIAL DIFFERENTIAL EQUATIONS 


§ 1. 2 


By what criterion shall we choose the coefficients Aat our disposal? 
We shall denote the error term f{x) — S^( x) by e„(x); thus 

(2) /(x) = 5„(x) + £„(x). 

Following Gauss we consider the mean square error 



and reduce M to a minimum through the choice of the A 

To this we further remark that the corresponding measure of the 
total error formed with the first power of f„ would not be suitable, since 
Irbitrarily large positive and negative errors could then cancel each other 
would not Lnt in the total erntr. On the other hand the o 
the absolute value kJ under the integral sign m place of t. would be 

inconvenient because of its non-analytic character. ^ 

The requirement that (3) be a minimum leads to the equations 


^ = L f {/(x) — S„(x)} cosl:xdx=0, k — 0 , 1 , 2, . . ., n 


cM 

k 


(4) 


— n 
+ n 




= i/■ {/(x) —-S„(x)} sin^xdx =0, k— 1,2, 


— n 


These are exactly 2n + 1 equations for the determination of the 
qr, -4- 1 unknowns A Ji. A favorable feature here is that each individual 
ffirient A or B is determined directly and is not connected recursively 
with the other A,B. We owe this to the orthogonality relations that exis 

among trigonometric functions;* 


(b) 

(5a) 
(6 b) 


J cos k X sin Ixdx — 0, 
j cos k X cos I X dx 


J sin A; X sin i X dx 


= 0,k=^l 


. A completely diflerent approach » taken by %kr..t tluedan 
Tchebyeheg in th—™r irvll ^^.“.t.om make, this a minimum 


irSSrttraS .TrrrrrUmeneional space, satis,, the 
condition that their scalar product 
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§17 FOURIER SERIES AND INTEGRALS 

order to prove them it is not 

cumbersome addition formulae of tngono , r prions e=‘=**'* and 

Uer of their connection .dth the ,erms of 

the form exp {±^{^ +^) proves (5ib). The fact 

"Hand" 

(otI = k it reduces to 

1 / — e~ da: = 0 

4 w 

In a similar manner one obtains the values of (5a,b) for i = fc > 0 (only 
the product of exp(ffcx) and e^xp( ^ xkx) 

oLiTuTy eq?^^^ 2,r. We therefore can replace ( 5 a,b) by the single 
formula which is valid also for J = fc>0 


( 6 ) 


i f cos k X cos Ixdx =— [ sin k x sin I xdx d^i 
n J ^ J 


with the usual abbreviation 

i0...l^k 

Equation (6) ior k = I is called the normalizing condition. It is to be 
augmented for the exceptional case i = fc = 0 by the trivial statement 

(6a) = 


If we now substitute ( 5 ),(6) and (6a) in ( 4 ) then in the integrals 
with Sn all terms except the fc-th vanish, and we obtain directly Fourier s 
representation of coefficients: 





cos k X dx 



i- [ f(x) sin k x dx 

71 J 





N 

(u V)= 27ui V| = 0 


1 


vanish. The integrals appearing in (5) can be considered as sums of this same type 
with infinitely many terms. See the remarks in §26 about so-called "Hilbert space.” 
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PARTIAL DIFFERENTIAL EQUATIONS 


§ 1. 8 


Our approximation S„ is hereby determined completely. If, e.g. 
f{x) were given empirically then the integrations (7) would have to be 
carried out numerically or by machine.^ 

From (7) oneseesdirectly that for an even function /(— x) = /( + a;), 
all Bk vanish, whereas for an odd function, /(— x) = — /(+ x), all Ak, 
including Ao, vanish. Hence the former is approximated by a pure 

cosine series, the latter by a pure sine series. 

The accuracy of the approximation naturally increases with the 
number of constants A,B at our disposal, i.e., with increasing n. Here 
the following fortunate fact should be stressed: since the Ak,Bk for k<.n 
are independent of n, the previously calculated AkJh remain unchanged 
by the passage from n to n + 1, and only the coefficients ^^ 

have to be newly calculated. The Ak,Bk, once found, a.re final. 

There is nothing to prevent us from letting n grow indefinitely, 
that is, to perform the passage to the limit n —>■ oo . The finite series 
considered so far thereby goes over into an infinite Fourier series. The 
following two sections will deal with its convergence. 

More complicated than the question of convergence is that of the 
completeness of the system of functions used here as basis. It is obvious 
that if in the Fourier series one of the terms, e.g., the fc-th cosine term, 
were omitted, then the function /(x) could no longer be described by the 
remaining terms with arbitrary accuracy; even in passing to the limit 
n-^oo a finite error .4^ cos kx would remain. To take an extremely 
simple case, if one attempted to express cos nx by an incomplete series 
of all cosine terms with A:< n and fc > n, then all Ak would vanish be¬ 
cause of orthogonality and the error would turn out to be cos n x itself. 
Of course it would not occur to anyone to disturb the re^larity of a 
system like that of the trigonometric functions by the omission of one 
term. But in more general cases such considerations of mathematical 

esthetics need not be compelling. • u u • 

What the mathematicians teach us on this question with their 

relation of completeness is in reality no more than is contained in the basis 
of the method of least squares. One starts, namely, with the remark 
that a system of functions say 9?o, 9’i. • • •> • • • > complete 

only if/or every continuous function f(x) the mean error formed according 
to (3) goes to zero in the limit n ->■ oo . It is assumed that the system 
of (f is orthogonal and normalized to 1, that is 

(8) f(p^(f,dx = 0, f<pldx=l, 


4 Integrating machines that serve in Fourier analj^is are 
analyzers.” The most perfect of these is the machme of Bush and CaldweU, it 
be uLd also for the integration of arbitrary simultaneous differential equations, 


Phys. Rev. 38, 1898 (1931). 


SERIES AND INTEGRALS 
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§ 1 . 10 


rorBiER 


coefficients A * are simply 


mhich implie* that the expansion 

u. .1. Iun.u or i„.«r..ion in .hin .te“n 

th« tho lonjth ot thn inwnnl ot expan..on <sb 


arconiing to (3) 
(6 — a) M ! (/ 


*-0 

r>,o.tlon (8, h.. t«n UKd in ihr Inxt torn. hem. 

Jjdle temi equids iwiee the l.»t tenn except for sign. 

Lini (6 — a) 3/ = //* dz - 

« -• GO “ 

and one requires, as remarked above, that for every continuous function 

(10) v.4*-//««ix. 

•n.- IS the mathematical formulation of the relation 7 !* 

which b 80 rtrongly emphasiaed in the literature. It is obvious that it 
ran hardly be applied as a practical critenon. Also, since it 
«,ly lU mean error, it says iiothinR on the quMtion of ‘ 

fuiiti<-i / is really represented everywhere by the Fourier series ( 

l^’lhbintroductorj- section we have followed the historical develop¬ 
ment in deducing the /naltiy 0 / the Founrr cor#c.c^8 from ^he 

of Ike tnyorumetne funttum,. In H we shall demonstrate, for 

oTiyJical case of spherical harmonic*, that, conversely, orthogonality 
can he deduced quite generally from our requirement oi final,ty. From 
our poinl of view of appmximation this seems to be the more natu^ 
wpprL-h. In any case it should be *tre.ssed at this point that orth^ 
9 <mtUUy and rtipiiremenl of finality imply each other and can be replaced 

bv Mch Other. *i_ * • ^ 

Finally, R'e want to tnuwhite our results into a form that is mathe- 

matkaily more perfect and physically more useful. We carry this out 

for the case of infinite Fourier series, remarking however, that the 

foUowing » valid also for a truncated aerie* — actually the more general 

and rigoroua rase. t ► 

We wrii^. replacing the variable of integration in (7) by c • 
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PARTIAL DIFFERENTIAL EQUATIONS 


§1.11 




+i^J/U)sinA:|df-sinA: 



X 






2 n 



Ki)d( + Zil + /'®' ‘ 


-ik{x-()^^ 



In the last term we can consider the summation for positive fc in 
exu i—i k (x — ^)} to be the summation for the correspondmg negative 
values of k in exp {+ ik{x- I)}. We therefore replace this term by 


— OO 

V 




fc(x-i) 


^ I f (f) 

. —OO*^ 


fc(x-e) (ft. 


Then the uncomfortable exceptional position of the term ^ ^ 

removed: it now fits between the positive and negative values of k and 

we obtain 


(11) 


fc-s-OO*' 


Finally, introducing the Fourier coefficienta Cr, which arc complex even 
for real f{x): 

2“ C*c'*=*, 


( 12 ) 


/(®) 


fc—— OO 


The relations among the C’s and the A's and B s defined by ( 7 ), 
given by 

i>0. 

( 13 ) 1 j (. 1 |« + •’ 

Go= -^0 • 

Our complex representation (12) is obviously simpler than 
real r^rrerution; U will be of special use to us in the theory of Founer 

nte extend our representation, originally intended for the interval 
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§ 2.2 


FOURIER SERIES AND INTEGRALS 


_:r< a:< + « , to the intervals a; >:* and a:<-^ then obtam 

have f{—n) = /(+ n) . The next section deals with the investigation 
of the error arising at such a point. 

§ 2. Example of a Discontinuous Function. 

Gibbs’ Phenomenon and Non-Uniform Convergence 


Let us consider the function 


( 1 ) 


/(*) = 


4-1 for 0 < » < 7t 


1 for 


n 


X 


0 . 


We sketch it in Fig. 1 with its periodic 
repetitions completed by the vertical 
connecting segments of length 2 at the 
points of discontinuity x = 0, 

±2?!, ..., whereby it becomes a 
“meander line.” Our function f is odd, 
its Fourier series consists therefore 
solely of sine terms as pointed out in 



Fig. 1. The chain of segment!! 
y = ±1 for positive and neg¬ 
ative la:|<ir and its periodic 
repetition represented by the 
Fourier series. 


(1.7). The coefficients can best be calculated from equation (1.12), 
which yields 



11 

71 k 


• k odd 


0 ...even 


This implies according to (1.13): 

^ ^ ^3 • • • 

We obtain the following sine series: 

(2) /(x) = ^ ^sin X + sin 3 X -f sin 5 X -1 -^ . 

One may imagine the upheaval caused by this series when it was first 
constructed by Fourier. A discontinuous chain formed through the 
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PARTIAL DIFFERENTIAL EQUATIONS 


§2 


superposition of an infinite sequence of only the simplest continuous 
functions! Without exaggeration one may say that this series has con¬ 
tributed greatly to the development of the general concept of real unc¬ 
tion. We shall see below that it also served to deepen the concept o 

convergence of series. . , 

In order to understand how the series manages to approximate the 

discontinuous sequence of steps, we draw* in Fig. 2 the approximating 

functions Si, S^, S^ defined by ( 1 . 1 ) together with - f{x) . 

Si = ^sina;, S^—^{sin x +-^smSx^ , 

^5 = ^ (sin X -f isin 3 a: -t- isin5. 


Si has its maximum value 


y = 4/ji = 1.27, 


at a; = 7 tj 2 , and hence rises 27% above the horizontal line y - 1 , which 
is to be described. Sa has a minimum value at the same point and hen 


y 




0.85, 


stays 15% below the straight line to be described. In ^dditmn S 
has maxima at ar /4 and 3 ar/4, which lie 20 % above that lineXThe reade 
is invited to check this!) S 5 on the other hand has a maximum of 


y 




at X = which is too high by only 10%. A flat miniinum on ehher 

side is followed by two steeper maxima situated near x ^ 

In general the maxima and minima of S.n+i he between those of &n-i(see 

M thlt has been said here about the stepwise approximation^Uhe 

the line segment decrease with increasing n; at the pornls »/ ‘ J 

• In the lecture. .1 thi. point abundant n.e .-hieh 

this unfortunately is impossible in print, 
are the most important for us. are drawn m bolder Imes. 


^ 2 FOURIER SERIES AND INTEGRALS 

_ n 4-» 4- 2n where there is no systematic decrease of the 

L-xil th; atpro^iniating curves tTlate" 

rSU?thety“ it ht in 3. 



Fig. 2. The approximations Fig. 3. An approximation S of very 

of the chain the maxima and minima high order for the illustration o 

lie at equaUy spaced values of x, respectively Gibbs* phenomenon, 
between those of the preceding approximation. 

We now consider more closely the behavior of Sgn+iC^^) for large n 
at one of the jumps, e.g., for x = 0. To this end we rewrite the original 
formula for 5j,+i in integral form (an Integra,! usually bemg easier to 
discuss than a sum). This is done in the following steps. 



4 


7t 



sin (2iS:+ l)x 





n 


4 

1 



A 


^(2Jfc+l)i€ 


n 
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§ 2 . 3 


After factoring out exp (± .f) from the two 

become geometric series in increasing powers of exp {±^ I) 

be summed in the familiar manner. Therefore, one obtains 




(3) 


S 


0 


By further factorization these two fractions can be brought to the com¬ 
mon form (except for the sign of i): 


(3 a) 


i„t sin (n -f l)f 


±tni 


sinf 


In this way (3) goes over into 


(3 b) 


9 . r 2co8(n-t-l)f 8in(n-f 1)1 

-S2„+i = ;r I - 

0 


r.' :i: 

gration u and the new argument v, 

V (ti= 2(» + 1)^> 

2 /• sinM X , J 

(4) ®2n+l“« j u ■" [ V = 2(«.-f 1)®- 

0 

From this the following conclusion may 


(4a) 


Lim Lim Sgn+i — 0 • 

0 


OO X 


But if for x> 0 we first allow » to "f 

infinite, and according to » towards zero, 

r:‘arue L!r= 1 his also for the lim. a - 0, hence 


(4b) 


Lim Lim S 2 n+i ” ^ • 

*-♦.0 n 


The two limiHnf processes therefore are thelhTlTr 
f(i) to be represented were contmuous at the pomt a - u, tne 
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cl r—r- to tl* ■“ 

would have 


contrast to (4a,b) one 



Lim Lim S,.+i = Lim 

»-»0 


Lim S„+i = M- 


This, however, does not 
exhaust by any means the 

peculiarities contained inequa¬ 
tion (4); in order to develop 
them we introduce the fre¬ 
quently tabulated* intepal 

sine” 



5««f) 



4. Graphic representation of the 
integral sine. 


and represent its general form in Fig. 4. It can bo described as follows: 
for ^mall values of p , where sin u can be set equal to u, we ha\e propOT- 
hanaJUy ttUh r. for large value* of p we have asymptotic approach to nld, 
in between we have succcasively decreasing oscillations with rnaxima and 

minima at r = .**. 2--*, 3n.as can be seen from (5) ; the ordinate 

of the first and greatest maximum is 1.851 according to the above men- 
tumed tables To the aaaociated abscissa of the Si-curve there corre- 
apood- in the original variable j, owing to the relation v = 2(n -h 1) ®, 
the infinite sequence of points 


( 6 ) 


x_ = 


2(m+l)’ 


= 


• + » ■" 2 (»-|- 2 )’ 


at which according to (4) the approximations • • 

the fixed value: 


have 



Tha value, which exceeds y = 1 by 187o, « at the same time the upper 
hwut of the range of values given by our approximations. Its lower limit, 
S — 1 18 is assumed when we approach zero from the negative side 
in the sequence of point* —z„ — i.+j, . .. . Each point of the range 
• E g. B. Jahnkx-Emde, Funktionentafeln, Teubner, Lciprig, 3d edition, 1938. 








12 
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§2.8 


between - 1.18 and + 1.18 can be obtained by a special manner of pa^ 
tag to the limit; e.g.. the points S = 0 and S = 1 are obtained in the 

manner described in (4a) and (4b). 

This behavior of the approximating functions, m particular the 

appearance of an excess over the range of discontinuity ±1, is called 

(SL’ phenomenon. (Willard Gibbs, 1844 to 1906, was one « 

greatest physicists, and simultaneously with Boltzmann, was the founder 

S statistical mechanics.) Gibbs’ phenomenon appears wherever a 

discontinuity is approximated. One then speaks of the non-un,form 

convergence of the approximation process. 

We still want to convince ourselves that actually every point betueen 
<? = 1 18 and S = — 1 18 can be obtained, if we couple the two passages 

to the limit in a suitable fashion. According to (6) this 

in setting x (n + 1) or, what comes to the same thing, setting x equal 

to the filed value jr/2 . If instead we take the more general value, g, 

then from (4) we obtain v = 2g, and (4) and (5) together yield 


^2n 


+ 1 


^Si{2q), 

71 


where Si{2q) can assume all values between 0 and 1.851 with varying 
positive as can be seen directly from Fig. 4. C-respondmg ^o 
negative q one obtains all values between 0 and - 1.851 The Passages 
to the limit that have thus been coupled yield not only the approach o 
our approximating function to the discontinuity from - 1 to + 1, bu 

also an excess beyond it, i.e., Gibbs’ phenomenon. formal 

In addition to these basic statements we want to de^duce some forma 

mathematical facts from our Fourier representation (2 . 1" P^-ular 

we substitute x=?r/2 therein and obtain the famous Leihmz senes 


( 8 ) 


^ — 1 — - — - + ■• 


This series converges slowly; we obtain more rapidly a « For'the 
sentations lor the powers of v if we integrate (2) repeatedly. For 

following refer to Fig. 5 below. 

By restricting ourselves to the inter\'al 0 < x < ji , we wrue 


(9) 


^ = sin X 3 X -^sin 5 x + 


instead of (2). Integration from 0 to x yields: 

(10) 3x=l-coax+i(l-cos3x) + i(l-cos6x) + 


• • • 


§ 2 . 18 

Hence for x = tcI'2 

( 11 ) 


FOURIER SERIES AND INTEGRALS 


— = 1 + 32 -h 52 -r 


Subtracting (10) from (11) we get: 

(12) =cosa: + -^cos 3x +-p 

By another integration from 0 to z this becomes 


COS 5 X + 


• • • 


(13) 


(:r z - z 2 ) = sin z 4 -sill 3 z + i sin 5 z + 


Hence for z = 71 '2 , as an analogue to the Leibniz senes 


(14) 


— - 1 — — + — 
3-_) — ^ 3* ^ 53 


13 


We integrate (13) once more with respect to z and set z — ;r/2: 
(16) |(:.|-|)=l-cosi + A(l-cc.s3x)+i(l- 


cos 5 z) 4- 


(16) 


-r* 1 1 

^ _ 1 — -i— • • • 


Finally we subtract (15) from (16) and have 



The series (11) and (16) range only over the odd numbers. The 
series ranging over the even numbers are respectively equal to 1/4 and 
1/16 of the sums ranging over all integers. If we denote the latter by 

Z, and respectively, then we have 



hence 




(18) 


and 
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This value, of was needed in the derivation of Stefan’s law of 

radiation or Debye’s law for the energy content of a fixed body. The 
trigonometric series (12), (13), (17) will be useful examples in the follow¬ 
ing sections. The higher analogues to the “Leibniz series” (8) and (14) 

as well as those to iTg and will be computed in exercise 1.2. 


§ 3. On the Convergence of Fourier Series 

We are going to prove the following theorem: If a function /(t), 
together with its first n - 1 derivatives is continuous and differentiable 
between —n and -finclusive, and the n-th derivative, is differenti¬ 
able over the same interval except possibly at a finite number of points 
X = X, where it may have bounded discontinuities (i.e., finite jumps), 
then the coefficients of its Fourier expansion approach zero at 

least as fast a-s as A: -► oo. 

The stipulation “inclusive” in referring to the boundaries of the 

interval has h(‘re the following meaning: every function which is repre- 

sentefl by a Fourier si-ries is pcrioilic in nature. An adequate picture 

of its argument would therefore not be the straight line segment from 

— n to + but a circle closing at x «= It is this fact to which the 

conllnwly of / and its first n - 1 derivatives at the point x = ±n 

refers. This point is in no way distinguished from the interior points 

of the interval, just as it is immaterial whether we denote the boundaries 

of the interval by — n, n or, e.g., by T’ T 

For the proof of this theorem it is convenient to use the complex 

form (1.1'2) 




•f OP 

vC»e 

— OO 


iks 

9 


+ n 

(la) 2 nC, //(^)e-'**rff 

— A 


From (la) one obtains through integration by parts 

— W — * 

Here the first term on the right side vanishes because of the postulated 
continuity of/; thes«>con«l term can again be transformed by integration 
by parts. After n iterations of the same firocess oii»- obtains 

2n(ikf(\ - / . 



(3) 
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§3.4 

•<;oa nf at X = oOf, this integral has to be 

Because of the discontinuities of / ( ) ^ a; = sc, . ; let the 

divided into partial Ug^ jgnoted by A". Equation 

jumps of at the points of discontinuity be denotea oy i 

( 3 ) written explicitly then reads; 


(3 a) 


27r(a)"C,= ^^ j /<«>(!) 

XI 


where the point ^ = ± rr may be contained among the points a _ a, 

By one more partial integration (3a) becomes 

(4) 2t.(a)”C. = ::Uyj|.e-<-.+i:^/ /i—>(f)e-»'d{. 

Considering the fact that the discontinuities J” were assumed to be 
Lnded and that /'"> was assumed to be differenUable between the 
points of discontinuity, one sees from (4) that C* vanishes at least to the 
^me order as k-’-' when one lets i^oo. For special relations be¬ 
tween the Jrot /<”■""({). the order of vanishing 

could become even higher. 

This theorem is valid for negative k too. This implies that it is valid 
also for the real Fourier coefficients A*,/?* {k > 0), since according o 
(1.13) they are expressible in terms of the C* with positive and negative k. 

A special consequence of our theorem is that an analytic function 
of period 2 n (such a function is continuous and periodic together with 
all its derivatives) has Fourier coefficients that decrease faster than any 
power of 1 /k with increasing k. An example of this would be an arbitrary 
polynomial in sin x and cos x. This is represented by a finite Fourier 
series with as many terms as required by the degree of the polynomial, 
so that all higher Fourier coefficients are equal to zero. Another example 
is given by the elliptic ^ series, which we shall meet in a heat conduction 
problem in §15; its Fourier coefficients C* decrease as fast as e “ . 

It further follows from our theorem that the sum which 

appears in the relation of completeness converges like for every 

function /(x) which has a finite number of jumps and which is differen¬ 
tiable everywhere else (case n = 0 of our theorem). An example of 
this is given by our function ( 2 . 1 ) where 2 Ajf converges, although 
ZA* diverges. This function also shows that the relation of com¬ 
pleteness does not insure representability of the function at every 
point (this has already been noted on p. 5). Namely, if we sharpen 
definition ( 2 . 1 ) by putting / = 1 for x ^ 0 and / = - 1 for x < 0 , 
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then / if not represented by the Fourier series (2.2) at the point x - 0, 

for there the series converges to 0. , • j • 

A further illustration of our theorem is given by the sine and cosine 

series which were derived at the end of the last section. The expressions 
of the functions which are represented by these series were valid only 
for the interval 0 < x < jr. We complete these expressions by adjoin¬ 
ing the corresponding expressions for the interval — jr < x < U . e 
latter are obtained simply from the remark that the cosine series are even 
functions of x, and the sine series are odd. The expressions thus ob¬ 
tained are written below inside the { } to the right of the semico on 
We therefore complete the equations (2.9), (2.12), (2.15), (2.17) 

follows: 




(7) {S 


(I- 


'3+ 

a)} 

= COS X + 

cos 3 X -f 

(jt X- 

— x2); ^(:;rx-|- 

X2)J 

= sin X + 

i sin 3 X -|- 

O® 

U2 

-"f + i) 


71^ 

.12 

• 

\ 

1 

= cos x-r ’ll 


52 


COS 5x4- 


• • 


Here the functions which are represented possess successively stronger 

continuity properties: in (5) the function possesses discontinuities at the 
noints X = 0 and x = , in (6) the function is continuous but the 

Lst derivative is discontinuous, in (7) the function and its «tst deriva¬ 
tive ere continuous but the second derivative is discontinuous, ( ) 
function and its first two derivatives are continuous but the third 
tive is not. The discontinuity arising in each case is the sam^a 
of the function in (5) and it appears at the same points x - 0 and 

x=±7t corresponding to the fact that each succeeding function as 

obtained from the previous one by integration. 

Figure 5 illustrates this. Its curves 0,1,2,3 represent the left s des 
of (5),(6),(7),(8). The discontinuity of the tangent to the_ ^urve^ 1^ 

X = 0 strikes the eye; the discontinuity of the curvature of 2 at x 

can be deduced fr.im the behavior of the two mirror P^^te 

which meet there. Curve 3 consists of two cubic parabolas, that osculat 

witli coutiniiou. curvuUirc. The scale, which for convenience has bee 
chosen differently for the dillerent curves, can be Ken '’y ‘ 
of the maximal values which have been inserted on the right . 

The increasing continuity of our curves 0 to 3 has its cou 
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part in the in^ rale 0/ —n« of ihe^ “ 

the right sides of eqs. (5) to W- ui t ; 
coefficients like 1 /k, in general, m 
accord with our theorem, we have 
a decrease with where n 

is the order of the first discon¬ 
tinuous derivative of the repre- 

sen ted function. 

The convergence of Fourier 

series stands in a marked con¬ 
trast to that of Taylor series. 

The former depends only on the 
continuity of the function to be 
represented and its derivatives 
on the real axis, the latter de¬ 
pends also on the position of ^ Four curves 0,1,2,3, obtained 

the singularities in the complex successive integration. Increasing con- 

T oin flndeed the singular tinuity at x = 0: 0 discontmuo^ m the 
domain. (Indeed tne sing 1 in the tangent, 2 m the curva- 

point nearest the origin oi expan ^ derivative. 

sion in the complex plane deter- ’ . s » 

mines the radius of convergence of the Baylor series^ Accord ngly^t^^^^ 

principles of the two expansions are basically different. 
series we have an oscillaling approach over the entire range of the 
interval of representation, for Taylor series we have an osculating 
approach at its origin. We shall return to this in §6. 

§ 4. Passage to the Fourier Integral 
The interval of representation -;r < ® < rr can be changed in 
many ways. Not only can it be displaced, as remarked on p. 14, but also 
its length can be changed, e.g., to — a < 2 < + » for arbitrary a. Th s 
is done by the substitution 

nz 


( 1 ) 

which transforms (1.7) into 

+ a 

A. \ 1 

( 2 ) 


X = 


a 


A 

B 


- I a J ^^ sm a 


+ a 


— a 


In the more convenient complex way of writing (1.12), one then has 


( 3 ) 


A*) = ^ 


i — kz 


+ a 


C. = A / m e 


- i-fcC 
a 
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§44 


We may obviously consitler also the more general inter\'al b 
by substituting 


z < e, 


l4) 


= « * -r 


2^ 


a = — 


- 5 ' 




The formulas (2) then become 


15 ) 


B^\ 


C — b J 






In this connection we mention some “pure sine and cosme senM that 
appear in Fourier's work. One considers a function /(r) 
oX in the interval 0<r<rr say, and which is to te continued to *e 
negative side in an odd or even manner. For evarople, one gets tor odd 

continuation 


j /(*) sin kxdx. 


— ^ sin it X, 


/(.) - Z 


"rfromW we take a to be very large. The «quence of 
values 

_ n 

spondingly 


(/« = — » 
a 


1 do 

a ^ 


If in (3) we replace the symbols a, t by the previous ones x, { then we 


obtain 


+ a 


( 6 ) 




— a 


For the moment we avoid calling the limits of thU integral - oc and 
■"introducing (6) into the infinite series f3) for /(x), replacing the 
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I 4. !• 


MUSS unO 1WT»0«AL« 


hy deeotiof 

±0.w wti. 


tlir limii* oi inU^tion for the 


♦ # 


(T) 




-imt 




TW order <rf 
i tb* 
bbua Uw 


o Uw UmH indiesled hwe » 

U> tbr l»rt fi - oo ««r carried out first. 

lUAii'tnc^ mucrml 


would 



j" 


fnr ^ i oo u* oidrr that the 

Os lbs ot^ bo«d Le«iim We do not hsve to inve*t»g*t< 

irrt lisiit for s -* to the limit be po«ble. 

•* be “iulfaierrthr rspid '* ^ abbreviate the more 



After due 

fans of (7) by wntin* 




IS) 




Ih! 



IlMetbe 
frosi —oo to ■ 
■tecral lake* f 


ft) 


o the r««f form of the Fourier inlegr*! (8) m it »a 
ia the litcrsture. W e eri 

am c«e • (* — f) + • ein • (* “” f)' 

ruftt fuaetian of •, and henee vsniahee 
oo; the conne. bem* even in w, yielda twice the 
fto oo We therefore have 


by whwh we do not 


/(f)eoe •(» —f)d|, 

ta snpfT that the real form ie better or siropler 



form<8). Weeanwme 


of (9); 


(19) 


H*)- J 


(•) 


s dm 4> j b(m) sin a* * dm 
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where 


+ 00 


+ 00 


(10a) a(co) /(I) cos 


b{(o) = ^J f($) sin ft) I 


— OO 


— OO 


In particular b (tu) must vanish if f{x) is even, a (cu) if /(x) is odd. 
We then have corresponding to the above “pure cosine or sine series, 
a “pure cosine or sine integral.” One or the other can be produced 
whenever /(x) is given only for x > 0, by continuing /(x) as an even or 
odd function to the negative side. We then write explicitly: 
for even continuation 

OO 2 “ ‘ 

(11a) /(x) = f a {co) cos coxdco, a (co) = - J /(I) cos co i di , 

0 ® 

for odd continuation 


(11b) /(x) = j b{(o) sin (oxdco, b (ftj) = /(^) oj^d^. 

0 ® 

The usefulness of this procedure will become apparent to us in some 

particular problems of heat conduction below. 

We denoted the variable of integration by <o deliberately, in 
general one denotes the frequency in oscillation processes by w. Let us 
therefore, for the time being, think of x as the lime coordinate; then in 
equation (10) we have the decomyosition of an arbitrary process in tinu, 
f(x), into its harmonic components. In the Fourier integral one is con¬ 
cerned with a continuous spectrum, which ranges over all frequencies 
from ft> = 0 to ft) = OO in the Fourier series with a discrete spectrum, 
consisting of a fundamental tone plus harmonic overtones. Here the 
follovving fact must be kept in mind: when a physicist determines tl^e 
spectrum of a process with a suitable spectral apparatus, he finds o y 
the amplitude belonging to the frequency o), while the phase of partial 
oscillations remains unknown to him. In our notation the amp 
corresponds to the quantity 

C (O)) = }/a^ (ftj) + 6® (w), 

the phase, y (.o), is given by the ratio 6/a. The relation between these 
various quantities is best given as 


( 12 ) 


c (ft)) e’a (ftj) -b *6 (ft)). 


The Fourier integral which describes the process completely uses both 
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.he«?oV;ield; Mlf oleTntormaUo^ wl.ich is 

— c..a.s;. 

Ls so successfully earned out nmnlitudr^ can be observed; for a 

co siai reflexes, i.e.. «He ^tru have .0 know the 

;Z Too can only be partially renroved by synrme.ry 

“"'tTveZ 1.4 we shall deal with the spectra of diverse oscillation 
pr Jsses as examples for the theory of the Fottner mtegral and at 

“"'r; .r.ro"rrm of the Founer mtcral 

and split it into two parts 


-foo 


4 oo 


(13) 


/ 


— oo 


— i jw 


(fx. 


which toRcther are equiva]ent toJS). Disregarding the splitting of the 

denominator 2.-* into ^/ 21 / 2 :. , which was done mainly for reasons 

of svmmeti^-, and disregarding the notation of the variable of integra¬ 
tion in the «-cond equation, we have <p (ca) identical with the quantity 
at(o) — ib (to) tlefmed in (10a); it therefore contains information con¬ 
cerning both the amplitude and the phase of the oscillating process/(x) 
Moreover : 10 ■ shows that the two functions/and (p have a reciprocal 
relation; one is determined by the other, whether we regard / as known 
and <p as unknown or conversely, and the determination in each case is 
bv “integral ecpiations" of exactly the same character. One saj’s that 
one function i.s the Fourier transform of the other. In (13) we have a 
particularly elegant formulation of Fourier’s integral theorem. 

So far we liave spoken only of functions/fx) of one variable. It is 
obvious that a function of several variables can be developed into a 
Fourier series or integral with respect to any one of the variables. By 
developing with respect to x,y,z for example we obtain a triply infinite 
Fourier series and sixfold Fourier integrals. We do not wish to write 
here the somewhat lengthy formulas since we shall have ample oppor¬ 
tunity to explain them in their applications. 

§ 5. Development by Spherical Harmonics 

We do not claim that the path we shall pursue is the most convenient 
approach to the theory' of spherical harmonics; but it proceeds immedi- 
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ately from the discussion of §1, needs no preparation from the theory of 
differential equations, and leads to interesting points of view on far 

reaching generalizations. , x . • . i 

We consider the problem: Approximate a function/( j) given in the 

interval — 1 < » < -f 1 by a sequence of polynomials Pq, Pi, P^, ■ ■ ■ 
1 \... P„ of degrees 0, 1, 2,... A:,... n in the manner which is the best 
posdble from the point of view of the method of least squares. We form an 
n-th approximation of the form 


n 


( 1 ) 


*4, P; 


k^O 


and reduce the mean error 


+ 1 


( 2 ) 


M =4/ 


— 1 


to a minimum through choice of A^, just as in (L3) 
n + 1 equations: 


This leads to the 


( 3 ) 


/ [/(^) — ^ ^ — 0 , 1 , . - ^ • 


— 1 


iust as in (1.4). This minimal requirement we complete by a require¬ 
ment concerning the amount of calculation that will be needed: the 
coefficients A* which are to be calculated from (3) m the n-th approxima¬ 
tion, shall also be valid in the (n + l)-st and in all subseqiient approxima¬ 
tions; they shall represent the final A* for all k = R, and the finer appro 
imations are to complete their determination by yielding the A* 
k>n. In §1, p. 4 this finality of the A* resulted from the kno\\n 

orthogonality of the trigonometric functions. Here, ^ ® 

requirement of finality will be seen to imply the oraogonahty oi the 

The proof is very simple. Equation (3), written explicitly, reads 

(we omit in the following the limits of integration zfc 1): 

(4) Ao f PoPudx+A, fP,P,dx+-■ +A, I P„ P, d.t = Jf {r) P, dx 

Since the right side is independent of n and the A, are to be final this 
equation retains its validity for the (n -b l)-st approximation + 
except that on the left side we add the term 

Equation (4) implies that this term must vanish, and since.1,+idea® 
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not vanish (except for specia, choice of/(x)), integral 

ror all ^ for rvhich (4) .s vahd, Hence, if we take 

Pr^d P:^rtCnaUo\!jh other^^ our requirement of finality imphes 
the general condition of orthogonality 


(5) 


/ PnPfndx = 0, m 4 = n . 


Using (5) we obtain from (4) 

A,f Fldx = J fix) P.{^)dx. 

The d. are therefore r>cternrined indWidu^'^'/' add a^conven.ion 
about the normalizing integral on the 

He. we prefer 

to follow historical usage and require instead that 


(7) 


Pn(l) = l- 


This normalizing condition has an advantage in that, as we shall see, all 

the coefficients in F„ become rational numbers. p j 

We now pass to the recursive calculation of Po, Pv -^ 2 - • ' • 

(5) and ( 7 ) Po is a constant, which according to (7), must be set equa 
01 In the linear function P, = a x + 6 we see from ( 5 ), a^ter se mg 
; = 0 and m = 1, that b = 0 and from (7) that a = 1. After setting 

p ax^ + bx-\-c we obtain 

A 


j Pg Pq dx = ^ a + 2 c — 0 ; 

/ P^Pidx =jb = 0 


Therefore P, = a (x^ - i) and by (7) 


a 


hence ^ “ '3 » 


hence 6 = 0 ; 


3 

a — fcj 9 


P -ix2-i 

r'2 — 9 2 


Correspondingly we find 




15 2 ^ 

- T ^ B 



The P„ are therefore completely determined by our two requirements, 
the p 2 „ as even, the Pzn+i as odd polynomials with rational coefficients. 
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More transparent than the recursive process is the following explicit 
representation: 





We see that P„(x) as defined by (8) satisfies condition (7) as follows: for 
X 1 we have to carry out the 7i-fold differentiation solely for the 
factor (x - 1)", whereby we obtain n!; the factor (x + 1)” becomes equal 

to 2"; equation (8) therefore does imply that / „ (1) — 1- 

It remains to be proven that (8) satisfies the orthogonality condi¬ 
tion (5), which is equivalent to our “condition of finality.” To this end 

we introduce the notation 



and write the left side of (5) (suppressing the constant factor which is 
immaterial here) as 

/ „ D^mdx , 


-1 


where we take, say, m > n. We now reduce the order of differentiat o 
of the second factor by integration by parts; this increases the order 
of differentiation of D„„. The terms which fall outside the Integra sign 
will vanish for x = ± 1 , since in according to (9) one 

factor — 1 remains. Repeating this process we get 


( 10 ) 


/ Dn.n- = 

/^n + 2.n- = ■ ■ = (- I ^2n.n ' 


Here according to (9) ilo,,. „ is a constant, namely (2n)! Hence 

dx 


( 11 ) 


= (— 1)" (2 n)\ 


This vanishes, since the number m - n - 1 of d,fferent.afons tha stUI 
remain to be carried out is less than the number m of factors x 1 a 
x+ 1 which are to be differentiated. This deduction is valid for 
m = n+l, too, and fails only for m = n. The orthogonality is there- 

fore proved for all m =t= w . 
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^ 5 J4 FOVRIER SERlb!5 -- 

At the sam* time the method ius, used provides a way of calculating 
the normalizing integral of (6): 

P|(Zx= 


2 ^kl 



Using the first line of (ID foi’ obtain 


( -1)» 12 w phjf‘ f 

= '1FT!)* j (2.4-b ... 2A, J 


J 

The numerical factor in front of the last integral is 

... •(2fc-l). 


X 


2)* dr 


1• 3*5’. 
z = 2•4*6 


2k 


under the substitution x 
well known form 


= cos^ the integral itself goes over into the 


? 2-4*6...2fc .1 

j sin^^ ^ = 2 •^.7...(2Jfc + 2*1+1 * 


0 


Therefore, one obtains 

( 12 ) 


jPldx = , 


2k+1 *:+*^-‘ 


72 


Equation (6) then gives 

( 13 ) A^^{k + ^U)f f{x)P^{x)dx. 

Substituting this in equation (1) of the n-th approximation S„ and letting 
n -> oo we get (assuming convergence and the completeness of the 

system of functions P): 


(14) 


/(X) = T (A: + V2) Ti(^) PA^) • 

Cro -1 


The two assumptions just mentioned can be justified here, just as m the 
case of Fourier series, by consideration of the limiting value of the mean 
square error. The Ar-th approximating function has k zeros in the interval 
of approximation just as before, except that now they are not equally 
spaced. The approach to the given function, /, proceeds, here too, 
through more and more frequent oscillaiions. Also, Ave find Gibbs’ 
phenomenon at the points of discontinuity, etc. 
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§6. Generalizations: Oscillating and Osculating 
Approximations. Anharmonic Fourier Analysis. 

An Example of Non-Final Determination of Coefficients 

The following question suggests itself; Why are the two senes differ¬ 
ent despite the identical nature of the approximation processes: bince 
we ’saw that the form of the P,.(x) was completely determined by our 
approximation requirements, we might think, e.g., that the pure cosine 
series (expansion of an even function) would go over into a series of 

spherical harmonics, if in the former we set cos <p = i 

cos k(p becomes a polynomial of degree k m i just like nU), and t e 

interval of expansion 0<(p<7i becomes the interval -f 1 > x> l. 
But the indwidual infinitesimal elements of this interval receive a different 

weight g in each case since 


d(p = 


dx 


yi—x 


Whereas in the Fourier approximation we associate the satire weight 
with all dr, the endpoints a = ± 1 of the interval m the i scale seem to 
L r J — l/l/l —I® . At these points the function is 

t:t ::':ppr mated’middle of the intervah The opposi^ is 
oSy the ease for approximations by spherical ha^on.cs wh eh 

“Ice g J = sinPictorially s^aldng “ 

Fourier series, one deals with a uniformly Weighted ““ 

JheTth" hand the case of spherical harmonics deals wdA a undomly 
weighted diameter, which corresponds to a non-uniform y g 

semicircle. 

A. Oscillating and Oscul.ating Approximation 

These different distributions of weight g (that is, / 

factors that, in conjunction with the delimitation of the interval 

expansion, distinguish among the different senes '“termite- 

mathematical physics. Here we only mention the expansmnsmH^^^ 

and Laguerre-polynomials because of their impor ^ 

rhanics We shall not concern ourselves here with their fo 

sentation - they can be obtained from the as in 

calculation of the coefficients satisfying a conditmn of finaU> 
the case of spherical harmonics. (See exercise 1.6, ^^here 





la 


rui'wc* sewks 



27 






Kic ft The T«ylnr e»p«n»ion of sin x 


ysmx 

For thMf •?«*. iu»» 

Fourier Hriu wkI •pberiral 
hannunir*. U>e *ppr^H t® 

IpvMi funrltoo. /, ■ through 
rloarr and chwftr otnllaiumt. 

Ilo^Tver, from th* ralculu* we 
kaow a n rriwi whoae rharmrter 
is ssrulahuft r*ll>er than otaUot- 
t*g. namely tl*^ ame*. 

In the caa* <rf Taylor aeriea Uw • s,-*-||. 

ean«r<Mtive mppro^im*tk)fi» S* ^ ^ * 

nirtil*t«* ihr rune lo br rrprp- 5T ■*" 5! ’ 

■rttt 4 Hl ta Mjrh • w ay that at a i i i « r* •** 

aiven warn s. haa the -ame derivative- a- / up to and includiUK/ 

The craphir rrprraentat loo of the power aeries of -in x (fig. 0) demon- 

atraua llue without further explanation. r „ .• 

Here the total aecurarv ia concentrated at a ringlc point. Fo ow ing 

IW we e«» expre- thw aucemctly aa follows; g(x) ha* degeneratt^ into 

a 6 functHin Ihrac detmea, a* an analfigue to the algebraic symliol d*, 

of fl 61, a highly dumniinuoua function 6(x | t,) 

(1) a(x;aa)~|_ _* J6(z \z^) dz wm 1 

*«—• 


oo z 




aerie* of Fig. 6, where x« ha* been set 


for arintrary a For the Taylor 
equal to 0, we leK 

tla) f(»)-d(*l 0 ). 

H Anm^ruovic Foi WEB Alt.^LrH^* 

VMkereaa m §1-3 we considered only Fourier series which proceed 
to fcai aniair tintegral) overtones of a fundamental tone, we 
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now consider the problem of expanding an arbitrary function /(x) m the 
interval 0 < x < ti into a series of the form 


( 2 ) 


/(x) = BisinAiX+ B 2 sinA 2 X+ £3 8inA3X+ ••• 



Fig. 7. Diagram of the tran¬ 
scendental equation tan Xir = aX 
a < 0. In the ordinate both 
y = tan Xtt and y = ot\ have 
been drawn. The intersections 
yield the roots, X^, of the equa¬ 
tion. Xo - 0 is not to be con¬ 
sidered as a root; for n -♦oo we 
get asymptotically Xn = n — 


where the h are given as the roots of a 
transcendental ecjuation, e.g.| 

(2a) Xtz = cc X 

{a being an arbitrary number). We do 
this for use in problems of heat conduc¬ 
tion (see §16). The fact that (2a) has 
infinitely manv roots is seen directly from 
Fig. 7 where A has been drawn as the 

abscissa and both tan Xn and a A 
as ordinates. We shall meet another 
equation of character similar to (2a) in 

exercise II.1- 

We first show that the functions 
sin Afc X form an orthogonal system with 
weighting factor gix) = 1, i e., that 


fc + i. 


(3) JsinA,..xsin/,xdx = 0...fc + ^- 

fact, by passin/from the product of sines to the cosines of the sums 
and differences, we obtain for the left han 


cos At 71 cos Aj7t 


- x\ 


tan n tan A 

K 



• • 'rio tViP brackets now vanishes because of (2a) 

where the expression inside the brackets nott 

In the same manner we find for k - 


(3 a) 


/ Sint = i (l - jU sin J. J. • COB A. Jt) 


0 


This calculation of (3) and (3a) which is based on Y«"r”rbe 

identities, wiil receive a less formal treatment m §16 

reduced to an application of Green s theorem. 
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foi'RIKR series and integrals 


2‘> 


(3, an<, (3a, one obtains ,ho (o,ion in, value ior ibe espans.on 


coefficients Ih id (1) • 

(3 b) 


-2 r 

tju — — I ftia 


71 



1 2ik« 


0 


This value tor Ih is/uu' i" thv sense ot p. 22, since it is indcpen.lent of n 
"^ntaLes the mean stp.are error of the approx,mat,on 

S„ = 5k si" A* X 

At the same time this settles the quest.on of 

ness, if for « -soothe mean s(,viare error approaches zero. 




Example of a Non-Final 

OF Coefficients 


Determination 


As preparation for an optical (or rather “(piasi- 

optical") application, we shall consider a much more 
involved case in which the requirement of finality is 
not satisfied. Let us consider a metal mirror m the 
shape of a circular cylinder (see Fin- 8). The electric 
vector of the total oscillation, which we take as {xw- 
pendicular to the plane of the ilrawinR, is eomposiHl 
of the incoming wave, represented on the mirror by 


t * Cl 



Fir. K. Uotlerlion 
of an incominR 
“(pi aH u>pt i car* 
wave on a circular 
cylinder mirror of 
oj>eninR 9 ^ *= a and 
radiua r— a. 


(4) tt- = —/(qp), —ciL<<F<+a. »• —D 

and of the reflected (refracted, scattered) wave, l^et the latter be repre¬ 
sented by: 


u = u(r,(p), 



f < a , inner field, 


V = V(f,9i), 



r > a , outer field. 


We then have to demand 


(5) 


U + W = V w 


0 for r = o and | 9 "( <*, 
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U = Vy 


du bv 


for r = a and 


( 6 ) 

the former on account of the assumed infinite conductivity of the metal 
mirror, the latter on account of the required continuous passage from e 

Assumin^^" tT be symmetric with respect to the axis of the mirror 
(as, for example in the case of a plane wave proceeding in that directio ), 

we write’ 

n = i:C„ gjr) cos n<p, 

n 

(7) r = ^ cos w*?. 

n 

g. and K will turn out to be Bessel and Hankel functions, respectively 
(see §19); they can be chosen so that 

srn(«) = ^ 


Equation (5) and the first equation (6) then imply 


( 8 ) 


and 


V C cos ntp = ^ Dn cos ncp — f{(F) W 




(9) 


res 


V C cos n q> = ^ cos n (p 

7 " 




CK. 


pectively. From these two equations it follows that 
V* ((7^_ D^) COB n<p = 0 for all (p , 


n 


hence, whether the preceding summations are " 

or only over the first N integers (the more general case), 

D, - C,. 

This satisfies (9) while (8) still requires 


( 10 ) 


V cos n<p = f{fp) for l9> j < <*• 


In addition to this we have to satisfy the second equation (6) which on 


account of (7) reads. 


^ In view of the notations to be used ^Je shall wrhe A'! and instead 

the index of summation from k ton. For the previou 


of I we shall use m. 
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( 11 ) 

(lla) 


V c, y, cos n qj = 0 

dr 


= «( 


for \(p\ 

dhn(r) \ 
dr A- 


oc 





f(9) — 


y 

V 

n“0 


C„ COS 


7S 

/( 


Th. «nm of these two is to be minimized through choice of the C„. By 

differentiation with respect to the C„ this yields a system of iV + 1 linear 
" “r C... .. C.,. .. Cv , of which the (. + l)-st equafon .s: 


( 12 ) 


{/ 


= J f(f) fn<p d<p. 

If we pass to the limit we obtain an infinUe ^stem of linear 

equations for the infinitely many unknowns C„, which are m general of no 
interest to us. We must postpone further treatment of this problem 
until appendix 1 of C'hapter IV, for only there shall we have the necessary 

values of the parameters y„. The corresponding spatial problem, where 
we have a spherical segment instead of a circular cylinder segment, 
would lead in the limit oo to an infinite system of linear equations, 
in which P,(cos d) would replace cos nq? (by ^'ve denote here the angle 
measured from the axis of symmetry of the spherical mirror). This 
problem too will be treated in appendix I of Chapter IV. At present we 
call attention only to the difference in method between those problems 
in which the method of least stjuares leads to a definitive calculation of 
the individual coefficients C, and those problems in which the “require¬ 
ment of finality” is not satisfied and in which therefore, the totality of the 
Ch must be determined from the totality of minimality conditions. 
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Chapter II 


Introduction to Partial Differentiai Equations 
. 7 . How the Simplest Partial Difletentlal Equations Arise 


( 1 ) 


The potential equation 

/^u = 0 


or 


(la) jM = -(47t)e 


is known in the theory of Newton, 

approach, as opposed to the action 

The Laplace operator is defined as 


( 2 ) 


02 ^ _ div grad. 


?!- 

dy^ 


as* 


„= (n and (la) are fundamenlal for elociroslalic and 

The same equations (1) and t ) aUe presence of a source of 

Zr;%'^^l^'ar 4 :r;Lrh 2 'been pm m parentheses since it can 


a*u I ^ _ 0 
dx* 


(3) 

the basis of Riemannian function theory, which we may characterise 

aJ the “field theory” of the analytic functions/ {x + W - 
Equally well known is the wave equation 


Ju =-o 


1 a% 


c*at* 


(4) 

It is fundamental in acoustics (c = ‘S). 

Xe'Xe xrr.hi z"'o. - - 

wrHe (4 as the four-dimensional potential equation 
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(5) 


□ « = 0 


with 


□ 


4 

A «1 


tx] 


by introducing the fourth '“f ““ 

r:.r";“rir s, i“;r - 

spatial dimension. In the latter case we write 


( 6 ) 


d^u 

dx^ 


i ^ 


or sometimes (6a) 


dHt 

dz* 


dhi 


T=0. 


, • r.» II = ict) Neither membrane 

r:-. 

'""^Tn the general theory of elasticity one has, as » 
differential equation for the transverse vibrations of a thin diK 

r^A P4 


(7) 


1 8Hl 

J tt = 




d* , ^ . 
Si* ay* 3y* ’ 


for reasons of dimensionality c here does not stand for the velocity of 
sound in the elastic material, as it does in acoustics, but is comput^ 
from the elasticity, density, and thickness of the disc. Analogously, the 
differential equation of an oscillating elastic rod is 


( 8 ) 


dhc 

0X* 


1 d^u 


This will be derived in exercise II.l, where the resulting characteristic 
frequencies will be compared with the acoustic frequencies of open and 

of covered pipes. r * * „ 

As a third type we add to the differential equations of states of 

equilibrium ((1) to (3)), and of oscillating processes ((4) to ( 8 )), those of 
equalization processes. As their chief representative we shall here con¬ 
sider heat conduction (equalization of energy differences), ^^e remark, 
however, that diffusion (equalization of differences of material densities), 
fluid friction (equalization of impulse differences), and pure electric con¬ 
duction (equalization of differences of potential), follow the same pat- 

tern. 

Let G be a vector of the magnitude and direction of the heat flow 
and let the initial point P be surrounded by an element of volume dx. 
Then div G dr is the outflow of heat energy from dx per unit of time. 
A decrease per unit of time in the amount of heat in dx, which we 



fARTtAl. DirTEnr-vnAL wv ATIOX* 




a4 


*J1 dcKHf by -<0 *. w™?""-**\V>UKtltl.v, 


(») 


dlT G — 


a 


oimfthr i«ip<r»turr b>' «. «• 

(10) *,-.*.*^ *.-»<h- 


From (•) M»d ** ***' 


aiTG-~«f f 


(U) 


W ooir apply rrnm^ i 

ou>a« II.uw.it»< 


(1*) 


O m — *|tra<l « 


rol. ^ rtM olKTrom Tbr (mrtor d propoftmom 


MMid 

Ut, ro«d«<i>«'nr 

lAlfodiirimi 

( 13 ) * I « ’ 




«« 


»!. «ll-l lb. "rf.'friL, o( by <b» pbyw*<« 

Fmin«'.l»**“*^^'***T ,_,„ j 4ta<iiwl »««« “ 
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__ A I. I, A 

HcIOT. Eouation (13, is of .he type of MaxivCrs eoua.ions in the 

case of pure Ohm conduction. „pehanics belongs formally to the 

, “n case, .oihioh ice .esfciC 

ourselves here: 

2 m &u\n = Planck’S constant divided by 2ir 

(14) Au = I _ mass of the particle. 

However, owing to .he fac. .hat real consUn.,^ t, ofjm is replaced 

iTtalalt;” eorisa.ion pL«s. We see .his in .he passage .o 
the case of periodicity in time, if we set . 


(14 a) u = tpe 


— iu>t 


ty 

" = T’ 


lY __ energy of the state 


Then (14) becomes 
(15) 


-f- Cy = 0, 



This is .he same form as we would obfain from .he wave equa.ion (4) 

if \vp u = w • exp (— io)t) and let C — i i. * 

The so-cSled case of linear heal condudion, wi.h the ‘he™aU ate 

depending on only one variable x, will be treated in detail >” h' 

ing chapter. In order to compare its differential equation with (3) and 

(6a), we write it in the form: 



dx* dy 




Looking back on this sketchy survey one notices a family resem¬ 
blance among the differential equations of physics. This stems from the 
invariance under rotation and trandation, which must be demanded for the 
case of isotropic and homogeneous media. The differential operator of 
second order implied by this invariance is just the Laplace J . In the 
case of space-time invariance of relativity this is replaced by the corr^ 
spending four-dimensional □ of (15). For the case of an anisotropic 
medium, J must be replaced by a sum of all second derivatives with 
factors determined from the crystal constants. For the case of an 
inhomogeneous medium these factors will also be functions of position. 
We shall deal with such generalized differential expressions in the be- 

ginning of the next section. 

The fact that we are dealing throughout with partial differential 
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equations is due to the field-action approach, which is the basis of present 
day physics, according to which only neighboring elements of space can 

influence each other. 


§ 8. Elliptic, Hyperbolic and Parabolic Type. Theory of 

Characteristics 


We restrict ourselves to the case of two independent variables, 
X and y. The most general form of a linear partial differential equation of 

second order is then: 







M = 0. 


A,B, ... ,F being given functions of x and y having sufficiently many 
derivatives. For the present we may even consider the far more general 

equation: 




du du 



) 


where 0 need not be linear in u, du/ dx, du / dy* 

We now investigate the conditions for the solvability of the following 

problem, which is put first in the mathematical theory of partial differ¬ 
ential equations, although in the physical applications it is of secondary 
importance compared to certain boundary value problems considered 

later 

Let r be a given curve in the xy-plane along which both u and the 
derivative du/dn of u in the direction of the normal are prescribed. Does 
a solution of (2) that satisfies these initial conditions exist? 

Preliminary remark: If u is given on F then so is d«/3s; but from 
du/ds and du/dn one can calculate du/dx and du/dy. Therefore bot 

u and its first derivatives are known on F. 

We introduce the following abbreviations, which are common in 

the theory of surfaces: 

du du 

d*u dhi . _ dhi 

^~8xdy’ dy*' 


Written in terms of r,s,t equation (2) reads: 



Ar+ZB8-\-Cl = 0. 
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Furthermore the following relations are valid in general, and therefore 
hold on r 

(3a) dp = rdx+ sdy, 

r-i h\ dq = s dx-{■ t dy. 

Now, since p and , are known on i’, equations (3) and (Sa.W '“-titute 
three linear equations tor the determination of r.s.l on 
determinant of this system is 




A 2B C 
dx dy 0 
0 dx dy 


= A dy^ — 2Bdxdy-\- C dx^. 


n 


Only when this determinant A is different from zero can r,s,t be calcu- 
lated from (3), (3a), and (3b). However, in ee"erJ, tw-o^ueetioi^ 
dvdx exist for every point {x,y), for which this is not the ca^. 1 he 
fore two (real or conjugate complex) families of curves ^ist on which 
J = 0 , and which, according to Monge, are called charactenstics. T y 

are the’dotted lines of Fig. 9. Along each 
of these characteristics it is in general im¬ 
possible to solve for r,s,t in terms of u,p,q. 

We shall therefore demand as a necessary 
condition for the solvability of our prob¬ 
lem, that r shall be nowhere tangent to a 
characteristic. The opposite case, in 
which r coincides with one of the charac¬ 
teristics, will be discussed in §9A in con- 9 xhe curve r, along which 

nection with D’Alembert’s solution. u and du/dn are given and the two 

Itru yt -1-n i<? s-itis- families of characterLsticst = <p(x,y) 

When the condition A f O is satis ^ ^ . const, 

fied, a solution of the differential equation 

in the neighborhood of T must exist. Then the higher derivatives 
can be calculated in exactly the same way as the second derivatives. 
Let us consider, say, the third derivatives; 



, const. 

r I - 






dx^dy 




V > 


dxdy^ 


= 8 


V > 


— ey> 


Differentiating (3) and (3a,b) with respect to x, we get; 

Ar^ -}- 2 B s, -f Ct^ = 0^-\ - 

r^dxA- s^dy = dr, 

Sj, d® -h di/ = <Zs . 

1 A geometrically intuitive introduction of characteristics is given, e.g., by 
B. Baule in v. VI (Partielie DifTerentialgleichungen) of his Mathematik des Natur- 
forschers und Ingenieurs, Hirzel, Leipzig 1944. 
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On the right. . . represents terms that contain no third derivatives, and 

therefore contain only known quantities. The determinant of sy^ 
tern is again A . The same holds for equations obtamed by differentiation 
with respect to y. Our condition is therefore sufficient for the computa- 
bUity of the third and all higher derivatives. Therefore w can be ex¬ 
panded in a Taylor series at every point of F and the coefficients are 

uniquely determined by the boundary conditions on T. 

We now turn to the discussion of the equation of characteristics 

^ 4 ) Ady^-2Bdxdy + Cd3^=^0, 

where we restrict ourselves to an arbitrarily chosen neighborhood in the 
zy-plane,* and distinguish between the followmg cases: 


1 ) 

2 ) 


AC~B^>0 


AC-B^<0 


elliptic type in which the characteristics are 
conjugate complex. 

hyperbolic type in which the characteristics 
form two distinct families. 


3 ) 


ac-b^ = o 


parabolic type in which only one real family of 
characteristics exists. 

Each of the three typee can he brought into a special “ 

which the equations of the characteristics are uthiaed for the mtroduc 

tion of new coordinates. Let these equations be 

(4a) <P (». y) = const, and y V) ~ 

respectively. Then through the transformation 

I _ t= y (X, y) 


(B) 


^^iri=(p{x, y), 


one obtains the normal form for the elliptic type, 


(5a) 




8*u V / ^ ^ i • 


through the transformation 

(6) f y)> 


= V (X. y) 


one 


(6a) 


obtains the normal form for the hyperbolic type, 

dS dri \ * W ' 


* When A,B,C depend on x,y, then the equation may obviously be of different 
types for different neighborhoods of the jy-plane. 
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and through 


^=(p{x,y)=W (®. 2/). ^ - 


= X 


one obtains the normal form for the j-araW.r type, 

- x(u- -A, 


(7a) 


Before pr^insthj 

Sl^nr^p: ti^e the ln.penaent 

variitei The analogous relation holds between (7a) and (7.16). 

(6a) we only have to perform the simple transformation 


( 8 ) 

with the inverse 
(8a) 

we obtain 


| = i(r+7j'), »?= 2<^' 




+ ri'=^-V 


d^u 


d^u 


dht 

dti'-' 


af dri af'=* 

which establishes the essential equality of the left hand sides of (6a) and 
(7 6a) Hence the two-dimendonal potential equation, the equation of the 
vibrating string and the equation of linear heat conduction are the simplest 
examples of the elliptic, the hyperbolic, and of the parabolic types, re- 

spectively* 

Starting with the treatment of the hyperbolic case, we first show that 
(6a) is obtained from the initial equation (2) through the transformation 
(6). From (6) we obtain for the first derivatives 


du 8u , 8u 

S=8f 


8u .aw I 
5 - = ^ fP. + »; V. 


an 


where the subscripts again denote differentiation. From this we obtain 

for the second derivatives 

d^u _a®w 2 

dhi _ 

" “ a?* 




+ 


dhi 2 


+ 


• • 


a^w a^w / 1 \ 1 a^w . 

= ^<Px<Py + ^ iMv + <^v Vx) + ^ V* Vv + • • • 


dx By 

Bhi _a*w 2 

^ = ^ T’lf 


e^dtj 

rx B^U 

+ 28|-sy.V. 


, 2 _ 1 _ 


• • 
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I’ ARTI \L 


VriAL Egl ATtONR 


^ 8. f 


where the three doln Rtaml for term** cont*inin|i .>nly hrrt denv 
MuUipIyinR the laat three e(iuati»«is by A, 2lt and C, nwpeclne 
adding, 've obtain for the left sale of li); 


aSi 


( 9 ) 


(* 49 :*-}- 2 + Cff\) 

+ 2 (*4 9-, V. + 5 ( 7 . r, + V.) + • T.) 

cf! 


eif 


Hut here the coefficient* of dht and d*u dV vaniah, aince for the 
family of characteristics <p const. we have 

9 »,(fx + 9 :, dy = 0 , 

Hence on introducing the ratio duly into <4) we get 

(10) -4 95+2 Bf.9', + = 9- 

The derivatives of 9 must satisfy the same equation. Hence (9i indeed 
reduces to the hyperbolic normal form ( 6 a) if we transfer the coefficient 

of 3 *u 3 ( 5*1 in ( 9 ) to the other side of the equation. 

Since in the panbolic case we have n * J, we must fwbstitute in (9) 

( 11 ) V (J", y) — 3r, and hence V* = 9, 

whereas (10) still holds for 9 ,, The hrst term in <9; therefore 
vanishes. Owing to -.11) the coefficient of the second term reduces to 
.4 v;, + /?»?, which also vanishes since .4 C — .^ = 0 makes the left 
side of (10^ a perfect square, so that (10) can be rewritten as (.4v», 

= 0. Considering (9) and ' 11) the third term finally become* 

simply 




which is the parabolic normal form (7a). rp^uced 

The elhptic case need not be treated separately. It can 

to the h>-perbolic case by a transformation analogous to (8a : 


r= 




T]'= i — irj. 


§9. Differences .Vmong Hyperbolic, Elliptic, and 
ibolic Differential Equations. The .Analytic Chara 

of Their Solutions 


The problem of integration, which 
onlv to the case of h>-perbolic 
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§ 9. 2 INTRODUCTION- TO PARTIAL DIFKERKNTIAL EQUATIONS 
diff<,on,ial ocua.icna U roplacad l.y 

ouf sl<f-t^hily and refer the readc*r to tlie 

following sections for a more precise treatment. 

A. Hyperbolic Differential Equations 
As the simplest example we use the etpiation of the vibrating string, 
which, written in its normal form, is 


( 1 ) 


d*u 

d^dti 


= 0, ^ = x-{-y, T] = x—y, y-ci 


Here the characteristics are the lines { = const., rj = 

Fig. 10 are drawn at 45° angles with the x- and y-axes. 1 he general 

solution of (1) is the sum of a function of f and a function of tj. 


( 2 ) 


„ = F, (f) + f \ iv) • 


Because of the meaning of i and n this is d'Alembert's solution (see V. II, 
m). For the sake of simplicity, let us consider u as Ix-mg given on 
segments Ali and AD of two of the characteristics. This determines u 
in ,hc entire nwtangle AhCD. We could calculate the value of « at / 
bv passing in the directions of the characteristics to I , and It, and 
substituting into (2) the values F,(f). ''hioh are given at th^ 

points. The values alung two interscetiug charaetenstics determine the 

function eterywhrre. For exampb . any discotUmuitus of the 

on the characteristics would be continued into the i nit nor of A Hi D 1 hus 

the solution need not l>e an analytic function* of x and y over Us domain 

of definition. 

In physics one is gi\ pn the values of u ami of du, dy along a segment 
of length / on the x-axis (/ = length of string': 


M = u(x, 0) and 


|= = ij=.-(x,0). 
cy c ci 


This segment corre.^ponds to the curve F of Fig. 9, on which, tw). u and 
dujdn were given, and it satisfies the requirement of not being tangent 

to any characteristir. 

In order to apply the conrlu:>iuns drawn from (2) to our present 
problem, we have to calculate /■ i and from our gi\en uix,0), 

This is done with the hel)) of the following etjuations. which are immedi¬ 
ate consequences of ^2): 

• A function of two real variahlcs x.i/ is called analytic in a certiun tlomain. if in 
some neighborhood of each point (xo-J/o) of tht' domain it can be represented aa a 

power series in x — Xn and y — i/o. 
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§9 


m(x, 0) = Fi(x) + F^{x), 
v{x, 0) = — F 2 ( 1 ). 


ii’i(x) =-^{u(x,0) + / t;(x, 0) dx). 




We conclude: the given initial values, together with any possible discon¬ 
tinuities, are continued along the characteristics. The solution u(x y) is in 
general not an analytic function of x and y. It is determined only unthin 
the rectangle of characteristics determined by the length of string I as shown 

in Fig. 10. r U • 1 r,( 

However, from a physical point 01 

view, the solution must be determined 

from the initial time on, i.e., for all y > 0. 

This indicates that, in addition to the 

initial values, certain boundary values 

must be prescribed at the ends of the 

string. These are the stringing conditions 

u = 0 for X = 0 and x = 1. Just as for 

all X such that 0 < x < / tixo values (u 

and dujdy) had to be given, so for all j/ > 0, 

^u’o values are given. This is due to the 

fact that our differential equation is of 

second order in both variables x,y and 

the only difference is that both values 


I _ 

1 ■' 4 ' 

; 


■Ji^ 




i-.d'' 




/ r 


Fig. 10. The vibrating string of 
length I and the square of charac¬ 
teristics determined by its end 
point. 

along the x-axis are given at the point (-.0) -hereas the valnw along 
the BKiirection are given at the different points (0,!t) and (1!/). The onls 
exLpttons to this rule of trvo necessary boundary condmons are the 

characteristics on which, as we saw above, one mlueAF, or F,) 

We shall show in §11 that these results, which we ha%e estab 
for the case of the vibrating string, can be extended to all cases o yp 

bolic type. 

B. Elliptic Differential Equ.^.tions 
Here the characteristics are imaginarj' and therefore have no direct 
bearing n the problems we are going to treat. These P-blems do no 

deal .Jth an arc F, as in Fig. 9, but rather with a closed -^^binauL 
real xi/-plane. On the boundary of S, u or du/dn (or ^ ''near 
of u and du/dn) will be given but not both u and du dn ^ 

bolic case. Discontinuities of the boundary values are no f ,.tion 

the interior of S. but only into the imaginary domain, and the 

u is analytic everywhere in the interior of S. functions (two- 

These are known theorems from the theor> of func 
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§ 9 . 3 ISTRODUCTIOX TO PARTIAL DIFFERENTIAL EQUATIONS 

dimensional potential theory). Their proof for arbitrary linear elliptic 
by 

u = ii{x + i J/) + ^ 

„here, in order that u be real, we must set h~l\, le.,h conjugate- to/. 
We may also write; 

^3^ M=Re[/(z)], 

where / is an arbitrary analytic function of the complex variable 
, = X + iy. However, this general solution of the equation 4 « = 0 does 
not help US (at least not directly) in the general solution of our boundary 

value problem. 


C. Parabolic Differential Equ.ations 

Here the two families of characteristics have degenerated into one. 
In the special case of the normal form of the equation of linear heat con¬ 
duction this is the family of lines parallel to the x-axis. Only one 
boundary condition should be given on these characteristics just as in 
the case of hyperbolic differential equations (see p. 42). We can also 
see this directly from (7.16): here is determined uniquely if is 

given as a function of x for some fixed y. From physical considerations 
one sees this in the following manner: the thermal behavior of a rod of 
length I is determined once and for all as soon as its initial temperature is 
given together with conditions for the ends of the rod (the lateral surface 
of the rod must be considered adiabatically closed, if heat is to flow only 

in the x-direction). 

We shall see in §12, that the temperature distribution ot the rod 
becomes an analytic function of x and y for arbitrary — even discon¬ 
tinuous — initial temperature. To this extent, therefore, the parabolic 
tvpe resembles the elliptic type. However, the problem is not relative 
to a bounded region, but rather, as in the hyperbolic case, relative to a 
strip, i.e., a region which is infinite in one direction. The parabolic type, 
therefore, occupies a middle position between the elliptic and the hyper- 

bolic types. 


♦ We use the notation /* instead of /, which is more common in mathematical 
literature, since we want to reserve the use of the bar for mean values in time, R-e 
and Im stand for the real and imaginary part respectively. 
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§10. Green's Theorem and Green’s Function for Linear, and, in 

Particular, for Elliptic Differential Equations 

In (8.1) we had the general form of a linear differential equation of 
second order. In order to retain a common expression for the three types, 
we shall not transform this system into its canonical form for the time 

being. 


A. Definition of the Adjoint Differential Expression 
We now have to introduce the seemingly rather formal concept of 
the differential form M{v) which is adjoint to L{u). It is defined by the 
requirement that the expression vL(u) — uM (v) be generally inlegrable 
or as we may put it, that it be a ki7id of d'vergence. 

We demand, namely 


( 1 ) 


V L{u) 


, dX .cY 
u M (v) = ^ -f —. 


bx 


The problem is to determine M and X,Y as functions of v and of u,v 
respectively.® 

We shall use the following identities: 



Here the three dots (. . .) indicate the fact that (2) and (3) remam va i 
if we replace x by y and A,D by C,E respectively, and that on the right 
side of (2a) we may use the symmetric expression obtained by mter- 


changing x and y. 

From this we get: 




(4) 

M(v) = 

d*Av 

dx^ 

, „ d*Bv 
' dx dy dy^ 

dDv 

dx 

f" + Fv, 
dy 



II 

( du 

dv\ . T> f 

-“Si)+*(”%- 

8v\ 

~^dy) 

+ 

1 

i 

dB\ 

(6) 

Y= B 

/ du 

dv\ . ^ / du 

-“s) + ‘^(’’5;- 

dv\ 

dy) 

+ 

1 

1 

dy) 


‘ The operation of divergence is properly defined only for a vector ., Since^ M 
equation (5) will show. A' and Y are not vector components, we speak of 

divergencCusiy ^ determined only up to quantities Xo.Yo, whose divergence 

vanishes. We can therefore change the terms in (5): we may add —d4>l8if to. an 
+ 8<[>l8x to Y, where <l> is an arbitrary function of x,y as well as of u,v. 
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This is a generalization of Green's theorem of potential theory 

J(vAu-uAv)da = 

which is obtained from (7a) by setting D = E = 0. (The fact that in 
potential theory also F = 0 is of no importance here.) 

We shall meet another form of Green’s theorem in exercise 112. 

If, in the interior of S, u and r satisfy the equations 

!,(«)= 0, 3f(r)=0 

then the left hand sides of the equations (7), (7a) vanish. These equa¬ 
tions, therefore, become 

0 = J[X cos (n, x) -b Tcos («, y)} ds 
c 

0 ,= fL^ — u^)ds -b f{Dcos(n, x) + Ecos(n, y)]uvds. 
C ” c 


(7 b) 
(7 c) 


However, this holds onlv if u and v and the derivatives which appear here 
are continuous throughout S. If v has a discontinuity at the pomt 
Q = ( I then it must be excluded from the domain of integration, 
just as in all applications of Green’s theorem. We therefore surround Q 
by a curve K, which we choose to be a circle of arbitrarily small radius po. 
The integration in (7b,c) must then be taken over both boundaries 

K and C: 

^ . .ds + f ... ds = 0, 

where the orientation is opposite on the two cur^^es and the direction n 
is to the exterior of S. 

If for K we use (7c) and for C we use (7b) we get: 

+1 ttv{7)cos(«, X) + Eeo8(n, y)} ds 

K ^ 

= — J{X cos (n, X) + y cos (n, y)} ds. 
c 


or, written in terms of coordinates; 



We apply this formally in (7) to our “pseudovector" X,Y. 
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§ 10. 10a .XTBODCCriON to P.^TI.^L D.FFERENTHL EQDAT.ONS 

c DEnN.T.OB OF A Un.T SOOBCE ABO OF THE Ph.NCPAL SOLUTION 
’ Wp shiJl assume that the discontinuity of » at 0 consists of a unit 

source." By this “Sd o''“lf nl dmoteMTLance 

defined as the outward gradient of its tieia v. 

from Q by p, "'e have 


9 = 1 


dv 


ds 


( 9 ) 

Ao 

where K has the same meaning as before. Assuming that in the immed 
ate neighborhood of the source r depends only on g , we get 


+ n 


(9a) 


3 = / 


dv T 

^^Qd<F = de' 




A unit source is therefore given by: 


(9b) 


dv 

dg 


2nQ* 


^ i log 0 + const for o 

2 71 


0 


For arbitrary g we write: 


(10) t;=l^loge+F, o = 1 /( 1 -1)2+ (y-^7)^ 

where C7 and F are analytic functions of x,y and f, ri such that U becomes 

1 / 2 ?* for (z, y) 

A function of this kind we calf a principal solution of the differential 
eouation M(v) = 0. In the same way we shall speak of a principal solu- 
tion of the adjoint equation Uu) = 0. Since the latter also corresponds 
to a unit source it u-ill have the same form ( 10 ), although ” 

V and F inll be different functions. Here too we can assume U and V 
to be analytic as long as the coefficients D,E,F in the differential equa¬ 
tion are analytic. In the case of the potential equation Ju == 0 our 
principal solution corresponds essentially to the logarithmic potential, 

where we have for all q 


(lOa) 


«=2^1og 6- 


D. The Analytic Character of the Solution of an Elliptic 

Differential Equation 

We return now to equation ( 8 ). Substituting (10) in ( 8 ), we see 
that only the term with 
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§ 10 . 11 



contributes to the integral over if, while all the other terms on the left 
side of (8) have zeros of the same order as glog g or of higher order. Since 
u is continuous at Q and the perimeter of K is 2nQ'oy we obtain for the 

left side of (8): 


/ 


dv j Uq 
U-^ds= jr—^ 
on 2 71 Qq 

K K. 


j dS = Uq-, 


and equation (8) becomes 


( 11 ) 


ug = — f {X COS (n, x)-h Y cos (n, y)} ds. 


The most interesting aspect of this formula is its dependence upon ^, r] 
which is brought about by the terms t;, du/dx, dt>/ay that enter in 
X and Y and are given analytically by (10). When Q lies in the interior 
of S {not on the boundary), then log g is a regular analytic function, since 
the point P = {x,y) in the integration is restricted to the boundary curve 
C and does not coincide with Q. Therefore Uq = u (^, ri) is an analytic 
function of in the interior ofS. This holds whether or not the boundaiy 
values u, du/dx, du/dy are analytic; in any case the dependence of the 
integrand on x,y disappears upon integration with respect to ds. Even 
discontinuities of the boundary values are averaged out. Discontinuities 
on the boundary are not continued into the interior of S. (The charac¬ 
teristics are imaginary.) This proves the assertion of §9B. 

For a self-adjoint differential equation in its normal form we have, 
according to (6), D = E = 0. Using the form (7c) of the Ime integral 

we get from (11) 


(11a) 


u 


f(u 


dv 

dn 




Using expression (10a) for v, we get for the special case of the 
potential equation: 


(11b) 


Ug = u{^,rj)=^ f (u 

6 


d log Q 

dn 


log e • 





INTRODUCTION TO PARTIAL 


differential equations 
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§ 10 


E. The Principal Solution for an Arbitrary Number 

OF Dimensions 

We restrict ourselves here to the case of the potential equation. 
The three-dimensional analogue of (9b) is 






o 9 


V = 


4- const. 


- + A rr <r 2 _ mirface area of the sphere.) 

(r = distance from the source at Q, 4 rr r - suriace are 

This is essentially' the soHiallecl “Neivtonian PO^nMah 

In the four-dimensional case tve have equation (7.5). IhisyieiQS 

the pi'incipal solution: 


dJi 


271* i?® 


V = 


—+ const 


where R is the distance from Q and 2r.“ iP is the surface of *e hyper 
snhere The foilowing table shows the decreasing orfers of ”''"“5', 
the Lee with decreasing number of dimensions. For the duneosion 
Le U continuous at the source. In fact, the potential equation in „n 

dimension is ift,, dx' - 0 which yields de^dx - const^ , J,Ldrof 
will have different values C. and C, on the right “"d 'eft side of tt^e 
source respectively. This follows from the condition that it be a un t 
source so that C^ - C 2 = 1- The discontinuity has passed from t; to 

the gradient of v. (See exercise 11.3). 



continuous 


F. Definition of Green’s Function for Self-Adjoint Differential 

Equations 

We now deal with the boundary value problem of §9. This ques¬ 
tion is by no means settled by the construction of the principal solution. 
We first consider the simplest case of self-adjointness. In order to calcu¬ 
late u at the point Q in equation (11a) we must know both u and duj dn on C, 
whereas in the boundary value problem we are given either u or du/ Bn. 

’ The denominator 4 tt corresponds to the “rational units” of electrodynamics. 
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Our problem is now to modify the principal solution v, so as to eliminate 
du/dn (or u) from (11a). We call this modified function of the two pairs 
of variables x,y and t] Green’s function and denote it by G{P,Q). It 
has to satisfy the following conditions; 

a) L(G) = 0 in the interior of C, 

b) G = 0 (or dG/dn = 0) on C, 

Lim G{P,Q) ^ (condition of unit source). 

Conditions a) and c) are the same as for the original v, but condition 
b) has been added. Replacing i; by G in (11a) we get 

This solves the boundary value problem in both cases (for given v, or 
du/dn). However, due to condition b), the construction of G itself 
requires the solution of a boundary value problem. But this problem is 
simpler than the general boundary value problem, and we shall see that 
in special cases it can be solved in an elegant way with the help of a 
reflection process. On the other hand G, unlike u, is not regular in the 
interior of C, but like d is a function with a prescribed unit source. 

Equation (12) reduces the boundary value problem to a simple 
quadrature. Green’s function plays the same role in the general theory 
of integral equations. It is called there the resolving kernel. 

Another interesting property of G which follows from the conditions 

a),b),c) is the reciprocity relation 

d) G{P,Q) = G{Q,P). 

It expresses the interchangeability of source-point and actioi>point, so to 
speak, the interchangeability of cause and effect. 

In order to prove d) we substitute in (7a) 

M = L, u = G{I,P), v = G{I,Q). 

The point I = (xi,?/i) shall be called “point of integration.” Since u 
becomes infinite for 7 = P, and p for I = Q, these points must be ex¬ 
cluded from the integration by infinitesimal circles Kp and Kq. 
ing to a), integration over the region bounded by these circles and by 
makes the left side of (7a) equal to 0; also, according to b), the mtegi^ 
over C on the right side of (7a) becomes equal to 0. There on y remain 
the line integrals over Kp and Kq which, according to c), yield: 
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^ fJl _... !^ = G{Q.P) 

Kq 


G{P,Q). 


homogeneous differential eciuation 


(13) 


L(tt) = Q 


(lO) 

whpro (OT, V) « an a*itrary conlinuou, point-function in S jith con- 

:i„rusfit;tandFoco„.l,lcrivativcc. Snbst.tuttng .-f-f/'.QI tn (7a) 
we get for the first term on the left side: 


I 


which is addcl to the term in (12). Instead of (12) %ve get 
(13a) ua = I eGdG+ 


or, if du dn instead of u is given on C: 


du 


(13b) 


Uq = I QGda-j'^Gds. 


These formulas apply to every self-adjoint differential egression in 
its normal form L («) = Au + Fu, in partieular to the ordinary ^ave 

Poiiation iF = it- = Const.) and to the potential equation {F - 0). 

In the case of a non->^lf-adjmnt differential form L(u) equations (12) 
and (13a,6) remain valid. But, as we see from (7a), G must satisfy the 
ailjoint equation 3/(G) = 0 in the variables x,y; also condition b) must 
be changed somewhat. Instead of a) and b) we now have: 


a') 

b') 


f? = 0 ( 


dG 

cn 


ilf (G) = 0, 

G {D cos (n, x) + E cos (n, y)} = o) . 


Condition c) remains valid. However the reciprocity law d) now reads 
d') G{P,Q) = H(Q,P). 

Here H is Green’s function for the adjoint equation to M = 0, and hence 
is satisfies the equation L(H) =0 in the coordinates of Q. 
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§11. Riemann's Integration of the Hyperbolic 

Differential Equation 


The normal form of a linear differential equation of second order of 
hyperbolic type is obtained from (8.1) by setting A = C = 0, B = 1/2; 




8x dy' Sx~ dy 




Its adjoint differential equation is according to (10.4): 




4 - Fv = Q. 

8x dy 8x dy 


At the same time one obtains from (10.5) 


(3) 




du 

dy 

du 

dz 


U 


u 


dv 


dv 

dx 


^ 4- D M V , 
/ 

)+ 


E uv. 


u M («;)) da = f{X cos (n, a?) + T cos (n, y)} ds. 

c 


Substituting (1),(2),(3) in (10.7) we get: 

( 4 ) ^[vL ( m ) - 

In order to obtain an integration of the hydrodynamic equations 
Riemann chose as the region S the "triangle” FP.R. ot noth a 

boundary consisting of the segments of characteristics FP, and FF, 

and of the arc P 1 P 2 of the curve F . 
u and du/ dn are given on F, which im¬ 
plies that du/dx, du/dy are given on F (see 
p. 36). The curve F must satisfy the con¬ 
dition that it be tangent to no character¬ 
istic (p. 37). The function v in (4) is 
determined according to Riemann by the 

conditnons: 

(5a) M(v) =0 in S with respect to the 

variables X,?/; 

^ 5 ) 3 ) t; = 1 at the point P with coordi¬ 
nates x = ^, y = v; 



Fig. 12 . Riemann’s integra¬ 
tion of a hyperbolic differential 
equation in its normal form 
with the help of the cbarac- 
teristic function v. 


( 5 c) _ /) u = 0 on the characteristic x = I, 

^ — Ev = 0 on the characteristic y = t?• 
dx- 

We add the following remarks. 
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§ 11. 6b INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 

Sated sWlaritiea (every ^luttonSr 

r—= 

2. The conditions (5c) prescribe only one 

characteristics » = f a y ^ \ thp fact that the characteristics 
tn hp ffiven for u. This corresponds to the tact tnat me 

are an exception with respect to the boundary conditions that are to 
theTibrating string. If we call the boundary value problem along two 

intersecting characteristics a boundary value problem of the second kind 

in contrast to a boundary value problem of the first kind along a gener 
rurirthen we can say that Riemann’s method consists of the reducHon 
0/a boundary value problem of the first kind to a much Ampler boundary 

value problem of the second kind. +Uof r f'tA _0 

Substituting condition (6a) in (4) and remembering that L(n) - 0 

we get 


( 6 ) 


0 = /-1- / 


p, 

+ / 


In the last integral cos (n,y) = 0 and only the X term remains 
We transform the term with du dy by integration by parts: 



Combining this with the other terms we get 



For the middle integral of (6) where cos (n,x) = 0 and cos (n,y) 1 

(n is the outer normal) we get in an analogous manner: 



The integrals on the right sides of (6a) and (6b) vanish on account of 
condition (5c). If we consider (5b) equation (6) becomes, 
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(7) <lp = f {X cos (n, i) + rcos (n, y)}<Js +i{(ou)p, + (fu)p_}. 

The value o/u at an arbitrary poiM P « given here in terms aj the valmsoju 
and Us first derivatives on T as they enter in X and V ki-i arc 

among those values). We state: Equation (7). reduces the boundary 

value problem of the first kind for u to the problem of 

of V, that is to a boundary value problem of the second kind uhic 

ffiven by the conditions (5a,b,c). ^ fVio 

The computation of v is not difficult. It is Particularly easy m the 
hydrodynamic example that was treated by Riemann. In that case 

have* 


( 8 ) 


D = ^ = 


a 


x + y' 


F = 0. 


Condition (5c) implies 

x= f : 


y = ^' 


1 ^ 
tT By 

1 ^ 
v 8x 


S + y' 

a 

X + T}' 


V = Ci(f + y)'‘. 


V = CjCa: + v) 




Both these conditions and condition (5b) are satisfied if we set: 


(9) 


Cl = C, = (I + 




/f + vY 

~\x + y) ■ 


In order to satisfy (5a) Riemann modifies (9) as follows: 

(X—^) (y—* i) 

„ = /i±_5Y‘f’(a + 1, — 1. *)» (I + y) (c +»?) ’ 

\x + y/ 


( 10 ) 


where 


(10a) F{ix,p,Y.^) = 1 + 


a /J 2 r 


1! 


y (y + 1) 


2 ! 


• • T« ROAT^ \vp shall see some of the function- 

is the hpergeometricjrjes. ^ U „( chapter IV 

we shall prove that a in (10) sat|sfies -"dit.™ W. ™ “*er ^ 
it is a solution of the equabon Jl« = 0 and F = 1, 

“?h m^es (To) identiL with (9). Equation (10) for a and equation 
r 7 )'t uToWe Tur hyberbolic boundary value problem completely. ^ 
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I 13 3 ixTmoDrcnox to partial DirrEREvnAL equations 

|12. Grwi’t Theorem In Heat Conduction. The Principal 

Solution of Heat Conduction 


The differential equation (7.14) of heat conduction 


( 1 ) 




0 , 


■ mat wd-adjoint. The adjoint equation of (1) is: 


(f) 


J/(T) 


iff 


0 . 


We aee this from (0.4) if we substitute the values of (1) 

fl-C-D-f-O, X-1,E--1; 

from (9.5) we get 





«v. 


Just as in the elliptic and the hi’perbolic case «e get Grtfn's theorem for 
Itmrar kr<tt amduetum from (li,(2),(3) by integration over the interior 
Mwi the boundary of a bounded domain in the x,y>plane. Hoxvev*er, since 
X repre s ents a spatial measurement and y a time measurement, we shall 
not foossier here a region with curved boundary, but only such regions 
ahose boundaries consist of segntents parallel to the x- or y-axis, as that 
shosm in Fig 13. 



F« IS- Reduction of Uic smcml botindsry vmlue prob- 
Ifsi of bast eoadurtioa to the prmctpsl ■oUition I' for s 
rod n-ith eadpomte r» and The unit heat pole ia nt Q 
and haa the caordmntna x > f s » 


-Vloag the aide AB of the figure are have da dz, dm « —dy, 
COB (n,x) • 0. cos (ajr) • ■" 1 <u»d therefore 


s s 

f (J eos (n, X) F cos (a; y)} d« / Y ix . 

4 A 


The same thug htdds for the side CD which is slso psrallei to the x-axb 
•■d where the sig ns at hotJi dx sikI cos ln,y) are reversed. Correspond- 
**(17 we have for the sadas BC sod AD parallel to the y-axis 
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c r -v j 

f (Z cos (n, x) + y cos (n, y)} ds = + J X dy . 

B ^ 

Using the values of L,M,X,Y given in (1),(2),(3) we get the following 
form of Green’s theorem: 

“ (S+S)} 


du\ 


(4) 


IH 

z= J u V dx J (v 


du 8v 


)dy, 


where the first integral on the right side is taken over the two sides of the 
rectangle that are parallel to the x-axis and the second integral is taken 

over the other sides. , • ^^7 

Formula (4) also represents Green’s theorem tor too^imenaono! or 

three-dimensional heat conduction if we perform the follorvmg replace- 


ments: 


(5 a) 


dx by 


(5b) 


du 


dv 

dx 


do (two-dimensional case) 

dx (three-dimensional case) 

Qu dv [^y (two-dimensional case) 

» dn'ydy da (three-dimensional case) 


(5c) 


dx^ ’ a** 


by Au, Av . 


In the three-dimensional case «e integrate over “ 

cylinder whose base is the three-dimensional heat conductor and wto 

“tetation ivith respect to dy da da, is extended over the three- 

dimensionol lateral surface of this cylinder. 

Before we apply these general formulas we mus decide h^ we 

want to define the analogue of the “principal solution of - 
see that the “unit source" will have to be replaced by a heat pole 

fiTtconsider the case of linear heat conduction an^ its dKemn- 
rial equation L = 0 ; the passage to the adjoint equation M - 0 and t 

the two-and three^limensional cases will ; j„a let its 

Let the heat conductor be infinite m both directions 
temperature for < = 0 be given as a function of x; 


§ 12. 8 INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 
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CX3 < £C < + OO- 


« = /(®). - 
We represent /(x) by a Fourier integral as in (4.8): 


+ OO 


+ CXD 


( 6 ) 




— OO 


— OO 


In order to obtain a solution of equation (1) we must merely complete 
exp [t (o{x— f)] to the product 


(7) 


<p{y)e 


,% «(* — 


Substituting this in (1) we get: 


«(y) =Ce— 


Here C = 1 on account of the obvious condition qp (0) = l.W^ therefore 
replace in ( 6 ) 


(7 a) 


ea5)[i <u(x— I)] 


by exp [i (o{x — f) —co® y]. 


This seemingly complicates the Fourier integral ( 6 ) but in reality 
it makes it much simpler. In ( 6 ) /(x) must converge to 0 “sufficiently 
rapidly” in order that the integral with respect to f will converge, a,nd 
this integration must be performed before the much simpler integration 
with respect to <u, which would otherwise not converge. But now the 
order of integration is reversible and/(x) is less restricted in its behavior 
at infinity. The new factor (p (y) = exp (— (o-y) serves as convergence 

factor® for all y > 0 . 

Combining ( 6 ) and (7) and substituting y = kt we get: 


+ OO 


+ 00 


( 8 ) 


/ » 1 f 4/f 


— OO 


— OO 


We abbreviate the exponent in ( 8 ) by —a ^ co and complete the 
square: 

( Q \2 

® See the author*s dissertation, Konigsberg 1891: “Die willkurlichen Funktionen 
der mathematischen Physik” where the general case of the limit for i > 0 of a Fourier 
integral with a convergence factor is considered. The function /(x) may then have, 
for example, “an infinity of maxima and minima” or arbitrary discontinuities. 
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Substituting y = (u — PI2a: we get; 


(9) 



2 jt 


+ OO 

_(x -^ r 

1 '4 * r / 

= 2 ^' l‘ '•‘r 


We have the well known formula for the Laplace integral: 

+ 00 +0O 

J e~^'dp=^n, and therefore J 


Denoting the right side of (9) by L’ we get 


( 10 ) 


(X-tP 

U = ^— e 


^4nkt 


Equation. (8) then becomes 


(10a) 


u (x, t) = f /(f) u df: 


We note that the initial temperature at the point x — f spreads in 
space-time independently of the initial temperature at all other points. 
(This is due to the linearity of the differential equation which permits 
the superimposition of solutions.) For t ► 0 we ha\e u(x,f) —♦/(t) an 

(10a) becomes: 

/(x) = / /(f) U df. 

^ OO 

This shows that U has the "character of a i5 function.” on p. 27 
this means that U vanishes in the limit t - 0 for all values of x ^ f and 

becomes infinite at x = f so that 

(lOb) ^ 

(These properties of U are easily seen from (10).) Ignoring jhe distin^ 
tion between heat-energ>' and temperature we may say that L de^nbw 
the space-time behavior of a unit h^at-saurce or of a heai-poU 

For the case of a general initial time t = r we get instead of (10 . 

U = {471 k{t- T)}-* eip{- rF07,} 


(10c) 








§ 12 15 INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 

For the special case of a heat-pole at ^ = 0 we get 
(lOd) U = (i jt kt)-^ exp |— . 


Before discussing the deeper meaning of these formulas we shall 

generalize them to two and three dimensions. 

We noted the possibilities of generalizing Fourier’s double integral 

to quadruple and sextuple integrals at the end of §4. We perform this 
generalization by writing instead of (6): 

( 11 ) y) = 



( 11 a) m y) = he 5 S 

Combining (11) and (11a) we get 

(11 b) fix, y) = I d(of do>’ fj /(I, V) 


—> 7 ) 





The same process which led from (6) to (10a) leads for the two-dimen¬ 
sional case from (11b) to 

+ 00 

(12) tt {X, y,t) = // /(I, n) U di dr) 

— oo 


where U is the product of two factors of the form (10): 



—1 - 

U = {4:71 h t) e 


(z —+ —»?)• 

4kt 


In the three-dimensional case U is the product of three factors of the 
form (10): 

_2 _ (X - + (y - fi)* + - ^)* 

( 14 ) U={Ankt) 


Equations (13) and (14) stand for unit heat-poles in the plane and in 
space. Equations (10), (13), (14) indicate the connection between heat- 

conduction and probability. 

We compare (lOd) with the Gaussian law of error 
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Here f/H’is the probability of an error between x and x + dx in a measur¬ 
ing process whose precision is given by the “precision factor <x . In our 
case this factor is (ikty, “infinite precision” is given by 1 = 0 which 
means absolute concentration of heat in the point x = 0 ; decreasing 
precision” corresponds to increasing (. Fig. 14 shows the well known 
bell-‘ 5 haped curves which for decreasing » give the behavior of I for 
increasing /. The function U in (lOd) is equal to the “probability 

density” dlT dx. , ■ t 

In an analogous manner we compare (13) to the measuring of 

a position in the xj/-plane whose 

J 5 exact position is given by ( f,»/ ); 
and (14) with the measurement 
of a space point with the true 
position ( f, O- The precision- 
I factor in both cases is a = (4kt) ‘ 
as before. This suggests that the 

-if -3 -2 -/ 0 I 2 3 4 physical reason for heat-conduc- 

^ tion is of a statistical — not dy- 

the precision factors o = 4.1.1/4. being numical — nature. This becomes 
ht the same time the principal solution of apparent in the treatment of heat 
heat conduction for A-i = 1/16,1/4.1. conduction in the kinetic theory 

of gases (or, more correctly, the “statistical theory of gases”) Con¬ 
nected with this is the following fact which we discuss for the spatjal ca^ 
of equation (14). For f = 0 the total heat-energj' is concentrated at the 
Doint (f r? C), but after an arbitrarily short time we have a non- 
vLsh ng ?™irature C' at a distant point (x.,,s). Hence he<U expands 
M infinite ielocHy. This is hnpossible from the pomt of view of 

d>’Tiamics where no velocity may exceed c. 

' From §7 p 34 we know that diffusion, electric conduction, and 

viscosity satisfy the same differential equation as heat conduction 

Here tM the statistical approach is clear. Diffusionjs based on the 

lirmnian motion in a solvent of the individual dissolved molecute, ^d 

the statistical origin is ascertained both by theor,- and ^ 

electron theorv of metals shous that upon elec rical conduction 

electrons are diffused through the grid 

sUut.on of the digerentM eynation Liu) = 0. We now f '»™. 
it into the principal solution F of the adjoint egualwn . M ■ 
paring ( 1 ) and 12 , we see ;;;^^<Ws is done by revjs, g 
„ = we shall a so reverse the signd y, - i r so AaUhe 
again be situated at the point x — t r ■ 

(10c): 
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7= —0}'* exp {— 4i(T—t)} 


V has an essential singularity for < = r and is defined only for the past 
of T, i.e., for i < t , in contrast to the principal solution of U which is 

regular only for the future of t, i.e., for t > r . 

We return to Green’s theorem (4). Setting v = V and taking for u 

a solution of L{u) = 0 we get: 





The two integrals are extended over the sides of the rectangle of Fig. 13, 
the first over the two horizontal sides, the second over the two vertical 

sides. 

Since V too is a “ 5 function” the first integral taken over the side 
f yields - UQ. If we decompose the second integral into the two 
components which correspond to the two rod ends Xo and Xi and denote 
this by we get: 



X, 

Uq= J uV^dx + k 





Here 7© is 7 for ^ = 0. • u 

This representation of u is general since the source point Q can be 

situated at the arbitrary point x = t = r. However it does not yet 
solve the boundary value problem of §9C, since in addition to the initial 
values of u it assumes that the boundary values of u and of du/dx are 
given at the endpoints, whereas in the boundary value problem only u or 
du/dx may be prescribed. In order to solve the boundary value problem 
we must replace 7 in (18) by Green's function G which satisfies the condi¬ 
tion G = 0 at the endpoints and thereby makes the term containing du/dx 
in (18) vanish. We shall see in the next chapter how G can be con¬ 
structed from 7 by a reflection process. Exercise II.4 contains an 

application of (18) to laminar fluid friction. 

The above considerations can be transferred immediately to the 
two- and three-dimensional cases. As remarked above in connection 
with (5a, b), we merely have to extend the integration in the first integral 
of (18) over the base, and in the second integral over the lateral surface 
of the three- or four- dimensional space-time cylinder. However the 
construction of Green’s function G by a reflection process for the two and 
three dimensional problems will succeed only in exceptional cases (see 
§17). 
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On the other hand equation (18) (in terms of V, not G) suffices to 

insure the analytic character of u, since the coordinates T (or rj, t or 
f C, T ) of Q appear on the right side only in the principal solu¬ 
tion V, that is, only in analytic form. The solutions of our parabolic 
differential equation are analytic in the interior of their domain just as 
in the elliptic case. However, the domain here is not bounded as m the 
elliptic case, but is an infinite strip (as was pointed out at the end of 
§9). From this latter point of view the parabolic boundary value prob¬ 
lem resembles the hyperbolic one. 


§ 13. 3b 


Chapter III 


Boundary Value Problems in Heat Conduction 

§13. Heat Conductors Bounded on One Side 

In the preceding section we treated the equalization process for a 
linear heat conductor that is infinite in both directions and represented 
it by equation (12.10a): 

+ o° , (x—f)*\ 

(1) u{x,t) = jf{i)Vd^, U = {inkt) *exp | 4 ^^ ) ’ 


By the substitution 
(la) 


f = a;+ \/Uuz 


it goes over into the Laplace form 



+ 00 

u{x,t)=-y=^ J" f(x-j-y4ktz)e * dz , 

— 00 


It is instructive to compare this with d^Alembert’s solution (9.2); in the 
latter we have two arbitrary functions Fi, 7^2, corresponding to the hyper¬ 
bolic type of the wave equation, whereas in (1) and (2) we have one 
arbitrary function / corresponding to the parabolic type of the equation 
of heat conduction. 

In the case of a heat conductor which is bounded on one side, 
0<a/<oo, we have to deal first with the boundary condition at x = 0: 

a) A given temperature u(0,0; in particular the isothermal boundary 
condition 



b) A given heat flow G (0,i) (notation as in §7, equations (9) to (12)); 
in particular the adiabatic boundary condition 



c) A linear combination of both which takes into consideration the 
so-called outer heat conduction, written in the conventional form 
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bn 


Here n stands for the outer normal which in our case is in the direction 
of the negative x-axis. The name “outer heat conduction” summarizes 
the effect of convection, the radiation into the surrounding medium and 
the heat conduction into that medium which is usually negligible W e 
note that (3c) is obtained as an approximation of the radiation law of 
Stefan-Boltzmann which states: the radiation of heat per unit of time 
and area of a body of absolute temperature T is proportional to T If we 
denote the factor of proportionality by a and if the end of the rod is in a 
neighborhood of temperature To which radiates towards the end of the 
rod an amount of heat aT^ per unit of time and area, then the energy 
emitted in the normal direction by a surface element da of the end of the 

rod is given by: 


dQ„ = a{T*-Tl)dadt. 

Since usually both temperatures T and T, are far from absolute aero, we 



;4) djQ„ A a Tludadt with 

This amount of heat dQ„ must 
interior of the rod which is given 
write: 


tt=T-To<r and CT^. 

be balanced by the heat flow from the 
by Fourier’s law (7.12). Hence ^^e 





d(j dtf • 


By comparison of (4) and (4a) we obtain: 


and hence 

( 5 ) 




du 
dn ’ 




iaTl 

--> 

X 


which corresponds to (3c) and *ows h to be a 

We first treat conditions (3a) and (3b). i hese ^ 

fled if we develop /, which is given only for 0 < a: < oo, 

, we .peek here of . "rod” .Ithoukh Jhe 

S:: Lrrd» rr .ad .he .di.b..ie eo„di.ioa - 0 

for the lateral surface (see the end of §16). 


§ 13. 8 BOUNDARY VALUE PROBLEMS IN HEAT CONDUCTION DO 

codne integral, or in other words, if we continue / in the negative x-axis 
as an even or odd function (see equations (4.11a,b)). If as in (12.8) we 
append the time dependence factor exp (—co* k t) which is required by 
the equation of heat conduction, and integrate with respect to to, then 

(1) becomes 

( 6 ) «(®. 0 = // (^) / /(^) ^ • 

The second integral which was originally taken from — oo to 0 has been 
converted by a change of sign of the variable of integration into an 
integral from 0 to +oo . The principal solution Z7(f) is then transformed 

into 

(7) U{-S) = {ink <)■* exp 


which is the expression for a unit heat pole at x = —I, t = 0. 
(6) becomes: 



u{x.t)=Tn()Gi(, a^u(i)TVic-i). 


Equation 


This Green’s function G satisfies all the conditions of p. 61. It has only 
one heat pole in the region 0 < x < oo , since the additional heat pole 
at ® = — I lies outside the region; it also complies with the condition 
that G satisfy the adjoint equation in the variables since in our case 
G is independent of t and a change of sign in t becomes immaterial. 

It would be more intuitive to start from a single heat pole at x == f 
and to reflect it on the boundary x = 0, with a negative or positive sign 
of U depending on whether we impose condition (3a) or (3b). In this 


manner w^e w'ould first con¬ 
struct Green’s function and 
then reconstruct the given 
initial temperature /(x) by 
the successive superposition 
of the heat poles of strength 

From now on we 
shall use mainly this intui¬ 
tive process, that is w'e r^ 
strict ourselves to the con¬ 
struction of Green’s function 
from w’hich we can write 
down the solution for arbi¬ 
trary initial temperature /(x) 
as in (8). We first use this 



Fig. 15. Green’s function for a linear heat 
conductor which is bounded on one side with 
outer heat conduction. A heat pole is at x — 
4- f j its mirror image at x = — f , with an 
associated continuous spectrum of heat sources. 
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process for the somewhat more complicated boundary condition (3c). 
(In problem 111.1 we shall treat the same boundary condition according 

to Fourier’s process.) 

We notice at once that an isolated reflected point x = —^ will not 
be sufficient, but that we also need a continuous sequence of heat sources 
which we shall place at all points »? < — f . Let .4 and a {rj) dr] be the 
yields of the isolated and the continuous heat sources (see Fig. 15). The 

corresponding function G is then 


-« 


G=U{i) + AU(- i) + fa(rj)U (v) dr] 


( 9 ) 


-s 


1 

2 


{An hi) \e 


{X - 


(X + 

4** + 



o (r]) e 


(X - *|)* 

dr] 


Hence at j = 0: 


-f 


( 10 ) 


G={l + A)e **‘+ f a (»)) e dr]. 



4kt 


From (9) we form dG, dx. Then if we replace d/dx by 
the integral sign we obtain for x = 0 


(lOa) 


(Ankt) 




—d/dr] under 



and after integrating by parts; 

( 11 ) = 



If we substitute (10) and (11) in condition (3c) with a an 

—d/dx then {3c) must be satisfied identically for all i > 0. By setting 

the terms of different time dependence individually equal to zero w 

obtain: 


( 12 ) 

(13) 


A —1 = 0 ... A = If 

a(_{) +A(l + ^) = 0 ... o(-|) = -2A, 


and the differential equation: 
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( 14 ) 


a' (rj) — ha (rj) = 0 


Considering (13) we see that (14) has the solution 

a {ri) = h= — 2h^ 


This determines the constant A and the function a (»j). The fact that 
this determination is unique will be demonstrated in §17. 

The result is 



(*-«)• (£+_«• / -**~c-- X 

~4ir" g —2 he'‘^ e 


(15) (47ckt)^G = e 


OO 


For numerical applications this integral can be reduced to the tabulated 

normal error function.^ • , -n 

Only when the given initial values /(x) are particularly simple will 

it be more convenient to use equations ( 1 ) and ( 2 ) instead of the more 

intuitive method of Green’s function. We illustrate this by an example 

which also shows the translation of problems of heat conduction into the 

language of diffusion problems. 

Let the bottom section of a cylindrical vessel, 0 < x < //, be filled 
with a concentrated solution (say CUSO 4 ); above it let there be a layer 
of pure solvent (water) to an arbitrary height x = 00 . Let the concen¬ 
tration of the solution be u and let the initial concentration be 1. At the 
base of the cylinder we have dujdx = Oat all times, since the dissolved 

salt molecules cannot penetrate the base. 

This condition may also be satisfied by extending the vessel down¬ 
ward and by prescribing the reflected initial distribution as above. (For 
a finite height of w'ater column one w'ould have to use the somewhat more 
complicated reflection process of §16.) The initial distribution of u is 


then: 


1 • • 


• —H <X <+H y 


0 • • * H <C \x ] 


00 . 


Equation (2) yields 


(16) 



* E.g., in Jahnke-Emde’s tables of functions, 3rd ed., Teubner, Leipzig, 1938, p. 24 
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The values for the limits of integration Zi and 22 are obtained if in (la) 
we let i = d= H: 



—H — x 
z, = — __- 

^ y4 kt 


H—x 

^2 - |/4Ft • 


Using the customary notation 

X 

(18) = ^ I 

0 


for the error function, we can write our solution (16) with astonishing 
simplicity: 

(19) (Z 2 ) — ^ (Zi)} • 


§14. The Problem of the Earth’s Temperature 

We treat the surface of the earth as a plane and assume an averaged 
purely penodic temperature fit) (annual averaged or daily averaged 
temperature). In order to determine the temperature in the eart s 
interior=« we can in general use the method described m Fig. 13, by 
setting xo = 0 (surface of the earth), Xj = 00 (great depth), and uo - m 
fQj. a; = 0. It is convenient in our case to expand fit) into a complex 

Fourier-series: 


+ 00 


(1) 


/(t) = ^ = length of year or day 


n— — 


and to set for the temperature in 

+ 00 


the interior of the earth at a depth x: 


( 2 ) 


«(x, <)= 2:.c^u„ix)c 


ZnintlT 


n— — 00 


Each individual term of this series must satisfy the basic law of heat 
conduction. This yields the ordinary differential equation for Un- 



dx* 


= Pn • • ^vith 


vl- 


2 71 in 

'TT 


In order that (2) go into (1) for z = 0, tve must hove (3a) 


(3n) 


w„(0) = 1. 


. The phy.ic.1 problem of ogeothermlo depth” ,t“S“oSh"rf 

interior of the earth due to radioactive or nuclear proceeses) is of course .gnor 
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Depending on whether n is positive or negative we set 


2 in = (1 d= K1 


and 

(4) 


p„ = (1 ± . ? 


n— y kT 


>0 


The general solution of (3) is then 


(5) 




Here we must have A„ = 0, since otherwise the temperature would 
become infinite fora;-»-oo, and B„= 1, to satisfy (3a). Substituting 

this in (2) we get 


+ 00 


( 6 ) 


U{x,t)= 2; 


oo 


In order to translate this into real language we write for n > 0 

According to (1.13) C„ for n < 0 has the same absolute value but the 
negative phase. Equation (6) then becomes 

(7) u(x,«) = Co+2 2* l^nl«“^"®cos(2?rn^ + 7„ — 


We see that the amplitude | C„ j of the n-th partial wave is damped 
exponentially with increasing depth x, and that this damping increases 
with increasing n. At the same time the phase of the partial wave is 
retarded increasingly with increasing x and n. 

\Ve now consider the numerical values. For an average type of 
soil we have the approximate temperature conductivity 


A: = 2-10*® 


cm* 

sec 


For the period of one year T = 365 X 24 X 60 X 60 = 3.15 X 10" sec. 
and for X = 1 m = 100 cm. we have then 



Gtilmftrg Research Observatory 
riulMarr 
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At a depth of 4 meters we already have a “phase lag” g,x = x and an 
amplitude damping 2~*= Even for the first and principal partial 
wave of temperature fluctuation it is winter at a depth of 4 meters when 
it is summer on the surfaee; the amplitude is only a fraction of the surface 
amplitude. For the higher partial waves n >1 the phase lag an^mpli- 
tude damping are correspondingly greater owing to the factor |/|nl in 
We may say that the earth acts as a harmonic analyzer (see p. 4) by 
singling out the principal (though much weakened) wave from among all 


partial waves. 

As a special example we consider the yearly cur\'e of an extremely 
continental climate,” namely a uniform summer temperature a^d the 
same negative winter temperature which we shall set arbitrarily — ± 
This year-curve is represented graphically by the meander line of Fig. 1. 

and analytically by (2.2) 




sin 3 '*' + -g- 81^ 




In order to obtain the corresponding series u(x,t) we must, according to 
(2.1a), specialize the coefficients C in (7) as follows: 

c,, = o, ic'2»+il = ^,(2n + i)’ = 

However it is somewhat simpler to apply the calculation process used tor 
(2) directly to equation (9). We immediately get. 

(9.) u (X, () = i(s- •■'sin (T-X) + ie--' sin (3T - },x) + • • •) • 

Then, substituting the values of the q we get for x = 100 cm. 


u (i, t) 


(9 b) 






4/ 


3t 





5t 



+ 


and for x = 400 cm. 


(9c) 


“ “ Kb 




) 


4 comparison of (9) with (9b,c) shows clearly the influence of depth on 
the amplitude and the phase of the temperature process. 
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This shows the usefulness of a deep cellar. It has not only much 
smaller temperature fluctuations than the surface of the earth, but is also 
warmer in winter than in summer (or it would be if there were no air 

flow). 

Our conclusions become even more striking if we pass from the 
consideration of an averaged yearly temperature to that of an averaged 

daily temperature. The g„ are then increased by the factor V365~ 19. 
Hence the damping and phase lag which for a yearly period belongs to a 
depth X occurs now at a depth of x/l^. The decrease of amplitude to 
1/16 for the principal term (see (9c)) and the reversal of the time of day 
(midnight instead of noon) will now occur at a depth of only x = 400/19 
= 21 cm. Hence the daily fluctuations of temperature enter into the 
earth with noticeable intensity for only a few centimeters; the whole 
process takes place in a thin surface layer. 

We deal here with an obvious analogue to theskineffect of electricity. 
The fact that in practice it is particularly observable on cylindrical wires 
makes no difference here; for a conductor bounded by a plane it occurs 
quantitatively in almost the same manner. Our daily curv'^e corresponds 
to an alternating current of high frequency, our yearly curve to one that 
is 365 times slower. We know from §7 that the differential equations 
are the same in both cases, but for electricity we interpret the coeffi¬ 
cient k as the specific resistance of the conductor. 

§15. The Problem of a Ring-Shaped Heat Conductor 

We now turn to the case of a heat conductor of finite length 1. 
However, at its two ends x = itVa"’® do not prescribe the boundary 
conditions a),b) or c) of p. 63, but instead the much simpler condfffon o/ 
periodicity. By this we mean that not only u but also all its derivatives 



Fig. 16. Heat conduction in a ring. Heat pole at i = 0 with periodic repeti¬ 
tions. Temperature distribution for <:< < 1 (steep curve) and for A:I > 1 (flat curve). 

shall coincide at the ends. We achieve this by bending our rod into a 
ring so that the two ends coincide. The shape of the ring is of no 
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importance since, as in all cases of linear heat conduction, we must con¬ 
sider the lateral surface of the ring as adiabatically closed. In Fig. 16 

we have drawn a circular ring. 

As initial temperature we take f{x) which is arbitrary but sym¬ 
metric vnth respect to x = 0. Its Fourier expansion is a pure cosine 
series which automatically satisfies the periodicity condition at the ends 
From (4.1) and (4.2) we get, after setting a = 1/2; 

+ */• 

^0= / /(*) 

m /(x) = 2^n<50s(2:;rnx), 

' ' A„ = 2f f [z) cos (2 7t nz) dz. 

- Vi 


In order to obtain the corresponding solution u(x,l) of the equation of 
heat conduction we merely must multiply the n-th term by 


We then obtain 


( 2 ) 


u (X, t) = e 


-.4n» n*kt 


COS (2 Jin x) 


We now consider/(x) to be a “ 5 function” by writing 


+ B 


f{x) = 0 for X 4= 0, but f /(x) dx — 1. 

— 8 

- /IN ^ A — 1 A - Ao = =2, and if we replace u by 

Then m (1) we get Ao = 1, - ^2 - • • • ^ 

the customary ^ we get: 


OO 


(3) 


^{x, = + 


— 4 JT* n* ifc f 


COS {2 7tnx). 


The letter ^ stands for the theta-function which was introduced by 
C G J Loby in the theory of elliptic functions and l 

mount importance in all numerical computations. The fact tha 

satisfies the equation of heat conduction is of # 

Sental property, whereas we use this tftra funt 

We now have to adjust our notation t to the theo y 

tion by setting • ce the # 

4 The reason for its special convergence nTjumps at 

rlTl/Sf.' - lA 2™rv\;rir;'ifh increasing n mor. rapidly than any 

power of n. 
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r = A 7t i k t. 

This T, which of course has nothing to do with the symbol t t of the 
principal solution U, does not have the dimension of time and is positive- 
imaginary in our case. (In the theory of elliptic function t is in general 
complex with positive imaginary part, namely the ratio of the two 
periods of these functions). Written in terms of r (3) becomes: 

(5) t?(xlT) = 1-f 2 ^^e‘’‘’^"‘cOS(2 TT W 35). 


This form converges very well for large t or, in other words, for 
large kt. It represents the later phases of the damping out of the unit 
source exceptionally well, but it does not help us for the beginning of 
this process. We therefore complete Fourier’s process which, in analogy 
to the reflection process, is based on a periodic repetition of the initial 

state (see the right half of Fig. 16). 

We have rolled off the cut ring on the x-axis both to the right and 

the left in an infinite sequence. From the heat source Ua{x,t) given in 
the ring we get, at the points x = n {n = dbl,it2, ...), the identical 

heat sources: 

(«) = Tik {- ■ 


In the series 

(7) 


u{x,t)= U„ix,t) 

—oo 


we have a second representation of the damping out process which 
converges excellently for small values of kt. This is so because for such 
values we need consider only Uo and its immediate successors, the 
subsequent t/„ having no effect on account of the factor exp(n^/ 4 k t) 
of (6). Equation (7) is therefore the desired complement of (5). The 
figure shows the nature of both representations: the flat curve shows the 
behavior for large kt according to (5), the steep curve shows the be¬ 
havior for small kt according to (7). 

Oddly enough we can bring (7) into a form very similar to that of 
the tr series in (5). All we must do is put the factor exp (—a:*/4 k t) 
outside the summation and combine the terms with ± n. Equation (7) 
then becomes 



u{Xy = k'ty^ exp 



n* 

e **<cos 


inx 


4 
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If we replace t by t according to (4) then the bracketed term becomes 


«in' 


z 


14 -2^6 ^ cos 2 w n . 


n— 1 


This differs from (5) only in that x/z has replaced x in the argument 
of the cosines and that - 1/t has replaced T in the exponents. Hence 

the bracket of (7a) is 




Substituting this in (7) and remembering that both (5) and (7) are 
solutions of the same problem of heat conduction we obtain 


d(^|-v) = 'l/T exp 1^^} ■«(*!») • 


or conversely 

( 8 ) 

This is the famous ,ransformat,on form^ oj the « 

# (f 1 -i) For us it constitutes the passage from Fourier's method to 

lation of their specific heat for low temperatures. 

§16. Linear Heat Conductors Bounded on Both Ends 
I,y setting the length of the ring in the 

X instead of x'. For the case of " the pre- 

aider now, we must replace x by / dimension of x\ 

ceding formulas. The ««.^e following page. 

We first give a table of by both Fourier's 

nrethod and the method of p'" pole but also all 

-"i:x r istr :in Te 
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a) a) 


u = 0 foi 


boundary 
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- -I 


X = 0 
X = I 


h 



- u 



I 


/(x)=^B..inn«p B.= ] //(x)sin:. nfix 


dx 


b) b) 


= 0 t<)r 


= 0 


! ^ 



1 


1 


/(x)= v^,cosin',^ M. = jfH^)coe:,n’<lx 


A 


] //(*)<^* 


a) b) 

u = 0 for X = 0 

£=«.. 




I 


I 


/(x)= Tfi„.sin;i(n + i)* . ^ f f(^) 


G = ^( 


X—f 

4/ 


)-«( 


r+( 

41 


)+»{ 


x+c-2/ 

Al 


)-.(* 


4J 


It). 


b) a) 


= 0 for X = 0 
dx 

« = 0 x = / 





/(x) = ^-^4„co8 7i(n + i)j , = j J/(j) cos(n + 4) ^dx 




+ {- 2 / 


4t 


)-#( 


x-{-2l 
Al 


It). 
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We see immediately that Che functions fix) in this table satisfy 
the boundary conditions a)a) to b)b); these boundary conditions then 
hold for the corresponding solutions of the boundary value problems 
uix,t), which are obtained from fix) according to Fourier’s method by 

multiplying the series of / termwise by 


— (« nll)*ki 


or 




The diagrams show the positions and the signs of the heat poles accord¬ 
ing to the reflection method. In the first two cases the heat Poles are 
seln to have the period 21, in the last two they have the period 4?- Their 
summation yields Green’s function G = SU which is expressed here in 
terms of the ^ function of the preceding section. In the formulas of the 
preceding section, where the period was taken equal to 1 and the hea 

pole was at z = 0, we have to replace x by for a)a) and b)b) and 


by 


41 


for a)b) and b)a), where (, stands tor the position of any heat 

pole It the sequence which is summed by #. (Due to the Periodicity 
fheeho ce of the heat pole is immaterial.) In our formulas we have 
chosen tor f, the heat pole of the initial region 0 < x < I or of one of the 
adrcent regions. From Green’s function we ^t the solut.on oj the 
boundary value problem for arbitrary initial values u(x,0) /( 

according to the general formula 


I 


( 1 ) 


u{x, t)=J • 


Wp now wish to treat the boundary condition c) of p. 64 where we 
parJutarly eoi- the combination a)c). In order to safsfy cond.- 

tion a) at X = 0 we set 


00 

fix) = 2 B„BinA„?t j 


n — 1 


( 2 ) 

That is to say, in the solution for a)a) we replace the sequence of integers 
n by the sequence 

which we wish to deu.rmine‘'in"uch a way that for x = 1 condition c) is 
satisHed. This leads to the transcendental equatum 

^ COB ^ TT = 0 , 
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or 


(3) 


tan ?i = 


n ?. 


n 


hi 


/ji 7 • \ia Rfilution was illustrat6d in 
This is equation (6.2a) with a = — W > typical case of anharmonic 
Fig 7. Hence we are dealing here be taken 

Founer analysis. The values oi i solution of our boundary 

- r„:st the su. m (2, h^ .he 

required time factors. 

(4) u(i, 0=2 ^ T • “P {" * 'i' 

' ^ n* 1 

We mentioned in §6 that the formal computation 

- t^tK^ X ::ht:L. 

future expansions m “eigenfunctions. 

We consider two arbitrary terms of (J): 


(5) 


- 7tX 

Wn “ I * 


. 45 nx 

ii_ = Sin "T* > 


m 


m I 


They satisfy the differential equations: 


(5 a) 




l^n — ^ I’ 


Hence 


(5h) 


u 


d^u 


,, _ /I.2 _p\ w u 

-j-s- — ^n) 


m rfa;- 


** da:* 


O 

m 


:.2 

n 


The left side is a total derivative (for the case of Green’s theorem, p. 44, 
we spoke of a “divergence”). The integration of (5b) over the funda¬ 
mental region 0 < x <l reduces to the boundary points on the left (m 
Green’s theorem we said “to a boundary integral”). From this we 
obtain the value of the right side without further calculation: 


I 


( 6 ) 


du 


K-K) /«n 


u 


du. 


I 


dx s*o 


Here the right side vanishes for i = 0 since according to (5) we have 
then «n = “m = 0; fjut it also vanishes for x = I, since the boundary 
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condition c) holds for every individual term of (2) and hence the du ^dx 
are proportional to the u. Therefore the condition of orthogonality (6.3) 

is satisfied for . ,• • • * wa 

We shall show in exercise III.2 that the normalizing integral (d.od) 

can be obtained almost without further calculation. 

The expressions as well as the mathematical formulations m this 
section were based on the assumption that the lateral surface of the rod 
is closed to heat flow, an assumption that is open to reasonable doubb 
We shall show now that our formulas can be used also in the case of 

incomplete closure with respect to heat flow. , . r 

Instead of imposing the adiabatic condition b) on an element of 

area daoi the lateral surface of our rod, which we assume to be a circular 

cylinder, we impose condition c) which states that an amount of heat 

— x^da = xhuda 
on 


passes out through da per unit of time. e apply this to the c^ o 

element of a cylindrical rod of altitude dx and radius of 

so that the lateral area is 27 i bdx and the outer normal dn is m the direc- 

tion of the extended radius. The amount of heat passmg out of the 

lateral surface is 

(ZQi = X hu • 2nb dxdt. 

The amount of heat flowing out of the bases x = const, and x + dx 
= const, of this element is 


( 8 ) 


dQ,= 


X ^ -nb^dxdt 


According to (7.9) the total outflux of heat from the rod element is equal 
to the product of div G dt tvith its volume. Hence tte hate 

div G • 31 bi^dx dt = dQ^ + dQ^. 
and after substituting (7) and (8) 


2 x h Shd 

(10) divG 

According to (7.11) div G is proportional to 
thisand dividing by « "e obtain 

a*tt _ 1 4_ £* u 

(11) - kdt ^ h 


du ‘ dt. Substituting 


Hence the “outer-heat conduction" through the lateral surface only 
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__ Y¥ t:' i'T' f'l it\ IJIJ L 1 

Lifies our differentia, equation by the a«o" tea": 

Our derivation depended on “ntroi x is not affected by the 
of the thermal state, i.e., its ^pe l^^^ible for sufficiently 

lateral radiation, an assumption ^^hlch seems p 

small cross section. ^ -- , ,. 

The integration of (11) is very simple. 

u = ve , 

After division by exp {-It) equation (11) becomes: 


dh) 

dz^ 


1 8v (2h _^\ 

= Ta + {T k)'’’ 


which is the ordinary equation of heat conduction if we set 


( 12 ) 




2hk 


Hence all the developments of this chapter are valid for a rod with outer 

/ 2 A fc A 


heat conduction if we multiply by the factor exp ( 


') 


In exercises III 3 and 111.4 we shall see an elegant expeninenta) 
detemination of the ratios inner to outer heat conduction and heat 
conduction to electron conduction in metals. 

§ 17. Reflection in the Plane and in Space 

We finally leave the case of linear heat conduction and turn to 
spatial regions which are bounded by planes and which can be treated 
by the sLple reflection method. The corresponding plane regions 
bounded by straight lines will be treated in a very sirnilar manner. 

The simplest case is that of a half space with the boundary condi 
tions u = 0 or du/dn = 0. Since we know the spatial function of a heat 
pole from equation (12.14), we can write Green’s function for the half 
space directly. If we take the boundary of the half space to be z - 0 
and the source point to be ( f, C) have 

= (x-f)*+(y-»?)* + (2 + C)‘ 


( 1 ) 




= (x 
.'2 — 


Since for z = 0 


f2 = fand 


dz 


dz 
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we get 





for z = 0. 


Even for the boundary condition c) of p. 64 we can transfer the solution 
(13.15) directly to the spatial case. We have 


-c 


(2) (47rjt<)2G = e + 


r 
Akt 


Akt 


2he 


n: 


0^ 

Akt 




(* - 

Akt 


,hP 


dp. 


with 


p2 = (x_ 1)2+ iy — J]) 


-3\ 




-2 



I 


oQ/ 


Q| 


Not all spatial regions bounded 
by planes can be treated according 
to the reflection process. It is neces¬ 
sary that, under successive reflections 
of the original region, space be cov¬ 
ered completely and simply. We 
demonstrate this with the example of 
a wedge. If it has an angle of 60“ (see 
, „ Fig. 17) then it is reproduced five 

/ Q-z times upon successive reflections 

-If' "^3 whereupon the process terminates. 

Fig. 17. Wedge with face angle Ji/3. Green’s function can be repre- 

Simple and complete covering of space ^ poles 

upon .„ 0 <»sive reflect,o„. boundary condition 

« _ 0 halt the poles (the original pole Q and its images 0,.Q.) are posi- 

that the reflection process 
may be attempted only for those polyhedrons 

^rnultvp^ oS Mnot ^ 3 „,2 leads to a triple 

e™le which is 

infinite covering. A PA-tbcularly mterestmg c 

half plane removed, a wedge of ^^ ^ in a 

ing to a reflection process requires the “‘“'‘y “P" ^ , jbe half 

.'twi^sheeted Riemann space” whose branch line is the edge 

.lution w„ ^ven by the .utho, »‘Ji ^r 

..as,eh.p.r». 
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' " Apoons the polyhedral regions ^ 

(the exterior rvould lead to inost given primary 

eralization the rectangular solid. The mi g esponding to 

«,„r« point form eight superimpose spatmUatti^ ^^^J^.^^^ 

the eight combinations of Signs ± differential equation, 

separately forms a triply perieic rectangular 

solia is divide^ —hem as'b:^ a polyheron of the 

require kind. .Another example is 8 ^ obtained 

base is an equilateral triangle or base is a 

re^ilfhergrhas L^angte of 2 „/3 and therefore leads to a double, 

::be”;irpetis:bt^^^^^^^^^^ 

^pm ttntto™ld'LmL?V^^^^^^ 'vhich was discovered by 

word “reflection” reminds us of the optical application. 

The set of permissible regions is extended very ^ 

no longer impose boundary conditions, but require penod^c^ty, as m the 
"se of the r-ing in the beginning of §15. Then instead of a rectangular 
solid we can treat an arbitrary parallelipiped; all we have to do is to 
repeat periodically the pole of Green’s function in the initial domain m 

the ring ifthen replaced by a higher ^ function (hyperelliptic Abelian); 
however we shall not go into this since there are no immediate physical 

appli^a^^_^g spatial regions can be transferred directly 

to plane regions. Half space is replaced by half plane, rectangular solid 
by rectangle, the rectangular cylinder whose base is an equilateral 
triangle by that triangle. In formula (1) for Green’s function of half 
space we have to replace the exponent I on the left by the exponent 1, 

• G. Lame, I>e?ons sur la theorie de la chaleur, Paris 1861; he does not use the 
reflection method but Fourier’s method with a suitable continuation of the arbitrary 
initial distribution. For Schonflies’ tetrahedron see Math. Ann. 34. 
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and the three-dimensional square of distances on the right by the corre¬ 
sponding square of distances in the plane. 

Unfortunately this method of reflection for problems of heat con¬ 
duction can not be applied to spherical (or circular) regions (see §23). 


§ 18. Uniqueness of Solution for Arbitrarily Shaped Heat 

Conductors 

The physicist may consider such a proof superfluous; we shall 
consider it, however, on account of its mathematical elegance and the 

importance of its method. . , , . • u 

It will suffice to use Green’s theorem of potential theory which we 
formulated in exercise II.2 as the “second form.” The parabolic char¬ 
acter of the equation of heat conduction plays no particular role here, 
it would become important if, as in Fig. 13, we were to impose time 
dependent boundary conditions, but we shall restrict ourselves here to 

the boundary conditions a),b),c) of p. 63. 

Our heat conductor may have an arbitrary boundary, as part of th s 

boundary we include the boundaries of any possible inner cavities. On 

this total boundary surface a there may be given an arbitrary comb 

tion of the boundary conditions 


a) M = 




c) 


dn 


f“non-homogeneous” boundary conditions where /i,A,/a are arbitrary 
Unt fuTcUons on n. in contract to the previous ' homogenjs 

^"hrinitial temperature a to be given as an arb.trary point 

'“"t; {'.?n'd’„. be trvo different soiutions of the ^n -/^; 
duction under these initial and boundary conditions. Their differenc 

= w then satisfies same differential equation as Ui,U2 

( 1 ) = 

„ith a distribution over » of the •'homogeneous'’ boundary conditions 

duj 
dn 


( 2 ) 


a) u) = 0, 


dn 


c) ^ + hto = 0 


and the initial condition 


(3) 


w = 0 


for 


t = 0. 
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Setting both u and » equal to » in Green’s theorem of exercise ...2 ive 

r 

,4) j«,Mr + /(grad grad «■) * = j ^ 


Considering (1) and (2) this becomes 

JLt[w‘dz = -l Dwdi-jhi^dc,. 

(5) 2 k dtj J •' 

where Dw is the so^alled first differential parameter: 


i><a = ©’+(^T+©'- 

The last term of (5) Is 

which the boundary condition c) holds, as inaica 

■““'EotTioMS) contains a contradiction: the right side is nrsoto 
since k> 0 as established in (13.5). (We no longer have to assume that 
A is a constant- h may vary on the surface <t« depending on the loc 

structure of the surface.) The left side of (5) is certainly 

since is 0 for t = 0 and therefore can only increase for increas¬ 
ing t. ’in order to make this contradiction even more apparent and to 
extend it to arbitrary I, avc integrate (5) with respect to t: 


( 6 ) 


I ‘ 

LJw^dr = — fdtJ Dwdr — f dt j 


The only possibility of removing this contradiction is in setting: 

w = 0, hence Wi = u • 

This uniqueness result can also be expressed as follows: in heat con¬ 
duction there exist no eigenfunctions for any shape of the conductor 
(see Chapter V). In this sense heat conduction and all analogous 
equalization processes differ in a characteristic manner from oscillaixon 

processes. 
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Ch.\pter IV 

Cylinder and Sphere Problems 

This chapter serves to complete our stock of mathematical tools 
rather than to solve any new physical problems. A necessary part of 
the tools of a mathematical physicist are cylindrical and spherical 
harmonics. We shall develop these tools with the help of simple physical 
considerations rather than in an abstract mathematical manner. We 
shall connect spherical harmonics with potential theory (in which they 
first arose) and cylindrical harmonics with the wave equation and its 

simplest solution, the monochromatic wave. 


§ 19. Bessel and Hankel Functions 

We assume the time dependence in the wave equation (7.4) to be 
periodic, and write it conveniently in the form 

CD = circular frequency. 

We introduce 


( 2 ) 


C ’ 


k = wave number; 


and then write (7.4) for one and two dimensions: 


(3a) 


rfx* 


-f- = 0 , 


(3b)S + S + ^“ = » 


Equation (3a) has the integrals 


(4a) 




and u= Be *** 


Because of „„r choice of ..egat.ve sigu in (.) the fi,«, ^ 

tor a plane wave which progresses m the directntn of th p 
..axis, the second one whjch pr„ m tire d.rect^ ^ 

rhichTrwreis in the positive .-direction is the 
choice of sign in (1). For the two-dimensional case (3b) g 

(a = k cosot, 

(4 b) « = = 


b = A; sin . 
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CYLINDER 


Introducing the plane polar coordinates 

X = r cos <p, 


f^(p with 
y = f sin q>, 


we get from (4b) 

(5) 




^ ^ ... 

«To'iricomr(S^^ From s^h Sons we can con- 

Itruct Jhe general solution of (3b) by summation (integration) over 

with coefficients A which may depend on a. 

Writtpn in terms of r.w equation (3b) reads 



dr* ' r dr ^ r* dip* 


or if we set 



f 



»*«_. —+ M = 0. 

dQ* Q dQ ^ e* Sq>* 


We seek the solutions of this equation which have the form 




ZM e 


.tnr 


For this purpose we set 

A = c e*"* Cn being a constant independent of 
and integrate with respect to a between suitable limits /5 and y: 





tcco8(»>- 


Equation (8), unlike (5), does not represent one wave of direction «, 
but a bundle of waves with directions varying from a = P to <3c = y, which 
obviously satisfies the differential equation (6a). In order to bring (8) 
into the form (7) we write 


(8 a) oi = w + 9>, = — y V’ 


Equation (8) then becomes 



tr« 


The coefficient here of is a function of q alone if, and only if, we 
remove the dependence of Wo and Wi on <p. This is done in (8a) by 
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letting /3 and y, and with them wo.Wi, increase to infinity in some way. 
In order to accomplish this we first must investigate the convergence 
of the integral in (9) in the neighborhood of infinity (see I ig. 18). This is 
obviously a question of determining those regions of the complex «’-plane 
in which the real-part of the exponent »' q cos tr of (9) i-s negative. We 
assume for the time being that e « real and positive and set 

IP — p i q, and hence Re (» cos =sinh q sin p. 

Hence for the upper half of the u.'-plane, g > 0, we have 
(10 a) sin p < 0, —< p < 0 mod 2 it' 

and for the lower half of the u'-plane, q < 0, 


0, 0 < p < 7* ™cd 2:i 


(10 b) sin p 

Since conditions (10a,b) depend on only the real part p ^ 
we know that the regions in question are strips which are parallel to tte 

imaginary axis. The regions for which the passage of w. and ai. to 

rnt"ptu^,’l?''= then the above pattern 

is maintained and is only shifted by ± « in ™ 

where the + and - signs are for the upper and lower hall planes. In 

4 -* cs r\i M fi'i \vp rticrclv have to replace sin p by 
convergence considerations of (10a,b) \ve 

functions Z„ satisfy the differential equation: 


fll) 


d*Zn I 
/fn* o do 





The Bessel Function and its 


Jntegr-^l Representation 


Our first special choice is 



= a + * 
u 1 = 6 + ' 



71 <b <2n. 


normalized by: a o _ » («-ritten 

■Two numbers p and p' are said m U "eoninu.at modulo 
p = p' mod 2 T ). if P - P' is i"<^8ral multiple of - r . 
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(13) 




1 


Using the common* notation 
obtain 


In we 



,iC006W du). 


(14) I 


The normalization (13) has been chosen 

so that Io(e)= Hor e = 0 and />) 
is real for arbitrary n and e- ^ne 
former follows from (14) if we pass to 
the rectangular form of lUo, which is 
depicted in Fig. 18 by the dotted path. 
We thereby cause the two partial in¬ 
tegrals along the parts parallel to the 
imaginary axis (which are otherwise 



Fig. 18. Regions of the plane 
u) = p 4-17 in which the real part 

of i e cos w is negative are shaded. 
The path of integration W 0 for die 
Bessel function 1 goes from «’o 
a + 100 to w>i = h + » f" 

addition to w we use the variable 

of integration ^ w — 


The rectangular path VI 0 is then, in terms 


n + ioo 


n 


n 


n-\- too, 


which lies symmetric with respect to the axis. For real q 
I^(q) decomposes into the two parts; 

( 16 ) /.(ri = A 

where the second term is obtained from the integrals over the two pa^hs 

and-Jt + t 00 -^-:^ by the substitution § = 

+ ^ y ; it does not vanish in general as it did for n = 0. Kence under 

the normalization of (14) (e) is indeed real for real q and n. 

Since our integral representation converges for all values ot Q it 
follows that IJq) is an everywhere regular transcendental /unchon except 
for a single essential singularity at infinity and a branch point of order n at 
p = 0 which for negative n is also a pole of the same order. 

If n is an integer then the second terra in (15) vanishes and we get 

( 16 ) = 

— n 

»In the English literature one writes J„ instead of /„ and sets /n(p) = Jn{tp). 
We wish to reserve the letter J to denote “intensity” ami we shall need no special 

symbol for In{i p). 
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If we express the exponential function in terras of trigonometric functions 
and consider the odd and even character of the sine and cosine, then we 
get a representation which was given by Bessel: 



IniQ) 


i f cos (e sin /3 — nj8) . 


We can see this directly from our original integral with respect to w. 
In the rectangular path Wo the two parts which are parallel to the imag¬ 
inary axis will cancel for integral values of n, and only the section of the 
real axis from - jr/2 to 3 7t/2 remains. Due to the periodicity of the inte¬ 
grand this can be replaced by the path from to -b :r. We thus obtain 

(18) I 


— n 


which agrees with (16). The integral over a complex | 

has a great advantage over the real representations m that it is not 
limited to integral values of n but remains valid for arbitrary n T 
integral (14) is first mentioned in Schlafli 1871, though on y 
rectLgular path of integration. The following integrals (22) were first 

Dublished by the author in 1896. 

Since the differential equation (U) depends only on » 
if /. is a solution then so is I- The general solution can therefore be 

written in the form 


(19) 


Z„(q) = <^1 ^n(e) + C2^-n(e) 


However this holds only tor non-inlcjrol n. For integral n, 1. and f-. 
are not linearly independent; we have rather 


( 19 a) 


I_„ (q) = (- ir In id)- 


This follows directly from (16) it in (s) we make the substitution 

^ = n - &'■ 

B. The Hankel Function and its Integral Representation 


As limits of integration in (9) we now choose 


( 20 ) 


u)^ = + too, —Jt < Oj < 0 , 

0 < 6i < «; 


W 


6i — I OO , 


. K„, detail. «. o. N. w.l»n. A Tr..ti» on the Theory .1 Be»el Function. 
Cambridge 1922 , p. 176 and 178 . 
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and 
(20 a) 


«’o = ®2 — t oo » 
= &2 + ^ > 


0 < 02 < , 
< 62 < 2 • 


These paths, which are largely 19- The 

totically to the shaded regrons, Jo and » = r. is 

fact that they have been * . * , The constant c. is now 

also arbitrary but will prove convenient later. 

determined by 


I —in n/2 
(21) c„ = -e 

The cylindrical functions thus obtained are , 
called the first and second Hankel functions. 




( 22 ) 


ffl(g) = i J giecosu, gifi(to-n/2)^f^^ 

TP. 

^2 _ i j gie cos w ginlm- «/2) , 

TP, 



r-», —» 


Fig. 19. The paths of 

integration U i and U « for //' 
and H-. Combined in suc¬ 
cession they are equivalent to 
the path Wo. 


They are almost more important to mathe¬ 
matical physicists than the Bessel func¬ 
tions In- They differ from the latter by the 
fact that they become infinite at p = 0 
even for positive n. This follows from the 

fact that the integral 

TP., TP, 

obtained from (22) by setting q = 0, diverges in the infinite part of the 

lower half-plane. . j o-iv 

The singularities of W and at P = 0 will be discussed in Sec¬ 
tion C. Due to their construction W and are again solutions of the 
differential equation (11). The general integral of (11) can therefore be 

written in the form 

(23) z. (e) = c, Hi (8) + c. Hi (e) 

We now want to show that the special integral I„ is obtained from this 
formula by setting 


c. = c, = 4 


as is seen by looking at Fig. 19. If we traverse the paths W, and Wt in 
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succession then the lower parts cancel and the whole path contracts to 
Wo. Considering the new determination of c„ in (21) we have twice the 
amount obtained with the previous definition (13). Hence we indeed 

have 

(24) /. (t) = I W (?) + Bl (?)). 

With this we compare the difference which, written m terms 

of the variables of integration /5 and y of (15), is purely imaginary for 
real q and n. We denote this difference by 2iN-„ and call N „ {q) Neumann’s 

function: 

(25) iv„(e) = fjff;,(e)-^^(e)}- 


From (24) and (25) we have 


(26) 


(e) = /„(e) + »^« (e). 
Hi (e) = /„(e)-»^«(e)- 


This decomposition of is completely analogous to the decomposi¬ 

tion of the exponential function into its trigonometric components, 
as indicated in the following arrangement: 


.%X 


— 


m{Q) 


HHq) 


COS X 


/(e) 


Sin X 


N{q) 


We shall see in Section D that this is not only a qualitative analogy, but 

that asymptotically (forg -oo)it holds quantitatively also 

prefer the exponential imaginary representation to the trigonometn 

Ll one in descriptions of wave phenomena, so as a rule ^ ® 

representation in terms of Hankel functions to one in f 

N^mann functions, especially since our complex integrals are equally 

convemenUoi^^Uhree^^ must be expressible in the fonn (J9). 

In order to determine the coefficients c.c* we make the following observa¬ 
tion: according to (14) 


(27) 




fito 


dw 


and if we replace n by - n and «; by - u) (or Wo by 1^ o), 
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(28) 

In Fig. 20 we have IF. and ^hdrltnterpTr'rfror K = 

two rectangular paths, whteh, for 
rerietcf “have defonned into patha of the type m F. 


i oo to 


The right hand path from 
Let the left hand path from —^+%ooto-- 

Wi'. Adding (27) and (28) we obtain then 
(29) 2 «{«*•"“ L(e) -«■*’“'” “ (/. 

Here according to (22) the integral over IF, 
equals 


+ t oo coincides with W 2 
♦ 00 be denoted by 


3n 
2 


008 w + inw 


(29a) 




The integral over W 2 differs from this only 
in the orientation of the path and in its 

translation by -2«. This integral, ac¬ 
cording to (22), is then 



(29b) 


^ e- (e) . 


Substituting (29a,b) in (29) we obtain 


Fig. 20. The paths Wq 
and — Wo for In and /—n are 
equivalent to the paths W 2 and 
W '2 which belong to the type 
H-n. 


2[i«(e) 


e- I- n (e)] = (1 - e" “ *"") (e) 


and hence 
(30) 



e<«"J,(e)-J-,(g) 

% sin nn 


The corresponding representation for H* is obtained from (24). 

(31) £ri(e) = 2 /„(e) - flS(e) = -Vln.— • 

The coefficients ci,ct for Hankel functions in equation (19) are thereby 
determined. We note that for real n and complex g 

(32) HHq*) = [Hlis)]* , hence ^^(e*) = [^^(e)]*- 
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Here the asterisk * stands as usual for the passage to the complex conju¬ 
gate. In the derivation of (32) from (30) and (31) we use the relation 
j = which follows from (34). We further deduce from 

(30) and (31) that 

(32a) HUq) = e’"" HHq) , fl!„(e) = e-’"” HUq). 


and from (25), (30) and (31) that 



NniQ) 


COSnnlniQ) — -^-n(g) 

sin nn 


C. Series Expansion at the Origin 

We have seen that 7„(e) is regular in the entire finite plane. It can 
therefore be expanded in ascending powers of Q . Indeed we see directly 
that the differential equation (11) is satisfied by the series. 


(34) 


/gvn ~ (-1)" /^\2» 

■^nte) ^^^m\r{n -f- m + 1) \2/ 


For n = 0 it assumes the particularly elegant form 


OO 


(36) 


W = (l)“ 


which was known to Fourier. We shall demonstrate in exercise IV.l that 

theseseriesagree with the integral representation (14). 

In order to obtain the series for the general cylinder function Z„ an 
to investigate the smularity at g = 0, we proceed as in the case of ordi- 

nary linear differential eciuations. ^^e wiite 

(36) z, = 8'(«o + »ie+“!e“ + + + ■"* 

and substitute this in the differential equation (U)i the «P"™ 
series must vanish term by term. The lowest power e yields the 

determination of J, the general term yields a recursion formula 

fora*;. We obtain 

A = ±«. 


(37) 

and 
(37 a) 


A(A—l)-l-A-«* = 0, 


{(X+k) {X+ k-l) + X + k-n^}at + 


By the use of (37) equation (37a) can be simplified to 
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By repeated application of this recursion formula we get for k 2m 


—flatw —a „ 
2m ” 4 7n(m + Ay 



• • 


, , 1 /9" r/A 4-1) and set Oi = 0 then we obtain 

If, asin(34),we choose = 1/2 1 (A + i) 


(38) 


a 


(- 1 ) 


m 


2m 


O2m+l = 0 


, iTf Vcordinc to (37) it is equally valid 

on —a« 

'prrtte tova^rsheffo': 'p = 0 with the same rapidit^as p", whereas 

t:3e ‘2dt rwhen ™ 

inteqral For integral n, or more generally for the cases in w 
difference of the two roots of (37) is integral,^ we encounter in the solu- 

til belonging to the smaller X a difficulty that is well knoMm ^ 
general thLi^ of linear differential equations, namely, that in additio 
to powers Jth negative exponents we have loganthrmc terms. e 

demonstrate this as follows. „ _o 

Substituting in (37b) A = -n and fc = 2n, we obtain a, *-0 
Hence, tracing the recursion formula for a,, backwarf, ^ 

series (36) for Z. = /-„ all the terms o. = (h. vanish^ This implies 
relation (19a) previously established between I„ and ■'-n- 

The problem is to find a second solution of Bessel s differentia 

equation (11) which is linearly independent of We do this by a limit 
consideration in which n is taken as a positive number which is arbi¬ 
trarily close to an integer. Instead of applying this t^e Hanke 
function H we apply it directly to the Neumann function N of equation 
(33) the decisive function for the singularity under discussion. Before 
passing to the limit N is given by (33); in the limit it becomes 0/0 due 
to equation (19a). The limiting value is determined accordmg to 
De THospital’s rule. Denoting the integral limit of n by n, we get for 

the denominator of (33) 


dn 


sin 7171 = cos n7i = 71 (— 


* This is the case for Bessel functions in which n is half an integer. The fact th^. 
in spite of this, the complications which are discussed in the text do not arise, will be 

explained in §21 C. 
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and for the numerator 


d j 

:;t sin n :7i I„(p) + cos n 7i ^ i. 






hence 



Here the limit sign indicates that the differentiation with respect to n 

must be performed before the passage to the we 

Since we are primarily interested in the neighborhood ofe-b, "e 

naturally use the series (34) which (for "“"-‘■'‘^5;“'"g 
only h but also I -We compute the two parts of the right side of (39) 

separately. 

Using the well known formula 

A o® = o*loga 
dx 

we obtain from the first term of the series (34) 

1 r(n+Jj \^..., 


(40) 


Lim ^ = 


r(n+l) 


(I)’ {'»«I 


r (n + 1) 


where the three dots indicate terms of higher order than e . 
abbreviation introduced by Gauss 

r(r+ii_ n+ V(i- 


We use the 


(41) 


W{z) 


where C is Euler s constant 


C = Lim(l + i + i+-" + ;-‘“e”)““ 


.5772. 


n-^^oo 


If we set 


(41a) 


C = log y, y = 1.781, 


then using (41) and (41a) we can write for the term { } m (40) 


(41b) 


yQ 


log I- - nn) = log ^ 


i:-- 
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The coefficient of the term {} in (40) is 
powers than g". Using (41b) ive can rewnte (40) 


(42) 


Lim {^08 ^ 2 ^ 


a 

dn 


t tI • • • 

> M1 j 


The three dots indicate that equation (42) is exact only up to terms of 

“"■"tC computation of the second term on the right side of (39) is 
somewhat different. We start from 


(43) 


Bv first 
in (40) 


/-. = (f)- {n=bT, - nri^i (t)'+ • ■ • 

, (-!)■ _ . . .1 
n'.rt—«+n+l)\2/ i 

differentiating only the term (o/2)- " ith respect to »tve get as 


, (—1)* , 
-'“81(1) Ain-« + -irr)(2) 1 

„ n, all theU’s become infinite except the last. We have then; 

_iogjl:^(|y = (-i)-Mogf/,(g) + --- 
the other hand the differentiation of the term {} in (43) yields^ 

/eW"f y(—n + l) ( QV_i _ (—l)*y(—w+^/|.y*l 

(44a) (1) {]rpir+T) 1 '. n- n -h 2)V2 j + ^ n\r(-n + n + l)\2} J 

The function 'Piz) has simple poles at the points z = 7 l> ”2. • 

just like r (2 +1). According to (41) we have m the neighborhood of the 

it-th pole 

(45) 


For 


(44) 


On 


The development of Tfz + 1) at the same point is» 

( — 1 )'-* 1 

(45a) r{z+l) — z + r' 

* In (44tt) two mina* Pifcns have cancelled each other. Namely for z = n + 1, 

_«-;-*> we have 

.d i_ nz) ^ ^:ii), 

dS ni) - [n*>? ^ 

• For this and the prevkiu* formulary see Jahnke-Emde’s tables of functions, 
3rded., Teubner. Leipzifi;. 193H. p. 10. 11, and 18. 
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Hence 

(45b) 


V{z) 


r{z + 1) 


= (—I)” (v—1)! for z = —v. 


Since r(l) = 1 and !P(0) = — C we have, in the neighborhood of z - 


= 0 


(45 c) 


_ C = — log y 


r(z + 1) 


After these preparations we can pass to the limit in (44a). Accord¬ 
ing to (45) and (45a) all the terms WjF, with the exception of the last, 
have the form oo/oo which accordingto (45b) can be replaced by ( ) 

(v —1)! where v = » in the first term, jr = n — 1 m the subsequent terms. 

For the last term we apply (45c) and obtain 

_ log , (1)^’- (-i)« (D* log V iM + ■■■ 

We hove as the limiting value of (44a) (instead of « we now write n, 
which is still an integer) 

(46, (-l)”{(n-l)!(f)-"+^^(r“"+--'“*^^-} +•••• 

The sum of (46) and (44) now yields the second tei-m in {} of f39) 


(—1)" Lim 


— 7 = 

an " 


(n-2)!/e\-« + 2 

(n-1)1(1) --n-(2) 


* « 


+ log ^ 7n + 


• • 


-n + 2 


• • • 


Combining this with (42) we obtain in (39) for n > 0 

= - (» -1) 1 (1)" - ^ (I) 

—■ + 21og!^/.-±V + 

“ P •m I 

The terms on the right are written in decreasing order, the .term with 
(o/2)“" having highest order and the logarithmic term having 
order. This implies a simple logarithmic singularity for n - 0, we 

then: 


(48) 


^JVo(e) = iog^io + •••> 


or 


(4Ra) 


the complete form, which we state without proof 

? (e) = log T '•> («) + 2 - I (e) + i '• " " > 
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Hording to (25) this 
in N. We see from this that ^26) and (47) we see that 

the complex g- plane even for mtegr . q: 4 /„(e) (for details 

upon continuation aroun e orig n ^ ^^(je the existence of the 
less satisfactory, way. 


D. Recursion Formulas 

The Z,(e) satisfy a*#s«nii<d in “/f^J,7thU Cm 

independent of ti we form. 

(49) I (fl... + ifn-0 =/'*•”•" 

(60) 2 (B,+i - B-t) = • 

where 


I j _ i. ^gt(w-»/ 2 ) _j_ g-tCw-WZ)^ = sin w , 

I ^ = _ 


t costw 


We may therefore write for the integrals on the right of (49), (50) 


(49a) 

(50a) 


_L /e*ecosu)\ gtn(«>-«/2) ^ 

ieJ dw^ ' 

rgtBCOeui . gin(u> —»'/2) • 

SgJ 


and by integration by parts (49a) becomes 



J*giecostB . gin(u) —n/2) _ 


We now can express the right sides of (49) and (50) in terms of Hankel 
functions of index n. These formulas are valid for both H and H 
depending on the path of integration; we may write them directly for the 
general cylinder function Z, which is a linear combination of the two. 

We have 

2n 

(51) ^n + l + ^n-l ~ ’ 
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and 

(62) 




dg ■ 


These are the recursion formulas we were seeking. They hold for n 
integral or non-integral, positive or negative. 

For n = 0 we get as a special case 


(61a) 



and 

(62a) 




dZo 
dg ’ 


and by further specialization of (52a) we get the relation 


(62b) 


hie) = - Tg^oiQ) ■ 


which could aUo have been obtained directly from the series (27) and 
(27a). 

E \svMPTOTic Representation of the Hankel Functions 

The integrand in our representations (14) and (22) oscillates more 
and mom mp!dly with increasing ^ , for the non-shaded -g.ons of h 
w-plane with increasinB amplitude, for the shaded W™ w.am^iU d 
deLasine to zero. As shown in Fis. 19, the paths H , and It, foi H ana 
m pan be drawn completely in the shaded regions for real Q . T 
figu s illustrating exercise IV.2 show that this is no long, t e cas^for 
isav « We also see from Fig. 19 that the points w; - 0 and w - n, 

tl p“h two non^haded regions, wu. play an important 

role for the asvmptotic computation of// and „ intuitive 

We shall deU here the "l^Tic 

so to speak topographical, manner, and leave all analytic 
and generalizations for §21. We assume 


(53) 


p real 'y* 1 


and 


n <e- 


For //■ the path W, begins and ends in the ^^aded ''low tads, 
sal holds for W and W.. The deciding exponent has its extremum 


Sin w 


0 , 


w = 


0 on Wi 
n on W'j. 


cylinder and sphere problems 
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This extremum, like all “ t^Sarpomt TolS 

:”h'a « of v" at p"- "Taf ;r ® 

mSu tSoTalTo pfea tL pass -W. The 

altitude ot the paths at u) - 0 and w Ji is 


le<«l = 1 


and \e = 1 • 


What path should a mountain path ot steepest 

pass in the fastest possi e manner.^ However this prescrip- 

r ll tC and rmay r ThVS^^^^ 

its r:ie: sr^rd ot prihod U therefore not 

entirely appropriate. ^ neighborhood 

We consider a short segment ot the path It, m tne n g 

ot the crest of the path; let ds denote the arc elemcn ^Ve„.rite- 

L orientation W., and let the crest itself be given by s = 0. We ante. 


(54) «) 


./-l _— 8ill2v + ^fl—*^008 2^^- 

se^y, icosw = ^{l — ^^ V 2 V 

The level lines of the real part are perpendicular to both the level lines 
of the imaginary part and to the drop lines, thereto the evel Ime of he 
imaginary part is at the same time the drop line of the rea part in 
rSes the altitude of the pass. In our case the level line of the 

imaginary part of (54) is given by 

1 _ ^ cos 2 y = const. 

with the constant equal to one, since the line must pass through the 
crest s = 0. Hence we have 


(54a) co8 2y = 0, Y = Tj- 

For HI we must choose the minus sign for y (see Fig. 19) whereby (54) 
becomes 

(54b) «’ = dw = ds, 


71 


W 


Sy 


i cos w = i — • 


We substitute this in (22) and at the same time set s - 0 in the 
“slowly varying” factor exp {in{w - n/2)}; the integration can obviously 

^ G. Faber, Bayr. Akad. 1922, p. 285. 
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be restricted to the immediate neighborhood of the pass, say to distances 
< £ . We obtain 


(54c) 



+ « 


1 i[p —(n + 4)«/2] / -- 

/ e 

71 J 



— e 


This integral can be reduced to the Laplace integral with the help of the 
substitution s = t, which, at the limits of integration, becomes 

yt' -> oo and -Vi' — OO. We therefore have the final 
result: 




"I / ^ ^i[g —(" + i) ^ 


For where we have to use the path with the saddle point at 
and where in (54a) we have to choose the plus sign for y, we obtain 

correspondingly 




By taking half the sum of (55) and (56) we get 


(57) 


i/?. 


These asymptotic representations, though derived for real Q, 
continued analytically in the complex g-plane (for the 

the branching diLsaed at the end ot Section C). On he b^s 

equations (65) and (56) we state: H‘ vamshes 

Tm n-^ +00 m for Im o<X. This is the reason for the particular 

suitability of Hankel functions for the treatment of problems of damped 

oscillations. On the other hand both the Besse / “fj,, 

Neumann function N become asymptotically infinite m b»th halMane^ 
We shall show in §21 how our asymptotic limits ^n be exte 
into asymptotic expansions and how the condition n< Q of (5d) ca 

be dropped. The factor p'* in (55) and (56) is ^ 

that //*o (or for another choice of tune dependence, o) P 
upon ta:r^;^uction of a coordinate c which is perpendicular W the^^^^ 
nlane an expanding cylindrical wave with source r ' , • jp 

S:) 2n r W passing through a cylinder ot radius r must be mde- 
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P llR .he RbsencP Rbsorp.ionwe spp .ha, //. is propor-ionai 

to f-* or in other words to e . narts of II\ and /o as 

,)„P may think of the rpa and ' /he surface of Re {HS 

definini! surfaces over the coirip ex e P ^^^ l negative 

oerulatea the p^juithe p- a P ^ mountain ranges separated bj’ 

hJf plane it The surface of Im (Hj) be^''^^ 

corn^pondinjcly d66p6ninR 

pimilarlv and in addition has a 
narnnv funnel at the origin /lU/. ' 
which corresponds to the loga¬ 
rithmic singularity of Ih (also 
of -V..; see (48 >. as well as a dis¬ 
continuity along the negative 
real axis corresponding to the 
branching discusseil above. 1 he 
The surface of Ro(/*(consists 
of a mildly undulating depres- 
aion flankcil on both sides bv 



Fin. 21. Uepreseiitat iim ot /o O'Cavy line) 
aiul of h Mottetl linei aloiu? the real axis. 
The lir>t three roots of /,(e) = 0. 


,ion flankeil on ■ undulating nature of the depression 

Wlotrr frun. the R.,vmp.<„ic cuuR.iou und 

UR ;';; T'Z :urfacL :d^ <W is very similar 

'r.lpi^lr^c'e except that the larttoro of, ho depression is level through¬ 
out. ™rr«.p<.ndinK to the fact that /. is real along the real axis. 


§ 20. Heat Equalization in a Cylinder 

\.S an excellent example for the application of the theory of Bessel 
functions we again consider a special problem of heat conduction. The 
problem was treated by Fourier, who. in fact, mentioned the functions 
with integral n whence they are sometimes referred to as h ourier-Bessel 

functn'n^. 



We shall treat our problem in three steps: 

For an infinitely long cylinder and an axially symmetric initial 

f=fr. 


state 


B. For an initial state which depends also on the argument / — /(f,9>)- 

C For a cylinder of finite length and general initial state / = *)• 

The l>oundarx- condition shall, for the sake of simplicity, always be 

that of isothermy 



» = 0 


for r = n = radius of cylinder. 
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For the complete cylinder this is augmented by the further “boundary 
condition” of finality along the axis: 


(la) 


«=b oo 


for r = 0 . 


A. One-Dimensional Case / = f { r ) 


The equation of heat conduction is 


( 2 ) 


ey, 

^ r ar 


1.— 
k 8t 


Making the special substitution 


(3) 


u = R(r)e 


-xnt 


we get the differential equation for R 


(3a) dr^ ' r dr 

This is Bessel’s differential equation (19.11) with n = 0 and e = Jr. 
Its general solution can be written as: 

Z^=AIo{^r)+BNo(?^r). 

However, the conditionof finality (la) requires that we set B=0; because 
of ( 1 ) we must further demand that 

(4) 

We already know that this equation has an 

distance between consecutive roots approaches , from (19.57) 
for the m-th root 






hence 4 )’*- 


(4a) 

This approximation is valid down to m - 2 with an accuracy of about 
1 %; for m = 1 we get 


(4b) 


Aj o = 2,40 


“ '“rhl"h“ SlIstlTanlnh'lty of solutions of (3a)t 

R{r)=A^IoM, tn-1, 2, ... 

Correspondingly we get from (3) as the general solution of our problem 
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CYLIN 


nder and sphere problems 
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(5) 


00 ^ 


m-1 


We now merely need to salWy thn itKi*' 

00 _ . - 


(C) 


nr) 


2: A^Ioi^mr)- 

in ■■ 1 


A way of doing thi. ia ind,rated '•>;'^e t^Jme^ 
aine aeries in 516. In order to emphmrtae the complete 
equations (5) and (6) of §16 we write 


ti 


and then write our present equation t3a) in the form: 


.i(r^} + ilru. = 0. 




Multiplying by «. and u. and subtracting we get as an analogue to 
(16.5a) 

(7) ™«rv us , - s - . 

Integrating over the fundamental domain 0 < r < a we get as an 
analogue to (16.6) 




(7a) 


• / du, <f«-\ i* 

(2^ - AJI) / f V“" rfr “•rfr/lo’ 


region 


r = a. 


The right side of (7a) vanishes for the upper limit r - a on aecouBt 
of equation (1), for the lower limit r » 0 on account of the factor r .md 
^qjion (la) Since 2. A,, for m,. n. we have the artSo^orurlUy 

condition: 


( 8 ) 


a 

/ 


r dr = 0 for m# n. 


The “weighting factor” r is due to the two^iimensional element of area 

rdrd(p in Green’s theorem. 

From (7a) we may also deduce the normaliting integral 

N^ = f»ir dr 

if we drop the assumption that A, is a root of (4). We consider A, 
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rather as a continuous variable which in the limit coincides with . 
Equation (7a) then represents Nm as a fraction which for A„ -»■ 
assumes the form 0/0. By differentiating the numerator and denomi¬ 
nator with respect to and substituting r = a and r = 0 we find, 
because of (1), that 




a (du„ du„ \ 

2 WA, dr Jr-‘a 



a (du„ du„ \ 

2 dr Jr-a' 


But for r = a 




= a Iq (A„ a), 




Substituting this in (9) we get 

(9a) = 


The coefficients of the series (6) can now be calculated from (8) and 
(9) in the Fourier manner: 




J f (r) /„ r)r dr, 


We substitute this in the series (5), thereby completing the solution of 
problem A. 


B. Two-Dimensional Case / = /(^>f) 

We first develop /(r, <p) in the complex Fourier series (1.12) 

+ « 


Due to the two-dimensional equation (2) 


( 12 ) 


d*u , 1 Su 

^ ' "r dr ^ r* dq^ k dt 


and the generalized substitution (3) 


(13) 


u=i?„(r)e*"*'e-*‘“ 


we have the differential equation for Rn{r) 

dr* ' r d/r \ r*J 


= 0 


(14) 
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This U Bessel’s differential * rf tS“form 

(la) requires that the only permissible solutions be oi 

a /ar). OnaecountofdlJ must satisfy the equation J.(»a)-0 

wEich, just like /.(A«)=0 , has an infinity of roots 1 

^n. 2» • • •> . 

Each of these roots yields a particular solution of the form (13): 

(15) «„,„ = ® ’ 

and these solutions satisfy the differential equation (12) Through 
superposition we can construct from them the general solution ( ) 

which at the same time satisfies our boundary conditions: 


+ 00 




(16) 

Here the constants must be chosen so that for < = 0 and every 

integer — oo < n < + oo we have the equation 


(17) 


CJr)= 

fn« 1 


where according to (11) the left side is a knoiim function of r Equation 
(17) necessitates the development of this function in Bessel functions 
This is possible due to the orthogonality of the latter, which follows 
from Bessel’s differential equation (14) and Green’s theorem as m (7) 
and (7a)*. Using the abbreviations 

V* = In (V*» *') > 

w'e obtain as generalization of (7) 




a 

0 


Here, too, the right side vanishes. We thus have (or I ^ m 


(18) 


a 

dr 


= 0 . 


At the same time we obtain by a passage to the limit as described in (9) 

• In order to avoid the trivial result 0 = 0, in the application of Green’s theorem 
to the circle r = a in the r, tp- plane we must use the two functions 


= -f- {K,m r) and v., = /, (A„^,r) e 
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(19) = = 

0 

The A„„ in (17) can now be calculated in the Fourier manner from the 
given C„(r) by (18) and (19) in analogy to (10). Substituting these 

expressions for C„(r) in (11) we obtain 

( 20 ) 

0 —» 

which concludes the solution of (16). 


C. Three-Dimensional Case / = f{r, z) 

Let the cylinder have the finite length h and let 0 < z < ^ We 
first develop f{r,tp,z) in a Fourier series with respect to z, which, due 
to the boundary conditions « = 0 for z = 0 and z = /i, becomes a pure 


sine senes: 


00 


(21) f{r,(p,z) = 2! 

/i-1 


B^ = jJ f{r, (p,z) sin iz 
0 


We then develop = BAr,<p) in a series of exp {imp): 


(22) BAr,(p) = 


+ CXD 

^ c 

n» — oo 


+ n 


H,n 




C,..= 2^ / 

^ 7t 


-tny 


d(p 


4 . ri r* fls a series in the Bessel functions 
Finally we represent a senes 

/„(Ar), which progresses according to the roots of 


/ (Aa) = 0, A — ^,m> 


m 


= 1 , 2 ,... 


Due to the three-dimensional equation of heat conduction 

a*1t 1 gw ■ 1 r _ 1 ^ 

^ ' “r dr r* cz* ^ ^ 


the time factor has the form 


-a*kt 


with a® = + (^) • 
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The complete solution is given by the triply infinite sum 


OO OO 


^ ^ ^ A 7 (A* r) u ?r-r e 

(23) U=y ^ ^ > h 

1 n—— OO wi» 1 

The coefficients A are calculated from the 2V„ of (19) in analogy 
(10) and (20) 




a +» h 


(24) 




0 —« 0 


This completes the solution of (23). na'» is 

In the case of a hollow cylinder the condition of finality (la) 
dropped He^e in the expansion of the solution there may appear 
terms with in addition to those with 7„ (or, in other words, terms i 
//*„ and H\). Heat conduction through a heating pipe is an examp e o 

this. 


§ 21. More About Bessel Functions 

A. Generating Function and Addition Theorems 

In §19 we started from the two-dimensional wave equation 
Au-\- ifc* « = 0 and its simplest solution, the ■plane wave 






h = the wave number. 


If we develop this into a Fourier series then, due to the origin of Bessel s 
differential equation (19.11), the coefficients must be Bessel functions 
and because of the regularity of (1) for r = 0_only the I functions will 
appear. Hence, we set the coefficient of exp"(t n (p) equal to c„/„ and 
according to (1.12) we then have 






C cos V g-» n V 


— « 


If we compare this with (19.18), in which we may replace ui by - w, 
we obtain 


Hence we have the Fourier series 


1(M 


rAKTtAt oirrmnrn al amt a 


♦ 21 2 


(%) 


• MB* 






Of upon thr suhatitutKia f — .t 2 


(»•) 


/• 


V . 


In the oWer Iiimilurp ^2) ■ u»*lly «Titu« m the 



i 


(«b) 


/• 


- * -1* •' /. <e> «• "r 



AmhI 


Thr left nidra <jI (2 and ( 2 a‘ an* called 

/aarfiea* ini* tmitfrmt lade* ^ ^_^ 

We now paaa fnun the ca** of a pfane ware U> that «l a 
with iu Uj*anthinir wirre at the onfia. which, a««d»« to p lnr» 

» reprraented by . W* «ait the upper -dw ^ 

ia valiil for both funrl»ooa //. i e., both for radiated aad for ahanfhed 
wavea.) We now diift the onipn froo* (..Oto f«>§|.p*Pii 
whereby go** 




J? - S #faooa fp-fb) 




If we de^elop ihi. into a Fourier ieriea wnh "opect to p-fW ^ 
the coeffiflenle in«^ again be cylmder functiona. aawfj 

,« , < ft «d lu^iao. /.(,) for , > » *“7*^ 

fact that p - 0 ie now a regular pomt. the fotaierfnMi the fact mat 

each term in the eerire mu*t have the tatoe type cl radiatjah or 

tkmfor f oo aeW.ff itwdf. 

ctwirideration bolde for the depfadeaee <d oitf coettewau on 

lb, eicept that the functkim /. and 77. aie ■tertian^ 

cooditk* f ^ i 5 the wune a? Hence the a-th Foune 

must be 

H.fib) /.<P) for f < fc- 

The numerical factor c. if mdependeiit cl p awi ^ 
for both exfmosknB. rince the two sene* «u»t go mti 

tinucudr for # - fi unl« at the n 

«ae both series dxvwfe ; « tuiw oat to be equal M 
p <lbr »» P*» limitiag caee of a plane ware 


ii At 


itt At 
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comparing the tesuHin. ^ymptotic formula with equa- 
We thus obtain the addition theorem. 


(3) 


Ho(B) = 


jT /»(eo)^«(e) 

n--oo 

+ . XT/ 

V 


6o 


n— — 




Q<Qo 


■A ih\< written for both Hankel functions and take half the 
"r.hr« obtain the oddihon tkeorem for Bessel funciions: 


+ do 

UR)= eS IniQo)hiQ)^ 

O' ' n--oo 


in{9~ 


Q ^6o 


(3a) 

'‘^ConreSingtM note that the aeries in /. corresponds to Taplo/s 

riSeiTrS" 'ThtTiii“d t“wS 

corresponds to Laurent s senes. mo 

example, in which one may replace z and 2o by pe and Po 

nr% 


2 n 


z] > IZol* 


(4) 


n -• 0 


oo 




'0 ^ 




In §24 we shall develop corresponding addition theorems 

waves in space; there will also be a counterpart to the representatioh (2) 

of a plane wave. 

B. Integr.\l Representations in Terms of Bessel Functions 

We shall give here the development of a given function/(r) m terms 
of Bessel functions which is analogous to a representation by a h ouner 
integral. According to (12.11b) a function of two variables can be 

represented by the Fourier integral 

( 6 ) 


• Thus is further discussed, together with questions of convergence, ‘n §2 of the 
author’s work whicl. was cited on p. 80. We also refer to the great work of H. Weber, 
Math. .4 nn. I, p. 1, which was a fitting beginning for that journal. It is the problem 
of adapting the methods of Riemann’s dissertation, i.e., of adaptmg the theory of the 
differential equation Ju= 0. to the differential equation Ji* + ** tt = 0 . . 
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We introduce the polar coordinates: 

x = r cos (p ^ = Q C03 y) 

y = r sin 9 ? = g sin y 

d^dri = Qdqdy) 


( 0=0 cos a 
O)' = a sin « 
dco dco' = a da da. 


We assume the special angular dependence off{x,y): 


(6) f{x, y) = /(r) e*"’’ (n integer). 

By using the relations 

to X + 0 )' y = <T r cos (« — ?>) 
to ^ + (o' Tj = a Q cos {y)~- a) 


we can transform (5) into 


OOOO +’• 1**)” 

0 0 -« 


In order to compare these integrals with respect to a and xp- to the 
representation (19.18) 

^ iJgi2C08^g<n(/3-«/2)^^ 


+ « 

JL_ r: jj) 

2tc J 


we multiply under the integrals of (7) by 

and 

and divide through by We thus obtain the 


simple representation 



/(r) = fadaj fig) I„{a r) IJa g) g dg. 
0 0 


In analogy to the form (4.13) of the Fourier integral theorem we can 
write this relation in the symmetric form: 

OO . 

f{r) = J a da (p{a) I„(a r) , 

OO 

9>{a) = J Q /(P) ^ni^Q) • 


(8a) 
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§ 21 . 11 

The .mnsition f,on, reCan,..!..,. *” 

"h 'Je ao 'no. discuss here. K^ua, ion (7, be usetui 

‘‘■tv”! '«""" 

erate to a <5-function, namely,'® let 

a, i i I “ "‘O' 7/('')’'*='- 

(9) /W“^(’’l*)=loo for r = »r 

We then obtain from (8) 




OO 


/ 


(9a) 

This ecuation represents the er,Ae,e«ahi. of the 

points r and s of the continuous domain 0 < . < ^ 1 VL ajscrete A- 
to (“>0 18) in which we deal with two points m and I of the dE 

sequence. We shall return to the important relation (9a) in §. . 


1 


( 10 ) 


C. The Indices 11 + ^2 n ± *3 

Substitutingn = 1 2 in (19.34) we get r(i) = i/n-Al) = 

\ 2 2-2 /A* I_2 • 2 • 2 / A* 

^i(e) “ y T [ 7 ^ ~ 1 • 3 \2/ 211-3-5-1 -•«\2/ 




•^e/i ^ 

^ 3! ^ 5! 


) /‘> i 


/2 e sin 0 . 
Q ’ 


• • 


in the same manner we find for n 


= -12 


(10a) 


y 2 n 

-t 


Q C 08 ^ 

C? 


We write generally 




in particular 




From Bessel’s differential equation (19.11) we get the differential equa¬ 
tion for 

'» We draw the reader’s attention to the weighting factor r in the integral of (91. 
Becau.se of this factor we no longer have j d(r\8)ds= 1, hut mste.ad /<5(rl*) 
rdr = 1, as in equation (91. 
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(11a) 


1 {Q Vn) 


Sq 


2 


^ + (: 




.2 


) Vn = 


0 


We shall meet this equation again in the theory of spherical harmonics. 
We now wish to show that the solutions which are finite for p = 0 can 
be obtained from xpo by the following rule. 


( 12 ) 


W 


. = (- e)” ( 


d Y 


Qdq) 


Wo 


We start from the series (19.34). Let p be an arbitrary index (in our 
case we have p = 1/2) then we have 

hiQ) ^ (-1)" 


(13) 


(e/2) 




m 


-0 + 1) 2”* 


We differentiate this equation m times with respect to 
right side becomes 

(_l)m (eV2)’ 


5^/2. Then the 


OO 


kfn —n 


z (m —n)!/'(P + WI+1) 2”* 


By introducing a new index of summation (^ = «»-n, tn = n + p) ''e get 


03a) 


(- D” ^ (- D" 


(e=/4)'‘ 


(-i)»/„+,(e) 


2« 


On 


(e/2) 


p = 0 r(/i + n+7>+l) 

At the same time the left side of (13) becomes (because of 

Me‘l2) = ede) 


n+ p * 


(13 b) 


ndg 


Y h (e) 

/ (e/2)'* 


Comparing (13a) and (13b) we get 


(13c) 


1 * 1 +p(e) 


-(-?)*( 


d \n h (e) . 




gdgj 


due to (10); this coincides with (12) for p - 1 '2- 

If instead of the ratio of I Jo) and (e/2)^ we differentiate their 

product n times with respect to q^I2, then instead of (13c) we get 

(13d) 

It tve again set „ = 1/2 and apply definition (11) we get as the comple- 
ment of (12) 
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From (12) and (13e) we deduce the rec^mon formulas for Vi» 

dVn 


Vn+ 1 =~~ dQ e 


(14) 


V_n-1 = 




V- 


dg Q 

1 - r loe fi^r 7 were discussed in §19 D. 

'Tv.o pnrrpc^nondma formulas tor 

rStag to a4) we get successi^ly from V. = - WS; 

sin p — e cos Q 
- - i > 


Vi = 


(14 a) V-i = 


V-3 = 


3(8inp — pcoBg) — e* aing 
Wi = -e» 


cosp 


y -2 = 


COS p 4- 0 sin Q 


e ^ 

3(co Bg 4- psiBg) — cose 


We see from this that for integral n all IPi. can “ “ 

L“ S- Jhc “rCr "hm.“" c=£o. the hall-index 

“ - - - 

given by the equation 


i /5 


(15) i'n-Hi(e) = 

analogous to ( 11 ) (.he upper indices 1 and 2 on both sides have b«n 

omitted). We are particularly interested ,n 3 ") 

obtain them from the functions U^, which we get from (19.31), (19.30), 

and ( 11 ): 




Y 




Hence according to (15) we have 

1 — 


(15a) 


^0=7 


^ 2 ^_ 

^ 0 -* 


-<c 


Concerning the notation we make the following remark: our nota- 

tion coincides with the original definition of the v’« m Heme s Har^book 

of Spherical Harmonics and with that used by the author m Frank-Mises. 

However it differs by a factor q from that of other authors” who instead 

» P. Debye, Ann. Physik 30 (1909), B. van der Pol and H. Bremmer PAti. Jl/ng. 
24 (1937) Further referLces in G. N. Watson, Theory of Bessel Functions, p. 56. 
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(18) 


It then becomes 

0 "(e) + e^(e) = ^ • 

„ „.e write tte solutice as a series with undetermined coefficients start- 
ing with and we get ^ 

00 =1“^ Ti^ 6! 

Considering (19.34) we see that the first is proportional to thesecond 

to /+», namely, that we have 

4-,(9) = 3-'r(l-|)e‘L,(fp'). 

4 ',(e)- 3 +*r(n-|)e*^+i(| 9 *)- 

We shall meet the functions , again at the end of Section D. 


and therefore 


+ e'‘'“»’ = o 

Q dqV dQj^ Q' V 


Substituting ,1 = 6-* <P(e) here we get: 


( 6 ) 




0 , 


, 4 -ith the easily verifiable series representations for its solutions 


( 6 ) 


^ ^ /[g (ju — 1) 2 ^ (2 /i 1) 


.M +1 


,S 


(/i+l)/g'*’(/^ + 1) /^(2 ^ +1) 2 M 


• • • 


We can relate these solutions to the solutions (4) for namely we have: 

( 1 ) 

where C^are constant factors. Substituting the power series for I from (19.34), and 
comparing with (6) we get 

(7a) = 

For /X = 3 the equations (5). (6). (7), (7a) go over into the equations (18), (19), 
For^ equation (5) reduces to the differential equation for the tngo- 

’<». ^become c« c. sin C ^r <* = 1 

representation breaks dovi-n, since then g = 0 is a singular point of the differential 
equation (5). 
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D. Generalization of the Saddle-Point Method According 

TO Debye 

Although in later applications we shall in general apply only the 
asymptotic limiting value of the Bessel functions as determined at the 
end of §19, we wish to discuss here certain more general expansions due 
to Hankel, which progress according to negative powers of e and in 
which the first term is the above mentioned asymptotic luniting value. 
Actually these series are divergent, being developments at an essentia 
singularity, but they are frequently called seym-convergent. The first 
terms decrease rapidly, but from a certain term on they increase to in^- 
ity. We obviously must break off at that term in order to obtain 

lTte“of obtaining these series is from the differential 
equation for the Hankel function, by substituting formal power series, 
Z lZ computing the coeffieients by setting the factor of each p-er 
equal to zero (this is obviously not completely rigorous). Consider! g 

(19.55) and (19.56) we write 


Y TtQ 


( 22 ) H'/ ie) = 

and after dividing out the factor ]/^ enp {± - + » 

from the differential equation (19.11) 've hnd the terms noth r 

— Om + 1 If 2 i (”» -b i) “m + — i) - 1 * 


±ia 


m 


+ ^ 


m + 1 


— (Wl Qfn — 1 > 


where the consecutive rows correspond to the consecutive terms 


d^Z 
do* ’ 


Q ^ 


(-?) 


i„ (19.11). Summing the three rows we get the following firs, order 
recursion formula 


(23) 


^ 2imc,„= (n^ — {tw — i}®) Ofn - 1 • 


Setting ao = 1 've get 

4 — 1 

(24) 


1 _ 


2 *(T2 »e)’ 


O. (4 l)(4w’‘ —9) 
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CYLINDER AND SPHERE 


PROBLEMS 


Using the symbol 

gn»- 9) - • (4n« - {2_n^}^ („ 0) 

(25) («. »*) = -- 2*"»n! 


which was introduced by Hankel, 


we get the general formula: 



^ _ (n,i n) 

e”' — (^2iQr ■ 



The series in 


(27) 


(22) for fU and H- then assume the final form: 

/ o .•/_(w, m) 

H'M = yj 


2 i)»/ 2 ) 


2 (- 2 »er’ 


(28) 


HUq) = 


2 -t(c -(«-H i) 

—« ^ (+ 2 ior 

»n = 0.1,2,... 




(n,m^ 


Taking half their sum we get: 


(29) 


_ 1 

l/- 


r 


,/2' 


(n + i) w/2) ^ ( 


1 ) 


T («, wi) 


(2 9) 


tn 


m«« 0,2.4,.. 


sin (e — (n + i) Jt/2) ( 

^ fii* 


1 ) 


m — 1 

— 2 ” (n,m) 


(2 o) 


m 


In exercise IV.5 we shall apply a similar method in order to determine 
the leading terms of the series (27), (28) (which hem were borrowed 
from the saddle-point method) from Bessel’s differential equation ^\lth 
large g . This method does not include the normalizing factor which 

remains undetermined by the differential equation. 

Extensive mathematical investigations about the domain of validity 
of such asvmptotic series exist, starting with a great work of Poincare,'-* 
which we'cannot discuss here. Exceptions to the divergence are the 
series with half-integer index n=v-{-h which, according to the defini¬ 
tion of the symbol (m,n) break off with the y-th term and represent the 
Bessel function in question exactly. We then obtain the elementary 

expressions for f„, v*« "’hich were given in Section C. 

Our considerations so far are essentially restricted by the condition 
n they fail if n becomes infinite with Q . The latter is the case 

in all optical problems which are on the border line between geometrical 
optics (optics of very’ short wavelengths) and wave optics. It was in 
connection with the investigation of a problem of this type, namely 
that of the rainbow (radius of water droplet approximately equal to 


“ Acta Math. 8. 1886. 
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wavelength of light) that Debye‘S discovered his fundamental generaliza¬ 
tion of Hankel’s asymptotic series. In order to understand its origin we 
first have to generalize the saddle-point method. 

The exponent 

(30) / {w) = i [g cos w n (w — 7r/2)] 

in our representation (19.22) of the Hankel functions now depends on 
two large numbers Q and n. For convenience we take Q and n to be 
real and positive. Depending on whether n is smaller or larger than q 

we set 


(30 a) n — Q COB oc or 


(30b) 


n = e cosh a; 


in addition we use the variable of integration 


(30 c) 


^ =z w — 7r/2. 


as in Fig. 18. 

a) For n<Q we have 


(31) /{«;) = F(/3) = -iG (8in^-i3cos«). 

The saddle point F' (/3) = 0 is given by 

cos ^ — cos « = 0; 

it lies at ft = T », tor «' and W respectively. This 
previous values tor the saddle points ui. - 0, >r, " hic y 
= ip 5 i/2 . From (31) we get 

F"(^o) = T ipsina 

which yields as the expansion of ) up to the quadratic term 
(31a) ± te(sin« —(xcosa) T -2 * 

Instead of P we introduce the arc length a 

noint fl = T « and set — ^o) — ^ 

Concerning the T- sign in the last equation - 
discussion in (19.54b). Integrating over a neighbor 

point we get 


(31b) 




— 8 


>4 Math. Ann. 67, 1909 and Bayr. Akad. 1910. 
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u]:HQ) = y 


± («in « - » COB «) T , 


7i 


(32) 

I„ the limit , - ./2 our form (32) goes into the previous representation 

W mt'^e calcnlation holds in the cns. « >P if » POb) we 
replace cos a by cosh « and hence (31) by 

f{fi) = —t Q (sin /5 — ^ cosh a) 

That one of the two saddle points «, = ± f* , 

nant terra, is the one with greater altitude, namely 

th“ P^nt >■'(?.) = P sinh «. Instead of (32) we now get 


(33) 


y 71 Q M 


c'«h« -sinh a) T 


sinh 0^ 


From these limiting values (32), (33) Debye deduced series develop¬ 
ments of the Hankel type, which we may omit here. 

c) The only remaining case is the transition case n P'ln w ic 

according to (30a,b) we have « - 0 and hen^the represe^o^s 

(32), (33) fail on account of the denominators Vein a and V smh ix . 

This indicates that now also approaches zero and that only the 

third term of the Taylor series for m is appreciably different from 

rero. We therefore need a better approximation in the neighborhood 
of the saddle point. This was carried out by Watson,^® who mste^ 
of (31a) used an expansion which goes up to the third order m (p Po) • 

The Laplace integrals of the Airy type (see end of this section) which 
arise there can also be computed rigorously. We thus find: 
in the case n g , 


(34) 


^ta^ ^±<«(tan«-»tan*»-a)±i»/« ^1.2 |.|.ntan®«^; 


in the case n > p (where n = g cosh « as in (30b)) 


(36) 


Z/i.*(e) •)=F2tP3/3 ^2.1 ^^*^tanh* «). 

1^3 


Tidcen together the Watson formulas (34) and (35) cover the entire 

** Chap. VIII, and in particular p. 252 of his Theory of Bessel Functions, Cam¬ 
bridge 1922. 
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Mymptotic range of the Be«el-H.nkel fnnettona meluduig the 
case n ~ e, »e are now treating In this case we are nt the nei^- 
hood of a - 0. Hence we may mplace //. by iu Imntmg value for 
art^ments, which according to ,.931) and ..930,, .. ,«nce we 

may neglect as compared to /_ j ) 


i/i.t/.,v _ :jr —i—_ / , (x) . 


C- in we have t = i" tan»a we get proportional to 

Since in l-i-l) "e na%e * i .irig. nf r'141* 

l/tan which cancels with the l«ttor tan . on the nght «de of ,34). 

hence after the necessarv' contractions we get from (34) 




(36) 

The same expression is obtained from (35). As the correapondmg 
ing value of / we get 


X 1 / 2 

I, (e) — r(|) \9 q) 


(37) 

This coincides with the original results »'„ , 35 , <.„i„eide 

We also see that if n rs not » ncar^P .^e^-tro^- « h 

1 HllenluilTa.“ (.9.b,56) for the function .large argument 
and small index): 




tan-i* 



2-3 


1? taii'»=F i(i+*)»<'* 


.-T»tan»a 


whereby (34) simplifies to 


fl'. ’- (9) = 




rnre to n = P cos a this coinerdes wdth (32). In the same way on. short, 

consider the problem 

Hi' ® (e) = 0 for large n and e - wtran^complex values for n; 

nand p on IccLnt of iu physical meanly 

rU, may ^ "ILeter who. U nndctcrmmcd 

in (30a), wc ^ thaUU could exist even for 

It would seem from (.5.41, toot 
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complex n, since the e.po,.nUai 

the exponent. However saddle points which has 

under b) ^^''"'^^"“^heyCre of equal altitude and if the required path 
the greater altitude. It they a q fipnression) can be made to 

of integration (leading j ^ two exponential expressions 

lead over both passes, then as sum of t P ^.^ots 

we get a trigonometric function, ivhich makes the 

appear in H by 

±iQ{sina — tfCOS a) T »«/* 

The altitude of the passes is determined ^ -1 ^art 
± (sin « - » cos «), or in other words, 


(38) 

For small a this yields: 


Im (sin a — a cos a) — 0. 


Im(a®) = 0, 


This means that a lies on one of three curves that 
origin and intemect there at angles of t./3, one tang the real <x.axts 
The real axis remains a solution of (38) even for infinite a, while he other 
branches are continued into curves that are mirror images with respect 

to the imaginary «-axis. u j • r- iq for thp 

Considering the path of integration, described m Fig. 19 for the 

Hankel function, we see that the path of integration for W can be taken 

meaningfully over the two saddle points only if they he on the branch 

of (38) which leads from the second to the fourth quadrants, i.e., it « 

has a positive real part whenever it has a negative imaginary part; hence 

n.= p cos « (with real e) has a positive imaginary part. On the other 

hand the path of integration for must lead from the .third to the first 

quadrant, so that « has a positive, and n a negative, imaginary part. 

Superimposing the contributions of both saddle points according to 

(32) we get the following representation for 

Q (sin a - « 008 a) - <n /4 _g- »c( 8 ina - a cqs a)+ inH 


(39) 


fli (e) = 

_ 2 i 1/ —— pin \q (sin ck — a cos a) — 7i/4]. 
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;2„ 1-. S>'i- -’f■ tt * 

our requirement that » be in ‘he 'ourth quadrant. 

For small oc we obtain from (40) 


a 


_ — (4 m — 1) J*/4 


D] 


I gi »/3 


and after the correct choice of the cube root of unity, we have 

. is related to , by equation_(30a), which for small « , 

afterwemakethesubstitutioncosa-l , .yields. 

n -4- i D* F— (4 »» - 

(41) « = e+2eL4^ 

f Hi (n) = 0 lie in the posiiive-imaginary n-halj-plane, a ac 
The roots of (e) inUnite in number. If we solve (41) 

that we shall apply later, an y fi negative-imaginary Q- half- 

with respect to e ^ f.V'Xe of ^ 

plane. According to (41) n and 6 solution of the root 

as assumed in the beginning. Hence ( 

problem in question. method is very general. It can be 

Lr reTfrr ^ 

trary integrals of the form 

(42) ^ 

u^r>a n n .in addition to the 

where F depends on integration W starts in a 

variable of integration », and where P ^ ,^^45 to a similar 

complex region in which 1-exp ^nint r = 0 

region. In the ‘^^^P^^^nters the same Peeulianfee th^ 

approaches a point Hankel functions for the border hn 

rrr irreLTof ‘he AI. di— ‘he-y o»he mm 01 ^ 

j. w. Nicholson, Phil. hfag. 18. (1909)- 
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Of the “Airv integral” in question then to the 

lit is the same thing, to the tunct.ons just 

5 22. spherical Harmonics and Potential Theory 

\ The Generating Function 

u * eLo thporv of spherical harmonics is given 
The simplest “ ^rl thl so-called Xetvtonian potential 

bv potential theory. We sta j. = „ = t = 0 to (r«,!/•,*•). 

l/r and, after shitting the ongin from r V 

obtain ^ 

^ r* — 2f To cos d + ^*0 


(^) n irTTH 



The polar coordinates r, d, f have been chosen so that the polar axU 

d_0 goes through the point (ar.,p.,r.). W’e then hate I. P. . 

Zfl = To and 


( 2 ) 


X = r sin ^ cos q>, 
y ^ T sin d sin tp , 
2 = r cos ^. 


;s: r<"';; 

ing or descending power by P„ e ha\ e. 


( 3 ) 


1^ 

E 


- Z (fT 

ro AV 


0 > 


« n-0 
00 


i I; (7)" 

^ n«0 ^ 


0 • 


The P. must be the ^nte in both expansions^smce Aey must eoincWe 

ll:l"t, Ihl IpC r = rtplaying the role here that is played by the circle 
of convergence of the Taylor series m the txvo-dimensional case. 

The polynomials I\ defined by (3) are of n-th degree m cos e. 
They are called spherical harmonics and we shall show that they come 
with the pobmomials which were introduced m §5. The function 
1 if is called the generating function of spherical harmonics. 

B. Differential and Difference Equation 

First we want to find the differential equation of spherical harmonics. 
The fundamental equation of potential theory Ju = 0 , which is 
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satisfied by l/R, can be written in the form 


(4) 


1 0^^ , 4 f sin 


du\ 


dhL 




0 


, • hp satisfied by each term in the series (3), we 

o) af.,. cwMin, out 

1* , 2 +1 
the common factor r 1^0 > 


1 ^ 

n{n-\- 1) Pn + 

sin 


(ain«^)=0; 


( 6 ) 

the same follows from the second line after factoring out 
introduce the abbreviation 

z 

cos 1 & = C = 7" 


We 


and note that 


sin ^ d& = 


sin2 ^ 




6in 




= -(l-C") 


Equation (5) can then be written 


( 6 ) 


dC 


|(1_ ^|+n{n+l)Pn-0’ 


dC 


or 


{(!-« 


d^ 

dC 


2 j ^+n(n+l)} Pn-^ 


(6a) 

We consider (6) with n replaced by Und then foU-ing the scheme 
of Green’s theorem, we multiply by P, and P„ 


(7) 


= 1 {(1 - n (p, i 


P- M {<1 


C*) ^'1 


dC j I ^ 

dPn_p = {I (i + 1) — « (” + ' 


fl • 


The physical range of »' 

(A = 0). Integrating over this lang 

nality for I =+= rt 

<«> 

since the integral of the second line of (7) w.th respect to £ 
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• Ur for /■ - -f 1 "hich is excluded by 

unless the P become singular for C - ± ^ 

show that our satisfy the normalising condition (5.7) 


(9) 


Pn (1) = 1 


For cos ^ = db 1 "e from (1): 


IrqFr, 


(± i )"(0 

U i: (± 1)' (0 


r <ro, 


r > ro • 


I • th wp even eet the somewhat more general 
Comparing this with (3) we e\en gti 

equation: 


(9a) 


P„ (± 1) = (± 1)" 


\nw we saw in §5 that the P„ were uniquely determined by the ortho¬ 
gonality (8) and the normalization (9). Hence our pre^nt definition 
with the help of a generating function, leads to the same June ion „ 
;ftW method of least squares in 55. In particular we have the repre- 

sentation (5.8) 


( 10 ) 


1 d 


p- (0 = 2ic;ri 3? 


and as a result, according to (5.12) 


(10a) 




The P, are even or odd functions of f according as n is even or odd: 


(10b) 


P. (- 0 = (-1)" 


In addition to a differential equation with respect to the variable 
t our generating function yields a difference equation with respect to 
the index n. ^^'e rewrite, say, the first line of equation (3) with the 

abbreviation at = rlf(t '• 


( 11 ) 


^aC+l 




By logarithmic differentiation with respect to « we obtain 

f-<x _2:n(x»^P, 

(11a) + 2:<x»P, 
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and after cross-multiplication 

(j _ ») r »“ p. - - 2»c +1)‘ • 

It we compare the coefficients of the same power of « on both sides 
say those of a", we obtain 

j p^_ = (w — 1) P„_i — 2 CnP„+{n+l) Pn+i, 


or 


(n -h 1) P„+i- (2 « + 1) C Pn + « P«-i - 0- 


(11b) 

The same recursion formula is, of course, obtained from the second hne 

the logarithmic differentiation of (11) with respect to C -'e 
obtained a mixed differential difference equation. 

Instead of (11a) we now obtain 


(11c) 


(X 






p;= 


dP„ (C) 
dC 


and after cross-multiplication we get, from the coefficient of , 

(lid) P.-PLl + 2CP'n-^'.+ I = ®- 

X- Va 4- 1 and adding twice the equation 
oSS)™ mwCdWerLtiation with respect to C , we obtain 


(2 n -b 1) Pn 


p;_i+p;h-x = o- 


We rewrite this as the differential recursion formula: 

- Pn-i) = 


(lie) 




C. Associated Spherical Harmonics 

The potential equation (4) suggests that in addition to the particu ar 
solutions 


( 12 ) 


«« = 


.n 


— n —1 


P, (cos #) 


which depend only on r and # we might consider also the particular 


solutions 
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(12a) 

A r A and V by associating to P„ certain spftm’cof 
L'^ntrp": (aV. t u an inl^r assumed positive for the tune bemg) 

defined by the differential equation 


1 d_ 

gin 


(Bin(»^) + {»(«+l>~;5f«}^ 


(13) 

which follows from (4). Written in analogy to (6) and (6a) tve have. 

(13a) '5j{(l-J>)'5r}+{”‘”+‘’“I%^^““’ 

(13b) {(l-C*)^-2Cjj+«(«+l)-i^}^“®- 

According to Thomson and Tait our 

sphere into latitudinal mgions d 

a • tVinsP nf the latter divide it into quadrangles (tesserae) 

of dTfferent^^s xvhich are bounded by lines of latitude and of 

The associateTor tesseral spherical harmonics are ort^iogona/ for differe 

btrCt e^ua/ upper indices; namely as in (7) we conclude from our 

differential equation, which now is (13a), that 


+1 


(14) 


fF^P^dC = 0 for 
-1 


i 4^ w 


In order to obtain an analytic expression for P: we expand at the 
points C = ± 1 (north and south poles of the unit sphere) in powers of 


C ^ * 


P" = (C 1)* K + £h T 1) + ^ ■ 


This is analogous to (19.36). The determination of A in analogy to 
(19.37), is obtained from the differential equation (13b). 


(15) 


A(A-1) +A-^=0, 


A=+f. 


(The other root A = - m/2 must be excluded for reasons of con¬ 
tinuity.) We unite the branches at each of the points C — ± 1 mto 
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and write 

(16) 


pxi = (1_ V = sin”* & ■ V. 


For the t- which we introduced here we obtain from (13b) 


(17) {(1-C") 




2 (m + 1) 4- [« (n + D + 1)3} 


0 , 


i. u in tprnis of series which contain only uitegral 

which now must be soUe inve'=iticate these series 

powers of CT • i nf M?) can be obtained in closed form from 

apply the well known rule of differentiation 


(17a) 


(Z"‘ 

k 


m 




di 


ym 


setting 

^ d”Pn 

(17b) ^ " dC" 

With the’use of (16) and (10) we ^ a determination 

(18) ^ d^^^ ■ 

r ^ P"* is like P„, a polynomial of degree n; for odd m, 

Hence for even m, F„ is, . „ ^ i \Vp further see 

p. i, times a polynomial of degree n - 1. 

from (18) that 


K = P 




for m>n. 


The r^reLt” ‘,tan7he‘deF« oT the"differentiated 

differentiation m (1») is greanri 

polynomial. 

D. On Associated Harmonics WITH Negati\e Ind ^ 

Up to now we had to “ Pj‘7er“77Th 7s7ct ^ ' 

(17b) we made use of differentia ion extended directly to 

kowiver our final representation (18) can be 
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§ 22. 18b 

We therefore extend (18) to the 2n + 1 
negative m with m ^ - n • function P™ is a polynomial 

values 1 w I ^ w . For nega ' positive m). This is because the 

of degree n (in the same sense _ v 2 )'n /2 for negative m is can- 

pole at f = ± 1 giv^ which has a zero there of correspond- 

and as calculated from ( 18 ). Ve 


in 


p—m 


p-m 

p+tn 

n 


2\— w 




m 


C-"/ 


d 


n + »n 


^2n 


(1 — C ) 

, lNmf-2m 

(—1) C (n+m)r ' (n—«1)> ^ 


hence 

(18b) 


^ (n —wi)! 

p-^ = C-Pt”', C = (-3) 


literature, has been justified by wave mechanics and vill also serve 

unify our expressions.” i i ofiimnpd P" one of which coincides 

Hence we have exactly 2n -1- 1 adjoined one oi w 

with P the rest being pairwise equal except for the constant factor C, 
anothe^’difference is in the factor exp (i m tp) by which t ey are mu i- 

plied in (12a). 

... —r“p£t 

thisSlncird ijonential. as we have done in (12a), where we also dropped 

Darwin {Proc. Roy. Soc. London 115, 1927) wno appenu^ 
right side of (18). Then (18b) simplifies to 

pm — (_1)” P'”' for m < 0. 

But this definition implies a change in the classical expression for the Legendre 

polynomials P„= P* which we want to avoid. . t,. ..r a^Kpriral 

Moreover, some authors in definition 

and Ellipsoidal Harmonics, Cambridge 1931, use the lacior i. > 

of P" in (18), but this is immaterial for our purposes. 
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E Surface Spherical Harmonics and the Representation 

OF Arbitrary Functions 

By the most general “surface spheHcal harmonic” (introduced by 
Maxwell) we mean the expression 

y„ = ^ Am {cosd) 


m —— n 


(19) 

which contains 2n + 1 arbitrary constants^ Multiplied by r" (or r ) 
y„ yields the 

a'c3^ron"of the special of (12a) which also are homogeneous in 

x.VyZ: 


rt \ ^ 

-n-l p” ^ 


f7l — — W 


(19 a) 

and the general non-homogeneous solution of the potential equation (4) 
is represented as a sum of its homogeneous parts. 


u 




( 


- 1 


(19b) 

By restrieting this representation to 

giving the value of u on the surface as f{q>. 


OO 


m f) = i r. 


OO 

^ _ 
n»0 m.»—^ 


+ n 
V 


K (■:<» ‘‘ 




( 20 ) 

By using the notation d instead of 

fact that the free constants m e ^ 20 ) express 

from the constants in any othe „• -oountial theory for a sphere 

the fact that the boundary .a ue pro /mo/ ,he sur- 

is solvable for an arbitrary value (factor r” in (19b)) 

face of the sphere, both for the m er fXwing section we shall 

and for the exterior (factor r ). function and thereby 

treat this problem by of (20) under very 

derive the above senes again. The hret g Dirichlet m 

general assumptions on the nature of / («, f) " g.' e . 

1837. 

F. INTEGR-YL Representation of Spherical Harmom« ^ ^ 

. t 1_fiinrtion of dogrcc 
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(21) (B + •*)”- >■” ™ ® y)“ = r” (C + 0“ f> ’ 

which, like every functioE of the TAnT2lT^ - 

eatUfies the equation n « = 0 , 

rw-bta;;; our zona, spherical hamronic 

(22) P.(C) = 5V_/"(J + 1^'“'^'”‘*^- 


(23) 


oo=^ /”(? + ^ 

— Jl 


1 TP+QtJnn (22) is first mentioned by Laplace in his 

The integral representatio ( ) denominator 2 tz pro- 

M6canique C61este, Vol. V. The fact that me 

vides the correct H) Ji. On the other hand we still 

have to determine the normalizing factor C in (2d}, i^y 
with the normalization of (18) we find 


(23 a) 


^ __ (n + ^ 

* nl 


, 1 „ _ 1 nQ we know is possible, we get, 

If in (21) we replace n by - n - 1 , as we Know y 

equivalent to (22), the representation 


(23b) 


!■.«)= 2^ J 


(C + V^C*—1 COSip) 


which is also seen to be normalized. 

.. F«, in...noe by pa^ia* u, .be tab { -* ~ - 

except for the factors t" and exp(-f.»9> ,,he mtegrand m ( 23 , reduces o 

(l + co.yr-2"cos>"W2 = 2-".‘”’(‘ + ‘ ’I • 

I„ the binomial expansion of this expression ae have to consider only the term mth 
..a, since all the other term, vanish upon integrat.on -"‘h 

factor oxp{-i">n/2) in (23a) is due to the factor »n” # in (18). See also 
the similar passage to the limit C oo in (18b). 
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G. A Recursion Formula for the Associated Harmonics 

Starting from the recursion formulas (lib) and (lie) for the zonal 
spherical harmonics, we differentiate (11b) m times with respect to C, 

apply rule (17a) to the middle term and multiply each term by sin*" 

As a result of (18) we obtain 

On the other hand we obtain from (lie) upon (m — l)-fold differentia¬ 
tion with respect to f and multiplication by sin 0. 

(25) —= + 

Eliminating the term with sin ^ from (24) and (25) we obtain the 
recursion formula 

(26) (n + 1 — m) ^ — (2 n -h 1) C + (^ + w) P"_ i = 0. 

which is a generalization of (11b). Apparently this equation holds only 
for positive m, due to its derivation through m-fold differentiation. 
However we can verify it for negative m if we consider our general 

definition (18) of F” and the relation (18b). 


H. On the Normalization of Assocl\ted Harmonics 

From (10a) we know the value of the normalizing integral for 
m = 0. We denote it by N„ or also by Nl. Its computation in §5 is 
based on the symbol of (5.9). We first consider the generalized form 

of the normalizing integral 

(27) Yk (C) Pn ”* (0 • 

Written in terms of the symbol we have as a result of our general 
definition (18) 




1 

2*"n!n! 


+ 1 




n + m,n 



Through m-fold integration by parts we obtain, since the terms outside 
the sign of integration vanish for C = i ^ • 




(-I)" 

2*"n!n! 



D„,„dc = {-irK= 


(- 1 )" 
n + i * 
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He,* m the last equation ,ve have substituted the value of K from 
aoa). The normalizing integral is usually taken as 


(30) 




- 1 


This can 
yields 

(31) 


be deduced directly from (29) by using the relation (ISb) which 


1 _ 1 (n + "‘)* 


hs direct computation in the manner of (28) would have been somewhat 


more cumbersome. 


a 


(( 


\V™ m„k that in the foliowing chapter we shall always carry out 
nLahzation of the eigenfunction to 1." If we denMe the associated 

ip with this normalization by TJ^, then\veha\e. 


harmonic 


(31a) 


/‘icio nx)di = 1. 

-1 


and comparing this with (30) e get 


/— r ix(w — 

tt;* = 17//^ = p: • [(» + i) • 


(31b) 


J. The Addition Theorem of Spherical Harmonics 

The proof of this theorem is based on a lemma, which we shall be 
able to prove onlv with the methods of the following chapter and which 
shall be assumed here without proof, namely; The surface spherical 

harmonic 

(32) Yn= ^ n^(cos&)e*’"^-n;:(cos^o)«~" 


i m 9*0 


m— — n 


depends only on the- relative position of the two points { <p ) and {<Fo ) 
on the surface of the sphere, in other words it has an invariant meaning 
independent of the coordinate system. If we now change the coordinate 
system of d'<p by letting the polar axis of a new coordinate system 
e, (p pass through the point ( (po ), then the latter has the coordi- 

©0 = 0 (its becomes undetermined), while the & coordi¬ 

nate of the former point { (p ) is now given by 


(33) 


cos e = co&^ cos ^0 + sin & sin cos ( 9 ? — (po) 
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For 0=0 all the terms in (32) vanish except those with m 0. 
Henoe the right side of (32) becomes the product of the zonal spherical 
harmonics 77„ (cos 0) and /7„ (1). Due to the stated invariance of 

Yn we then have 


(34) 


/7„(cos0)/7.(1) = f 

m*= — ^ 


This is the ^mn^lric form of the addition theorem rvhich expresses its 

structure in a convincingly simple fo . 

the literature is obtained by expressing the 77^ m terms o 

help of (31b) and (31). Equation (34) then becomes 


(35) 


P„(COS0)= ^ (» + m)! 


—V*) 


m = — 


or written in real form 


(36) 


p„ (COB 0) = P„ (cos ^) P„ (cos ^o) 

n (W - m)! pm (cos d) (COB ^o) COS m (<p 

+ ^ (n + m)! " ' 

m * 1 




It is however evident that the true 

gradually lost in the passage (34)-> (dD) K h 

Another rather transparent form of the ^ ^ 

obtained from (35) by replacing one of the upper 
applying (18b): 


(37) 


P„ (cos 0) =■ 2 <- I'" ^ 

m *• — >» 


Equations 

We superimpose two principal solutions u,u of the poten 


equation Ju — 0 , 


„ = «« = (I - £)> + (» 


T?)* + (** ’ 


( 1 ) 


'\a 


u = -HV» 


« P'S = (a: 
B' 


f')*+ (y —»?')“+ (»—^') 


and seek the level surfaces of the function G = u W. in particular the 
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. to rn the latter is given by the equation 

surface C = 0. According to (1) 

_ (g' je)* iP, or wTitten exphcitlj . 


( 2 ) 




■ L t-on of n so/iere The position of its center and the length 
"tacalculated from (2): the center Oil. on the connect 

L line of the “source points" Q - ( (. V. ( ‘ ^ I ’ and 

tht radius a is-ohtained as the mean proparUonal of 00-8 

00' = e' ■ 


( 3 ) 


qq’ = a 


so that one of the source points lies in the interior, the other in the 

'’‘‘'t7flr"ru:l "aU not use the cumbersome formula (2), 
but rather the elementary geometric Fig. 22. 

A. Geometry of Reciprocal Radii 

Fig. 22 illustrates the 
method of reciprocal radii'^ 
formulated in (3). call 
Q' the inverse image of Q 

with respect to the sphere of y —y ~ j q- 

radius a, or also the electric 
image (Maxwell); the nota¬ 
tions e and e' in (1) are con¬ 
nected with the electric 
point of view. The relation 
between Q and Q' is sym- 



Fig. 22. Geometry of reciprocal radii. Q and Q' 
are transformed into each other by inversion on 
the sphere of radius a around the center 0. The 
triangles OQPk and OPkQ' are similar. 


metric; Q is the inverse a .u • ♦ 

image of Q'. From (3) we see in the well known manner that the points 

Q,Q' are harmonic with respect to the points of intersection P,, Pi of the 

line OQQ' and the sphere. , . 

The yneihod of reciproccd radii was developed through the pioneering 

'•The term *'reciprocar arises from the (bad) habit of setting a « 1, in which 
case q' = 1/e . For reasons of dimensionality we consider it better to retain the 

radios a as a length. 
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work of William Thomson™ who applied it to a wide range of PtoWems 
in electro- and magnetostatics. Transformation by reciprocal radn ,s 

called inversion for short. . • 

From (3) it follows that the triangle OPkQ of the figure vs simi a 

the triangle OQ'Pk, hence we have. 


6 _ where Rk ~ PkQ R k ^ kQ ■ 

B. B'J 


Here Pk denotes a special point on the surface of the sphere Me the 
symbols P,R,R' are reserved for an arbitrary point . (x,y,z) 

ITances fU Q and Q'. In order to —e ' 

which was introduced in (1) we compare (4) with the relatio 


e 

R 


K 


which follows from (1), and is valid for every point P,. We obtain 


( 6 ) 


e' __ (the latter due to equation (3)). 

n CL 


B The Boundary Value Problem of Potential Theory for 

the Sphere, the Poisson Integral 

e ® "^„tow insJ/ t“trn o': wWch“signifies 

Green's function. We have m fact 


G = G {Py Q) - 


e 

R 


( 6 ) 

as Green’s function for the “interior b»™'*‘try value P;;*lem’’ v*;,fth' 

:;J:^^:r-^runt; - 1 sphe. in the 

same manner 


(6 a) 


G = G{P, Q’) 


e 

R 


E 


is Green’s function tor the 50) that serve to 

define Green’s function, we have b sat s d therefore the 

satisfied because the potential equation is '-“*omt a^ ^ 

ch.; rSiiiU's 
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• -j fK that of U In order to satisfy 

sor;~^^ ^ave »ake 

e or = — 1/4 tt- 

tor the inner or outer boundary value problem, as seen from the table on 

\e write (6) explicitly by- f ® ‘^‘Tr'anAltrary 

A f — n ic; the center oi tne spneie, v 

dimcdonr Let the corresponding coordinates for « and Q be: 

^•o. ^o> 'Po 
r'o, ?’o 
as in (22.33) we let 

cos <9 = cos ^ cos t>o + sin ^ sin cos (<p - %) I 

for e-e we use the first of the values given by (5), and we let 
c = -1/471. Equation (6) then becomes 


with Tq = Q> 

with t'q — q'} ^0 9’o ~ 9’o > 


( 7 ) 


— AtiG = 


a/g 


^ g2 — 2 r e COB 0 


J-Srjcos© 


The solution for the interior boundary value problem according to the 
scheme of (10.12) is then 

(8) U(«)=/PS‘*'’- 

The integration on the right is with re^Mt ^ 

IVsL O M 1 Q is an arbitrary point in the tntenor of the 
sphere. From (7) we get the general relation 


, dG t — qcobQ ^ 

R> Q 


fl r\ 

r -cos 


where It and It' are as before. Hence, for the surface of the sphere, 
where according to (4) Nve have J?j. = — -Ri > " e get 

Therefore, if we set U = / (^, <p) equation (8) becomes 


( 9 ) 


/ Q^\ ff /(^, (p) sm-^d^d/p 

4 71 TJ {Q) = o® j j g2_2oe cos 0)* 
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This representation was deduced by Poisson in a very circuitous manner 
through the development of f {&, (p) in spherical harmonics. Here we 

see that the direct way is through Green’s function (7). 

The corresponding formula for the outer boundary value problem is 

obtained from (6a) by setting c' = - 1/4 % and taking the second 
value in (5) for e'/e. We have: 

\ ff f y) &dd^d< p 

(9a) AnU {Q') = a® — Ij jj ^^'2 _ 2 oe'co 8 0)*' 


The so-called “second boundary value problem,’’ in which we set 
dG/dn=0 on the surface of the sphere, can not be solved with the 

method of reciprocal radii. 

We now wish to gain a clearer geometrical understanding of the 
way in which formula (9); which is analytic throughout, can, on the 
surface, represent an arbitrary function / {&, <p) , which is m genera no 
analytic. For this purpose we have to consider the passage to the 1 unit 

Q-^K as 6-^ a In this limit the factor l — m front of the 

integral in (9) vanishes and hence only those 

tribute to the integral for which the denominator R vanishes. The latte 

approaches sero tor only when cos 0=1. and 

^ » = Vo . Thus the only determining part is a neighborhood 

of that ekment of area which approaches Q. in other words *e special 
value / (^ 0 . n) on thi® o'^nient of area will alone determine the limiting 
value. We indicate this fact by rewriting (9) in the form 

. ^ 2 \ C C sinGdGd0 _ 

(10) AnUm = j J ^^Q2^2aQC08 ©P ' 


Q-^-K 


0 0 


In the numerator of the integrand we are allowed to replace 
by sin 0 d0d0 ■, after this is done the integration can be 

explicitly. We obtain 


2 n 


aq\a-Q (o*-h e* - 2 a e cos £)* 

Substituting this in (lO) we observe that the 

term in the parentheses vanishes for a. From ^ 

dividing the denominator a — q into the factor 1 —e/® ."eg 

desired value: 

Lim U = f (t?o> <Po)- 

In the two-dimensilal case (circle instead of sphere) we can carry 
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out a sunpMed considepation ia Cose aRalogy to (9) and (9a), where 
instead of (9) we get 


( 11 ) 


2rrt/(Q) = a"“(l-§)/ 


i{(p)dfp 


# 1 




— . • 


C. General Remarks about Transformations 

by Reciprocal Radii 

Returning to the ‘hree^>“rT' iT 

the transformation by of inversion and, at the 

We choose o. 

same tune, the origin oi ^ P „rhitrarv radius a as the sphere of 

select a sphere with a center an ig^transformed into a point 

inversion. An arbitrary point P. {r,if,q> ; is ira 

P'- ( r' <p' )• Between these points we have the relatio . 

(12) = dd^d^', d<p = dq>’. 

For the sake of completeness we also give ff 
between the rectangular coordinates x,y,z and x ,y ,z . bsing the scheme 

of (22.2) we obtain from (12) 

®' = r' sin cos tp'= y sin ^cos(p = yX, etc. 


or 


WTitten in summarized form, 


(12a) 


(a:', y\ ^') = 75 (^> 2 /> ^)' 


and conversely 

(12b) (®> 2/> *) = ■ 

We now seek the transformation in polar coordinates of the line 
element into ds"^. According to (12) we have 

^2 _ + r* d ^ sin2 ^ 

(^dr'^ + r'2 d + r'^ sin^ &' d<p'^) = ds'^. 

Hence the transformations by reciprocal radii are conforrml: eveiy 
infinitesimal triangle with sides ds is transformed into a similar triangle 
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with sides ds' (ratio of sides -(a/r')’-(r/o)=). According to a 
IhLrf?y Liooville these mappings are the only non-tnv,al conformal 

S’onTejLy, t pCe that d"ot no^ ^IThrough the center of inversion is 
transformed into a spheie. 

D. Spheeicao INVEHSION IN Potential Theory 

The next point of interest to us is the transformation of the differ¬ 
ential parameter Ju: ive start from ^ eenter of 

form the product ru by reciprocal radii (r - distance irom 

inversion). We denote the new function by 


o* /a® qp 

v{r', = 


(14) 

,n other words, ive transfer the value ru f^rom the original point P 
( r, #, ¥ ) to the point P' with the coordinates 

(14a) = 11. ^' = ,1 

and we want to show that the 'IW*™ “ P^^^en bf” " 

calculated in terms of the coordinates r ,, cp is gi 


A'v = {j)*rAu. 


(15) 

Again, the reason for this relation lies thejonjorm^ 

as indicated by the appeal ance m ^ be proven as 

dilation (r/a)- from equation ^ ^ (22 4 ) by the formulas 

follows; we define the operators A and D as in y 


> ■2 A 


D, 

dr \ dr /' 


(16 a) 

(15 b) 

Then, if A' and D' stand for the same expressions m 
obtain from (14) and (14a) 




r', O', (p' > 
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^I- a(r v) ^ 
D'v=^rDu, ^ —"IT" dr' 


d 
dr 




a» e{ru) 

= "“r'* ’ 

a« a» (r «) . 

r'* ar* ’ 
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(15 c) 

(15 d) 

and hence according to (15a,c,d) 

a^/BHru) , rr'* + i . 

(15 e) r'2J'v = pi(-4^* a* ^ *■ ' 

.• r99 the expression in the last parentheses is 

According to equation (22.4) the expressiu 

just rAu. Hence (15e) becomes 


(16) 


A'v = {^rAu, 


/Itaiion iy reciprocal radU satufiee the diffcrenlcal eymteon Av 

” “h^em Iwlrnam Thomson) enables us to transfer elutions rf 

potential problems “gained ^ YhCh" " 

L?: rey ^ b^lanes rrlth 0. —. — 

0=0 then our theorem gives Greens tuncuon u r' - 0 

The region S' "tayY^'tTetp o?elment"ry1etecto?rv 

Somes'a richer'Lnifold of regions bounded by spheres thus permitting 

“-li-d reflection by inversion. As before, th. more gen - 
reflection leads to a simple and complete covenng of space. The previws 
corfition that all face angles must be submultiples of « remains va d 
owing to the conformality of the mapping. here there was an infinity 
of image points (e.g., plane plate) there will still be an infinity of image 
points (e g the region betw een spheres tangent at the center of inversion, 
ThTch is th image of the plane plate). Where there was a finite number 
of iLge points (e.g.,for the wedge of 60° in Fig. 17), the inversion process 
for the^spherical problem again terminates after a finite number of steps 
Examples mSi be given in exercises IV.6 and IV.7, where we shall 
also discuss the problem of a suitable choice of the center of inversion. 

11 HprP the reason for the retention of a becomes apparent: if we had a - 1 
the dimen^ionaliU of the factor l/r- in (16) would not be understood, whereas 

now the dimensional consistency is clear. 
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Obviously alt that has been said above ean be transferred to two- 

increased tremendously since every transformat on a - ^ [ 

nne dements is then 

1 df/dz 1 and (16) is replaced by 


(17) 


A'v 


dj_ 

dz 


Au . 


E. The Breakdown of Spherical Inversion 

FOR THE Wave Equation 

Unfortunately, "h "ta 

“:t—tion by reciprocal radii on the wave equation 


(18) 


Au + h^u = 0 


IJ 

then according to (16) the factor (a/rTr would appear and (18) won 
become: 


A ' v +«=0 • 


(19) 

, f'^ - m does this disturbing factor (o/r )* 

Only in the potential equation ( ) originally 

disappear. In the ^ into a highly 

homogeneous medium ( neighborhood of the point 

itTSr: le^n^irsinlulari'ty d the 

t:t‘‘LttitruTtlp:mand as temperature conduct,v.ty, 

would go into l/a\*av 


A'v 


(7) 


dt 


This form of the equation 

rumro'r:: l^rp-se ~nsion as applied in the corre- 
ponding twoKlimensional case of §20 A. 
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CVUNDEK and sphere PHOELEMS 

5 24. More About Spherical Harmonics 


P U Wave ano the Sphericae Wave ih Space 
A. THE Peah ^ AVE equatioo 

The simplest solution o 

4 - ^2 u = 0 

. a purely periodic sound wave which progresses 
is the plane wave, e.g., a pure y v 

in the z-direction 


_Jecos* p = kr, 

ti = e — ^ ^ 


atir* 


^ = wav^ number. 


It we develop this solution in zonal follows from the 

wave Ohua'ion on the OM h d d postulated 

on the other hand. , becomes 

independence from (p , equation ^ ; 

- S» _ ^ 


1 9*ru , i -i—l^sin — ^ • 

7 + r» Bind ^ 


rintvt nf F by a function F(r) which 

s::droroHTrertrdt:r^^^^^^^^^ <->»'-- 

function R must satisfy the equation 


ld*rR . /rn n(n+^ 


r dr* 


+(*“ 


r* 


^)r = o 


tvhich, in tenns of the p of equation ( 2 ), can be rewritten as: 

,3, 

This is the same dffierential eq^.» ^ 

were continuous for q = 0 , "^r^ 
plicative constant we get from (21.11). 


(4) 


R (r) = Vn (e) 


VS 


SimUarly we obtain the linear combinations of the 

(21.15), as solutions of (3) d>"“ntae wa7e we h^w to Avrite: 
do not enter into the expansion of the plane ivave, 


( 5 ) 


.<««»*= ^ C„y>n (9) Pn (COS 

n-0 


Here the coefficients c„ are still undetermined. They are determined 
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from the orthogonality of the P„. Namely, according to (22 8) and 
(22.10a) we get, if we again denote the variable of integration by 

t = COS ^ ■. 


+ 1 


( 6 ) 


V'n (e) = ’ 


We now compare the ^ymptotic values for 6 - ^ 

Due to the relation of y>n to + | & 

equation (19.57) 


(6a) 


COS [g — (^ + 1) 


'n 


1 i-i. .:rrV»+ ciHp can be expanded into a series in ’l/p 

The integral on the ng To-norine all higher powers of 

through successive integrations by parts. Ignoring all nigne p 

1 Iq for this integral we obtain: 


giQ n / 1\_ ^ 

(6b) ^ iQ 


Bm(g — njr/2) 

(-1)« e"^®] = 2 - - -• 


The coefficient of 2i" here is the same as the coefficient of c. m (6a). 
Substituting (6a,b) in (6) we therefore get 


(6c) 


= (2 m + 1) »”■ 


iK\ rvf tViP niane wave assumes the final form 
Hence the expansion (5) of the plane wave 


(7) 


V (2 n + 1) (e) • 

n^O 


This should be compared with Fourier ^expansion 

two-dimensional plane '^ave. ' ^ consider the three-dimensional 

generating function of the ^ At the same time (6) 

^iTd (eirytcii r ^ 

(7a) 2 i" (e) =J^ iO > 

The next simple solution of the wave e,uation (1) is the sp^ca. 


wave 


Akr 


ie 


( 8 ) 

This represents a radiated 


“ ~ ikr iQ 


wave 


which progresses in the positive r 
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* U (—iolt). According 

direction if we give its Lution of (3): 

to (21.15a) the solution (8) is identic 


(8a) 


Cl 


(oaj '' r - ^ . . 

• , , = 0 We now transfer the source point 
which is singular at the pom 
r = 0 to the arbitrary point 




Then (8) becomes --^- 

|^^p/ra + r^-2rrocos0, 

(8b) « = ks "" 1 cos 0 = cos ^ cos ^0 + ^ ' 

' ft 


This function too can be expanded m 
P (Jos 0) ■ Here the coefficients must aga. 

differential equation (3), name y, 


spherical harmonics 
be solutions of the 


Vn (e) 


Cn(e) 


U • t r = 0 is now a regular point of the spherical 
the former, since the point r J preserved 

wave, the latter, since the type ^^tTlhe symmetry of K in r and ro 

in every term of the expansion. g Hence in the coefficients of 

the reverse holds for the dependence on ro. Hence 

P„ (cos 0) we must have the factors 


CM 


Vn(eo) 


for r>*'o> 


so that the expansion reads 


(9) 


■ikB 


ikR 


E C^CMVnie) ^’«(COS0) 

n-0 

Ic„v„(eo) Ci(e) P«(cos0) 

n-0 


r<foy 


\ n— u . _ 

The numerical factors c, must be = 0- 

the two rows coincide (excep J same as for the cylin- 

drical wave in §21, equation (4): in the The c„ 

“Taylor series,” in the exterior a sene of the We^t t>pe^ 

can again be determined by passing to the lim 

jl = r 0 + • • rflcos 0, 

gikit _^gikr g-ikuwe ^ 
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Using (7) with — i Qq cos 
becomes 


0 instead of +iQCOs& the left side of (9) 


>iQ 




2; (2 « + 1) (- iT Vn iQii) Pn (cos 0) . 


Due to (21.15) and (19.55) the second line on the right side of (9) 
becomes in the limit 

/ \ gile-+ P (cos0). 

2 CnVn(?o) \^Q ^ n\ > 

This will correspond term for term with the left side if we set 


(9 a) 


c„ = 2 « + 1. 


We may also consider this representation of the spherical wave as an 
addition theorem for the function 

(I {k R) = (KTTePWso <!“ ®) • 

If, on the left side of (9), «e pass from the radiated to the absorbed 
spherical wave 

i k R 


ikR 


= tl (l/?+eo-2eer™a0) 


"" mlrSnVattnf n “ottat )he“« 
regular “standing wave" 


2?) = ^ i2n+ l)y>n (Qo) V'n (e) Pn (<=0® ’ 


( 10 ) Wo 


here the distinction between r ^ 


is unnecessary. 


B. Asymptotic Behavior 

• 1 r^99 11') of the associated spherical 

If in the differential equation (22. ) 

harmonics we pass to the limit 


( 11 ) n - 

then we obtain 


oo, 


^ 0, n&-^r} 


(cos ^) in ). 


(11a) 

This is the 


isi(’>^)+(i-?)°”= 


= 0. 


. a- no 111 nf the cylindrical harmonic/-m 

differential equation (19.11) ot tne cyi 
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^ . t q n the only permissible solution 

Since P: and hence 0„ have 

of (11a) is the Bessel function Im- 


Im in) 


with Co — 1 • 


(12) " , _ n and »5 = 0 we have 

The latter follows from the ^^0 on the other, and 

(cos^H l'an^ "o (i) = ^ 

hence (cos v) for -> 0 yields. 

m > 0 too, we use (22.1»h wnitu 


(12 a) 


K 


^ Lim (C 


2” n ! 


C->1 


dC” 


1)*^ (C + !)"• 


we rev-rite the function under differentiation in the form 


/ t— 1\« 

(C-i)”2”(i + -r) 


« • 


+ 2”(i:-ir(:)(T-T+'" 


In thin binomial expansion ^ “d tC orWgtr 

of this term yields 

2"-® (n + w) 1 ^ I („_ m)! 

Upon substitution in (12a) we obtain 


1 / ^> \»» (» + ^) * 


(12 b) ~n rn.^~, ^ r.u ' Us 

weZ; "alfthrCrs wi* » to 

obtain 


(12 c) 


pm 

•^n 


1 /^\«* 

m! V2 j 


n 


m 


Lllfn 

n\\2) 


^ _, m\ \ J 

Comparing this with (12), where we replace I„ (r?) by the first term 
of its power series (19.34), we obtain 

(13) G„ = n . 

Hence for m > 0 we must, in order to obtain divide P: by n" before 

passing to the limit. follows; The surface of 

The geometrical meamng '^Vc^^he neighborhocd of 

tz^ “trre;=ihZrng:. p,re, uLz. 
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T (n) provided we perform the passage to the limit on P„/n 

instead of Pn- The same obviously also holds for the south pole of the 

Having thus treated the special cases i^-»0 and we now- 

wish to investigate the asymptotic value of P" as for a 

general 0 < ^ < te • To this end we apply the saddle-point method 

to the integral (22.23), which we rewrite in the following complex form. 

with. = e^ 


(14)’ 


the latter due to (22.23a). The integration is to be taken over the unit 
ctcle of the Ri-plane in the positive (counterclockwise) sense; the function 

f{w) stands for 


(15) 


f{w) = log |cos ^ + ysin 1 ? • -f !/«’) } 


log 


n 


Hence 


I'M = 


4" sin^ (1— 1 /'^^) 

u __ 


m + 1 


cos ^ sin ^ • {w+ IM 


nw 


We therefore have two saddle points Wo, which, 
sin r? # 0 , lie on the unit circle, namely. 


for <5C n and 


w’o = ± 1 


and w-e get 
(15 a) 


/"(%) = ^ 


With the same assumptions we get 


(15b) 


^niiwo) ^ 


(± 1 ) 


m4* I 


As in (19.54) w-e set for the two saddle points w) =F 1 s e and afte 
applying (15a) we obtain 

(15c) /(«-)-/(«-.) = /"(».) + ■ • ■ = 

(16d) 2 iyT*(«-W2)= i*-- and hence y=±(«/2 + W<). 

becomes ,.ca. and = -fs.n.. This cho« of y 

means that for the saddle points we shall mtegrate along 
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cylinder and sphere problems 


steepest descent whose 
The two integrals then assume 




_lLsln# t 

0 2 ds y 


(16) 

, w j „ p^^ds this must be multiplied by 

Due to (15d) and the relation dw-e 
the factor 


rie limit ,.-.00 the integral (16) can be rednced to the Laplace 
Integral by a simple substitution and we obtain 

(16b) 

Due to (15c) and (16a,b) equation (U) becomes 

:Lc «. e « e + .(« 


,i y _ g± i (^/2 + 




(16c) P: = 

i.* AM throiiffhout, the Vtilu6 of 0 

MTircanTeTitldTo'o-n” exp{-im by the same reason¬ 
ing thlried^rom (12b) .0 (13). Hence C/i becomes 

n”^ exp 1) 

Combining this with the two exponential functions in (16c) we obtain: 




mn 
2 


f}- 


(17) " 

Therefore P" for real n is a rapidly oscillating function of varying 
rphtude; t-he amplitude is 11 

S e^ar (»s down si.e, —g to <15a), 
ir (clta: wi"b in: Sng^ci on P. m that led to the Airy 

‘"X' shraMy" (11) ir"' of Ccr V, for the case of 
compte “ h aVoBitive real part in which our derivation remarns vabd. 

C. The Spherical Harmonic as an Electric Multipole 

In this section we return to potential theory. Since in §22 E we 
were able to define the surface spherical harmonics of degree n as homo- 
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eeneous potentials ot degree n (or better of degree - n - 1), it must be 

possible to generate them tvith the help of 

“with respect to n-directions” of the elementary potent al 1/B. 

the poLTof view of Maxwell in Chapter IX of his treat.se. We express 

this by the Maxwell rule; 

= (»?—+ (C —«) » 

^ i_ - fiV . . I Lim X, y, z -> 0, Lim E r, 

«■“ nl dhi dhi’ ' dh„ \r) \ |2 ^2 _ 1 . 


(18) 


1 a a 




era, « exJrtL” P = f ^ u f ) is to lio Oil R spheFe of radius 1, the 

The action pointy (^y[)\s[o lie in the neighborhood of the origin, 
source point Q - ^^n be performed both 

:;h:“Tht^:onic 

or^in'Id in\his way is 

";lf itrelo” the limit process of (IS, 


bv 

1 ) 

2 ) 


i 

dhiJt 

j_a_^l 

2! a^i aAj 


?_1 

az jB 


C^Z 


C = 


1 a c —2 _i — 4- i ~ 

J ^ ^ 2 az ii* 2 Ji» 2 


1 a* 1 


iJ6 


2 ^ 


■l _ P 

-2 - ^2» 


3) 


1 a a a i 

3! a^j a^2 ^^3 


i- ^ 

ri az® 

3 c —z 
2 J?® 


1 13/ ii- 4-i 

:r ^ 3 8z\ 2 if® ^ 2 


3 (C - z)* 


if® 


) 


, 6 (C - z)® 

+ 2 R' 


4c^-l^= 


3 > 


4) 


1 a a g g 1 

4 ! 8hi aAj a^s dh^ if 

3 1 jj (C - 
8 if® 4 if’ 


+ 


J_!l- i 

4! az® if 
36 (C — z)* 

T .B* 


4 az\ 


1 a 

4 

8 





16 ^2 1 ^ _ P 

-C"+8-n- 


P P w'hich can be completed by the zeroth deriva 

^^iV?rron)«, co;rc;:es:ith the vames obtained from 
definition on p. 23 (the variable x and homogene- 

r^tl'tX “:0S)^X:e free to determine the normalising 
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„etor l/»! only We " ‘•‘= 

:“”st (P ol the unit sphete), can be written: 


^ ^ z”* P;„(COS#); 

m-0 


R 


and hence for z 0 we indeed have 


_L ^niO • 

n! dz” 

We list the names and Replace AediffeTntiLon with 

order to avoid the limit process Q P ^j^tion with respect 

jT:—si"”« - - 

as the distance 0 P = l/F+?+^ • 


Unipole 

Bipole 


charge scheme © potential 


charge sclieme 



Jl^LI 

1! dC »•’ 


potential 


1 

potential 4- 2 j <j ;^2 r ‘ 


Quadrupole charge scheme 

By contracting two pnadmpoles of opposite scheme we obtain the 
“octupole” with potential 

"" 3 ! di^ r • 

(The determination of the corresponding charge scheme is left to the 

reader ) By n-fold differentiation we obtain the 
^ ’’ ^ (_1)" ^ 1_ 

2 "-pole and its potential r ' 

In wireless telegraphy one uses the term drpole instead of bipole. Quadru- 

We noThave?ot™X“rmpleTof dilferLtiations with tesP“t to 
J OT f J.rewmas In addition to differentiations m the 2 -direction w e 

in the (s,y)-plane. In order to preserve a 

r^ dSee of symmetry we consider dif-ntlation wo h re^pec^^^ 
sav m equally spaced directions in the (x,y)-plane (in star forrn m H 

an angle of njm between two adjacent directions) together ” 

dZetiattois still taken with respect to the r-direction. We thus 
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obtain the tesseral surface spherical harmonics 


(19) 


Pn (0 W ). i<P) = « 




where instead of the two exponential functions given here we may have a 


linear combination, e.g., ^ 


To this category (19) belong the 

QUA . • 

so-called seclcrM surface spherical harmonics (this « 

Maxwell’s) with m = n, which according to (22.18) is represeniea y 


(19 a) 


d" P 

0 = sin” ^ ^ 

^ n n 




n 


2"n! 


We discuss this further for ti - 2. The ^ £^"*^*”(18) 

obtained here if we take h, and h in the x- and y-dtrect.on. Equation ( 

and what follows then yield 


— jL 

2 — o 


1 


1 a n—y_l 


3 (g— x) (r]—y) 

2 li^ 


2 dxdy M 2 
^ ^ ^ sin^ ^ sin 2 9?, 

which is indeed of tL type (19ab In this 

po/e (see the right hand side of the diagram below , the left side, 
placed differently in space belongs to ^ 2 )- 



-■> X 



^ , 1 pi Quadrupole P|. 

Quadrupole x 2 r 9 « _j_ 1 surface 

The fact that (18) yields the „f Constants in 

sphericalharmonicsofdegree n, o ON differentiation h and one 

(18); two directional constants loi 
multiplicative factor. 

D. Some Remarks about the Hvpergeometr.c Funct.om 
The hypergeometric function is best defined by .ts d.fferenttal 

equation: 

(20) s(l-z)y"-l-[r-(« + ^+l>*l»'““^‘'” 

From this equation we deduce the Gat—ries representat.on (11. a) 
according to the procedure of §19 C. 

(21) y = 


1 I ^ ^ \ , ■ * 4 - fly g* -h ' ‘ 
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5 24. 24a CVLINDJCR .^ND SPHERE PROBLEMS 

„.ith undetermtaed exponent X and o<«ffioie^ he gtntl 

rr;" id« omr.: 

(2U) x(X-i + r) = o. 

and on the other hand 

rn + )i+l)(A+X) + va+‘ + l'l“‘+' 

(21'» ^[(2+J,)(A+X-1) + (« + ^+1)(^+^' + “^’‘“' 

Equation (21a) has the solutions 


\?:Lt consider the forlr soluln and by substituting it in (21b) 

HX-1) + (a + g + M±i^j a» = ‘imfrl “t 

(22b) o,+ i =-iF^Tyr+Ttr+i) (t+l)(P+») 

Hence if « e set a, = 1 we obtain the Gauss series 

«((X + 1)^(^ +J) ^2 I-. 

(23) 2/= 2/i =-^(a. ~ ^ l-y ^ l-2 -y(y + l) 

The other solution of (22a) yields. 

(23a) 

frst; rir^ fraXie^"! Sf 
:“:r(23)’My have been compiled lovingly by Gauss as rela- 

MVMmpaMdifferential equation (22.6a) of the sonal spherical 
harmonics 

(24) (1 _ P" - 2 C P' + « (« + 1) ^ 0 

with equation (20) then we see that it is obtained from the latter by the 
substitution 


and A = 1 7’ 


z — 2 ’ 


« = —n. 


B = n + 1, y = 1 


From this we see that P. must coincide both with y, and y, up to a 
factor. Namely, we have. 

,24a) ^(_l)»F'(_».n+l,l.i|^), 
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which also yields the correct normalization P„(l) 1 for C +1- 

The series (24a) for F. breaks off as does every hypergeoraetnc se«s 
with negative integral « or /3 : since » = -» «e have ‘haU»„ is a 
polynomial of degree n (the coefficients of (1T £)-' and of all sub^ 
quent powers contain the factor « + » = -«.+ »-0 m »■ 
numerator). We remark that the ^nes for F„ m ^ 

simpler (since it is hypergeometric) than the senes m terms of t . The 

latter reads 


+ 

(24 b) + 


(— n) {n + 1) 1 — ^ 


1 

(— n) 


+■ ■ •+(-1)“ ^ (V)" 

(n + p) 1 j_ . 

__ (n —p)l P'-P'-\ 2 ) 

rr^i • + ri P” pan also be represented by a hypergeometric 

eerier wTriylaC; ^ 000 "!t^^e gLral relation which is obtained 
from (23) by termwise differentiation. 


P saO 


(25) 


dz 




Hence for positive m we obtain the representation 

—» /d JP (‘m — n. W-4 


(26) 


Pn (0 = C (1 - 


l-^\ 

p — m + 1 , 2 /’ 


__ (w + wt)! _ 

^ 2fnm \ {n — m) ! 


2"* jn I V'*'— , 1 

from ,22.IS). For the -f 

down, but can be extended to that case oy 

-"Cmt:—et:r:r 

ssrt &;r:n 

frar R 5« siibl ected to the followiog limit process. 

parameter ^ arbitrary (inite number). 

(27) ^ 00 , z -> b, p z -> e 

We then obtain from (23) 


(28) 


« e , «(« + 1) 

F(a, y, e) = 1 + 7 I" 1 “ y(y+l) 2 ! 


+ 


and considering the fact that 

d _ ^ ^ 
dz dg dz 


= /3 


dg 


• • • 

















§ 24. 30a 


CYLINDER AND SPHERE PROBLEMS 


155 


..e obtain the corresponding differentia, equation from (20) after 
dividing by ^ '• 


(29) 


d^F ' 

dg^ 


V ax' F — 0 


We shall encounter this equation again in connection with the eigen 
functions of hydrogen in wave mechanics. 

E. Spherical Harmonics op Non-Integral Index 

Our representation must still be Ambers n and m and to 

Both these restrictions 

Trelggeslk by the n the hyper- 

Concerning ^ 1 in ascending powers of 1 T C 

geometric series at the point Q ± intecral n The solution,which 
does not break oft as it does rn the ca* of mteg a, , • 

1 r:-T- SlXlatuS 

.•requirement rf Jj- "n^or-integral a, is excluded by the 

^ir^of unique..^ 

from^thrglemlTheory of hyper”geometric series. We prefer, ho^^e^er, 

to deduce it by direct calculation. coeffi- 

According to their ongmal dehmt.on <2^3) 're ^ 
cients of a Taylor series rvh.ch progresses rn por, e, s of 1 / , 

for integral n: 


(30) 


1 d" 

Pn (0 = 


at t = 0. 


n\ dt” j/i_2Ct+ t" 

According to Cauchy's theorem this can be rvritten as: 


(30 a) 




Vfl-'2Cl-h‘’ 


This representation also 

— 0 ,andthatthe^ 

Side of the cut at ^ regardless of whether or not n is 

differential equation of F„ is sa S or^lllfmn nf the differen- 

integral. Equation (30a) defines that particular solution of the 
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u- L c rPCTiilnr at f — 1 and satisfies the normalizing con- 

amoTpta) f i - obui. fro. (« 


(30b) 


P.(l) 




1 o+/ — 1 The loop described above 

The integrand now has a simp e po • pole in a clockwise 

can now be deformed into a pat ic . . ^ j^^enhasthevalue 

dbection. Aocordins to Cauchy's theorem the nteg a he^ ^ ^ ^ 

_ 2 ;r i. and hence the nght side »0b) has me q 

mat!: Ifto — tirdt—and he on the unf, 
circle of the i-plane at 

t = and t = e" 

we connect these branch points by a t‘r 

,..c,e. The p.h on-— r cTapproach the neg.We 

It Lis ;nd resTict the path on-egra^on ‘ 

explains why (30a) becomes smgula, tor « ^ 0. » 

^ "^fn order to discuss this singularity we write 


t 


g'in _L t) and t = e (1 -b t) , 



1 on the upper and lower edge 
in the neighborhood of the ^ f^r terms of higher order 

of our branch cut respectively hen P 
in r and 6 , the square root in (30a) becon^ 

.j. _ £ and T = — £ 

and considering the orientation on thetwocdges we may write: 


in+l 


lower edge 

e-^””dr upper edge, 
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hence; 


— 8 


— 8 




(31) Pn (0 = 


271% 



dr 


Bin nTt 


+ a* 



dr 


+• 


71 / j/t3 + 6 ^ 

+« 


Now according to a well known formula we have 


dr 


j/t* + a* 


s= log (t + + 3*) 


for undetermined upper and lower limits of integration. Hence for the 
definite integral in (31) we have 


log (— e 


+ )/e2 + ^-log (+ e+ 


and for d <C « 


,og“i-log(2e + if) 


In the limit 6 0 we have log as the leading term; hence we 

obtain from (31) 


(32) 


LimP„(C) = ^log^+--- 

C»-l 


The terms^^ . . . which have been omitted here reduce for d 
finite constant which is of course independent of s . 


0 to a 


F. Spherical Harmonics of the Second Kind 

At the beginning of Section E we saw that for non-integral n two 
different solutions P„ of the hypergeometric differential equation exist. 
Only for integral n do these solutions coincide. But in this latter case, too, 
a second solution must exist in addition to the everywhere regular ^lu- 
tion found above. This solution will be singular at the points C — ± 1 
We call it a spherical harmonic of ihe second kind and denote it by Q„. 

The type of singularity can be determined from general theorems. 
In (21a) we saw that the quadratic equation for the exponent A for the 
case of spherical harmonics (y = 1) has the double root A =- 0. By a 
passage to the limit we see that this indicates a logarithmic singu¬ 
larity for C = ± A • Just as in the case of spherical harmonics of the 
first kind, we obtain detailed information about the spherical harmonics 

** Thev are computed in Hobson^s textbook, equation (53). p. 225, which was 
quoted on p. 129 above. 
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of Ihe second fcirui Q„ from a generating function^ (C. Neumann): 


V 


^(n+^)Q,{r,)PM- 

^ n = 0 


(33) 

XT c^thaO M are defined as coefficients in the expansion of l/(/J - C) 
taThe p1 ?Sd1herefore they are given by the following integral repre- 

sentation (F. Neumann). ^ ^ 

(34) = j »j — f ■ 

,n this formula the path of tr:!:: 

f = rj by going arou ^vhich we shall omit in the 

right and to the left, and ^ the arithmetic mean of the two 

future, indicates that we ave so-called “principal value” 

values obtained (this isj^ ^avoidance of the singularity is not 

pos^bteTthe limits s = ± 1 above-mentioned loga- 

lithrme singularitya di„arential equation (24) (vTitten in 

f ^it rbe expected from the symmetry of the defining equa¬ 
ls in .VC^d <3,P. but it can also be demonstrated directly as 

follows; we abbreviate equation (24) to 


LAP) = “ > 




and by i, l<3) - mean the an^ogous expression written in terms of . 

and Q; we further note the identity 




Then from (34) we have 


laQA-I 

-1 


(35) 

We integrate by parts twice if we"obtain 

^^±1 vanish on account of the factor 

.. Usually double this 

ofn-l-H- Correspondingly our QnVll 
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It is now easy to compute the first 0„ W in terms of the known 
p (,) with the help of (34. We deduce for |),| < 1 


from Pq = 1 • 
from Pi = 


Q, = - 2 + »? log 


1+V 


The general law is (Christoffel). 



Qn {v)^n+ P„ in) log 


i + v 

i-v' 


where 77 is a polynomial of degree n - 1 which is composed additively 
from all those Pn-u-i for which the index is non-negative. Finally we 
obtain from (34), through m-fold differentiation with respect to rj and 
multiplication by {1-nT''" (which is analogous to sin-i?), 






Appendix I 

Reflection on a Circular-Cylindrical or Spherical Mirror 

Referring back to Fig. 8 and the notations defined there we continue 

the treatment of the problem which we started in §6. 

a) Circular-cylindrical metal mirror. The incoming wave (electric 

vector which is perpendicular to the plane of the drawing) is 

N 

/II w= /o (A: r) -h 2 ^ i" I„ (fc r) cos nip. 

' ' n—1 

(see (21.2b)). This representation holds for the entire r, 9 ?-plane and 
for r = o it defines the function -f(<p) in (6.4). The sum of A" + 1 
terms on the right is the best approximation to w that can be obtained 
by the method of least scfuaresj the fact that the coefficients in this sum 
are the same as those in the exact non-truncated series (21.2b) follows 
from the “finality” of the Fourier series. We write the radiation which is 
reflected (diffracted, scattered) by the mirror as the sum of A -t- 1 
particular solutions of the differential equation 

Au -|- A:® tt = 0 


for r < o in the form: 


u 



IJkr) 
J„(k a) 


cos nq); 


( 2 ) 
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(since the solution must be continuous for r = 0 only the /„ can occur 
in the representation; the sine terms disappear on account of the sym- 

iSy 7the timing wave xvith respect to ). The denommator 

I (ka) is used for the sake of convenience and merely influences the 

meanlg olhe constants C„ which are as yet undetermined. The same 

for the denominators in equation (3) below. 

" We vrtte the radiation which is scattered by the mirror to the 

outside r > a as the following sum of W + 1 particular solutions of 
wave equation: ^ 

(3) H^) 

The time dependence of the whole process should be thought of as 
r • hence only the H' occur; the would corre- 

given y ^aves As we saw in §6 the boundary conditions (6.8) 

trill" = and. according .th^meth^ of le„re. 

and the eguations (3). (4) above 


COS nq> 


as 


(4) 


ll'„ (k a) _ _ 

^ (fc a) Ii),{ka)f 


— 2 ijn 

(5) 


(fc a) H\ {k a)' 

We introduce the notation; 


( 6 ) 


n 

a = f cos n w cos ni(pd<p 

tn J ^ 


a 


and obtain by a simple transformation 


a ^ 

J cos n<p cos mtp d(p = ^ ^nm ®nm- 


(7) 

Here and in the Jlowing the symbol ® 
„ > 0 and tor the number 1 when a - 0. 

becomes ^ 


( 8 ) 


71 


Cm + 



a„m (Vnym — 


setting —Here, as in equation (l,.andr = a. we obtain 

for the right side of (6.12). 
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N 


(8a) 


-jii”' Im(ka)+ 2 : o„„(2)i’'I„(ka) 

n — 0 


Hence the system (6.12) becomes 


(9) 


+ (2) i™ I^(ka)— — 2 ^nm {<^n + (2) »" -^n (* «) Vn Vm ^n) 

71 fist Q 


= 0, 


which must be satisfied for all m = 0,1, . . . ,N. 

In order to discuss this system we first set « = :*. m other words 

consider a complete circle (spatially speaking a closed, totally conductive, 

cylinder). According to (6) we then have a„„ - 0 and (9) yields 


( 10 ) 


C„ = -(2) ika). 


This result is somewhat trivial. For, by substituting the value (10) of 
C„ for Dn in (3), we obtain the rigorous solution v of the corresponding 

scattering problem for r > a: 

N Hi, (k r) 

(11) .=- 2: (2) K (fc«) ”9’’ 

n« 0 

a radiated wave which, on the cylinder r = a, exactly cancels the incom¬ 
ing wave w of equation (1) and hence for A -> oo yields the rigorous 
solution of the scattering problem. In the same manner we obtain for u: 


N 


( 12 ) 


U = — 2 {2) i” In (.kr) cos q) = — w. 




— r. 


This result is also trivial since in the interior of the closed circle r — a 
we must have it -|- v = 0- 

We now wish to investigate whether our equation (10) yields a 
useful approximation in the case (x<n , too. To this end we set 

(13) C„ = - (2) i" /„ {k a) + 

where is a correction term, and obtain from (9): 

(14) Pm — — 2: O„„,{P„a—yn7m) + ynym{2)i’'In{ka)} = 0. 

It n=0 

As in (6.12) this is a system of A -|- 1 (and in the limit infinitely many) 
linear equations with which we can do practically nothing. However if 
we assume that ti—« is small, that is that the cylinder has only a 
narrow slit, then becomes small and the product becomes 

small of the second order. If we neglect this term then (14) becomes 
simply 

^ = V(2)t"a„„y„7„(fca), 

ym ^ ^0 


( 15 ) 
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which is an explicit value tor H. and from (13) yields an explicit value 

*^The narrowness of the slit necessary for this considera«on can be 
estimated by a physical consideration: its width must ^<^2720 
to the toaoelenflk of the incoming radiation; only in ttas 
interior held go over continuously into the zero field of the closed 

cylinder. Hence we must have 

{n — oc)a 

(16) A 

our system of approximation IS justified. 

b) The sphere segment as an J instead of 

discussions on ''ecto''® ^ ^ ^ n^ean the velocity potentials of 

the primary the sphere segment be given by 

r= :tr;< « ’ A'cory^ l ( 24 . 7 ) we wnte . m the form 

«; = V (2 n + 1) f" vAkr) P„ (cos &); 

(!*' n“0 

this is the best possible ^^'"of Zt s^re! 

by iV + 1 spherical harmonics according to the meinou 

We further write 


(18) 


(19) 


«-2: 


a 


r>a 


y 


U hant <5 r D are as yet undetermined. Concerning the 

where the constants C„,L>„ are J function C„ is the 

denominators see the remark i„ (21.15) 

Bessel function with balf-mteg q sphere segment 

and corresponds to the Hankel function H„. u 

(which was assumed rigid) we have 




& 


» and r = a, 


and for reasons of continuity we must have 


= |li for « < ^ 
^ dr dr 


71 


and r = a • 
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This condition again leads to D„ - C„ and to the equations. 

2^G„P„{cob&) =/(^). 0<^<«, 

(20) ^ Pn (cos d) = 0, « < ^ < .'I. 

which are analogous to (6.10) and (6.11). Here m stands for the 
value of —dwld(kr) for r = a, 

(20a) --' 


/ cw \ 

/(^) = — (a (A: r))r = a’ 


and in analogy to (5) 
(20 b) 


C'jka) 


Introducing the abbreviation 

a„„= j PnPmS^^<i& 


we obtain 


(21a) 


and from (20a) 


P„ P„ 


r- 


VI + i 


— a 


n m 


(21b) 


fm 


N 


P„ (cos d) sin & di} = — ^ (2 w + 1) Wn ^ 

n — 0 0 


JV 


= — 2 t”* yJrt (^ ^) + ctflm (2 w + 1) i" Vn ®) • 

n = 0 


In analogy to (6.12) the method of least squares now yields the following 
system of equations for the C„: 

/ P„ P„ sin d + y„ /P„ P„ sin ^ j = //(d) P„ sin ^ 

0 « ^0 


(22) ^ (7„ 

n = 0 


which holds for m = 0,1, . . . ,N; due to (21a,b) this becomes 


m 


(22a) 


m + ^ 


N 

— ^ fflnm Cf. (1 - Vn Vm) 
n = 0 

= -2i^y,'„{ka)+ 2: «nm (2 « + 1) i”y>n (ka) 

n — 0 


which, as in equation (9), can be rearranged to 


(23) 


m + 


^ [C„ + (2 m + 1) i’" Wm (fca)] 


J «nm {Cn + (2 « + 1) i" yi (k a) - y„ C„} = 0 
n = 0 


We again start with the limiting case a = or of a closed sphere in 
which a„m= 0* Then (23) yields 
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(24) 


Cm = 


(2 m + 1) i”* Vm ®)- 

Substituting this value in (19) we obtain the rigorous solution p of our 
acouSc problem for r > a, namely, the reflection of an mcommg wave 
on a closed sphere. In the interior r < a of the sphere we obtain by 
substituting in (18), a field u which, as it should be, is the nega ive 

of the field w of the incoming wave. , v, 

The next problem is that of a spherical surface with a circular ho e 

in the neighborhood of {> = 71 . By setting 

^25) = — (2 w + 1) «”* Vm (* a) + Pm > 

and ignoring the product term of second order we obtain from (23) 

N 


(26) 


Prb= V (2 n + 1) i” «« m yn v'„ (* ®)> 


m + ^ym ,J“o 


which is an explicit computation of the correction term and hence of 

problem^ of" i^ra-sounT! which is very far from the more interesting 

"^""crrlm rrrLewhat sketchy appendix has been to show^that 

laL^n^^^hich'om' conditfo^ oJ finamy'^for the computation of the 
coefficients Cm is not satisfied. 


Appendix II 

Additions to the R.emann Piioddem oe Socnd Waves in §11 
The purpose of .his appendix is to fill a gap tvhich tve left m | , 

namely we shall prove that the expression (11.10) 


( 1 ) 


F{a + b —a,:,z), 




Z = 


(* + y) iS + 'n)’ 

'’•Here F standllr'.he hypergeometric series, satisfies the differential 
equation 


( 2 ) 


(v) — Qx dy"^ X + y \8a: ^2// (* 


= 0 

+ y)^ 


, . , f ni 2) and (11 8). Riemann was able to prove 

which is derived from (11.2) and 
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this bv his general transformation theory for hypergeometric functions. 
Howe'ver we shall proceed in an elementary fashion, by considering the 
function F in (1) as an unknown function and then by substituting ( ) m 
(V and deducing a differential etpiation for F( 2 ). By proving the latter 
identical with the differential e<,nation (24.20) of the hypergeometnc 
function we verify equation (1) and the determination of the parameters 
of the hypergeometric function which are contained in it. 

Firsit we deduce from (1) 


cr 

tx 


dv 

ty 



F'iz)), 
F' (z)) 


and hence we obtain as the sum of the last two terms in (2) 



_1_ f- 

x-ry\z^yl L *+» 




.\s the first term of (2) we then obtain 



o(a 4-1) (? + *?)* " \ F'{z) 

(z4-y)*"* + ^yl 



F'(z) + 


cz cz 
dx by 



The first two terms of (4) combine and cancel respectively with the two 
terms of (3). Hence (2) l>ecomes 



Cl cz 
cx by 


+ 


bxcy 



a (a -f^l) ^ 
(X -t- y)* 



The derivatives of z here can be expressed as follows: 

dz dz _ 1 

bx by~ (x+ y) 


( 6 ) 


i (**-*) 


(f) 


b*z 


2 z—1 


bxby (z+y)*’ 


Due to (6) and (7) equation (5) becomes 

*(!_*) (i_ 22) r 4- a (a 4- 1) f = 0. 

This is indeed the same as equation (24.20) if we substitute 

* = 04-1, P = — a. y=l. 


as in (1). This completes the discussion of the problem of §11 
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Chapter V 


Eigenfunctions and Eigen Values 

In this chapter we shall ^evdep 

generality and thereby open np^tte ^ 0 ™^ demonstration of the 

to mathematical treatmen . .^26 when Erwin Schrodmger 

power of these methods was given ^ ^ 

recognized the quantum nurnbers as ^ 

and thereby put the tools f-^X^hflid of hi Zurich colleague 
physics. It was fortunate a e „ji ^^d later the successor of 

Hermann Weyl who had, as ^^e theory 

^TTe^r w^shouW^note hI the viewpoint 

of integral equations. How'eve rigorous mathematical founda- 

of inlenral Tf ““tence proofs for the eigenfunctions and their 
tion, in par'icular foi t - partial differential equations leads to 

eigen values, the o der P manner We shall start by demonstrating 
S r:r;e:r;:L”=n mng before mtegral equations. 

5 25 Elaen Values and Eigenfunctions of the Vibrating 
^ Membrane 

The subiect of the« : ^ros':^: 

7crt7S-'ont e^nthely due ‘"aXthlX 

We consider these stresses as results in a pressure N 

the membrane. For the defomi ^ mean 

which acts perpendicular to the ^ ^ for a small 

curvature of the membrane, am harmonic oscillation 

deformation «. The wave equation (7.4) for a pure 

of frequency m then yields ^ 

This we rewrite in the customaiy form 


( 1 ) 


Jit + F M = 0. 


P = 


a ft)' 

T 


ir „e do not consider as constant but as an arbitrary function E(r,y), 
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1 

^ 25. 4 eigenfunctions and eigen values 

. nnfi'i this is the general linear self-adjoint elliptic 

= n are called eig€ 7 ifunctions and the corresponding k are caliea 
he eigen values of the problem. It k’ or F(z,y) were negative then no 
trvSues would exist, as we saw in the 

The fact that eigen values do exist for positive k-, namely, an tnfimte 

nunvker, can be shown ary condi- 

a) The rectangle O^x^o, 

tions are satisfied by _ 

' 71 = 1, 2, • • • 00, 



m = 1, 2, 


00. 


From the differential equation we then have 


(2 a) 


, T/n* m* 

k = k„„ = n; + 


We shall ignore the constant factor by which the solutions can be 
plied. We first assume a ami b to be incommensurable. 1 hen all the A-„„ 
are different and only one eigenfunction u corresponds to each k. 1 e 

number of eigen values is infinite. 

b) Circle,circular ring, circular sector. Yor the full circle O^r^n 

we can write: 

(3) « = 7„(fcr)e±”"^ m = 0, 1, 2, . . . oo, 

where k satisfies the boundary condition 


(3 a) 


7„(fca) = 0. 


Since this equation has infinitely many roots (see Fig. 21) there are again 
infinitely many eigen values k = k,,^. The roots of (3a) arc all different, 
but for m > 0 there are two eigenfunctions for each eigen value corre¬ 
sponding to the different signs in (3), or, in other words, corresponding 


COS 


to the double possibility We say that the problem is degen¬ 

erate for m > 0; in our case it is simply degenerate. According to (20.4b) 
the (non-degenerate) basic tone of the circular membrane is km = 2.40 a. 
For the circular I'ing b ^r ^ a we write 


(4) 




Here we need both particular solutions 7 and N of the Bessel differential 
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equation (we could, of course, consider W and instead) in order to be 
able to satisfy the two boundary conditions; 

(& a) + c {h a) = 0, 

(A: 6) + c {k b) = 0. 

Here too there exists an infinite number of different k„„ with their asso¬ 
ciated c„„. This problem, too, is simply degenerate when m > 0, since, 
according to (4), there are then two different for each 

For the circular sector 0 ^ ^ o<- v>e set 


n 


(5) 


u = I^{kr) sin /x(p, = 


where the k are determined by the condition I^{ka) - 0. Infinitely 
many eigen values k = k„m exist; the problem is not degenerate. 

The most general region which can be treated in this manner is the 
circular ring sector b ^ r ^ a, 0 ^ cp ^ oc, which is bounded by two 

circular arcs a ^m^tic-liyverbolic curvilinear quadrangle. The wave 

equation ( 1 ) written in elliptic coordinates V can be separated (see 
v^II exercise IV.3) and leads to a so-called Mathieu equation m each 
coordinate. The solution | = const yields the ellipses which belong 
to the family of curves; 77 = const yields the hyperbolas of the fain y. 
For the full ellipse we have, in addition to the boundary condition « - 0 
aconditL oflntinuity for| = 0 (focal line) -d the condition 
periodicity for 77 = ± • The determination of the eigen values 

Teads to cLphcated ^anscendental equations which we cannot discu s 
here TheZost genera, region of this kind is the curvilinear uuadran^ 
whose boundary consists of two elliptic arcs and two arcs of hyperbolas 

rvhich are cOTifocal^w^t considered here are special 

the Iheorl of the theory of oscillating systems -th infi- 

UpIv manv degrees of freedom and their eigenfunctions: For 
region an infinite sequence of eigen values k exists for 

solution of Ike corresponding, drffereniial ‘V^'^ists the boliiary Condi- 

is continuous in the interior of e region „„,i;fions on p 63).^ The 

Unr, = 0 for any of the other boundary conditions on p. 0 . 3 ; 
tioTi u \ y ^ fr\i' fV»i<a theorem has repeatedly 

problem of* finding a rigorous pr ctnrtine: with Poincare’s 

wi (t mTi 

I The same theorem holds for the eigen value A of the ge 
differential equation Au + ^ F {x, y) u = 0, F > 
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Fredholm-Hilbert theory of integral equations. Here we must be satis¬ 
fied with proving the related theorem for mechanical systems ith a 
finite number of degrees of freedom: A system with f degrees of freedom 
which is in stable equilibrium, can have exactly f linearly independerit small 
(or more precisely, infinitely small) sine-like oscillations about this state 

We write the kinetic energy for the neighborhood of a state o 

equilibrium Qi = Qz = . . . = ?/ = 0 in the form. 


T = 2 in ?«. • 

Because q is so small we consider the a„^ as constants. At the same time 
the potential energy F becomes a quadratic form in the with constant 
coefficients since the linear terms dVjdqn vanish in the expansion of V 
in terms of the g, around the state of equilibrium 


F - Fo = I 2 ^ Km in 9m- 

Now it is always possible to transform both the above quadratic forms 
simultaneously into sums of squares by a linear transformation (trans¬ 
formation to principal axes of quadratic surfaces). Performing this 

transformation we obtain; 

r-v„ = ^Z>’n<- 


The new coordinates are called normal coordinates of the system. 
According to the Lagrange equation we then have 


dt dx„ 



hence 



•» 







T is a positive definite quadratic form and so is F — Fo for a stable 
equilibrium; hence the a„ and are positive. Thus for every normal 
coordinate we obtain a stable oscillation 

= with 0)2 = ^">0, 

Un 

which gives as many oscillations as there are degrees of freedom. In the 
limit / -> cx> there corresponds an eigen value k„ to every to„, and to 
the totality of gi, . . . , g„ that belong to the individual x„ there now corre¬ 
sponds the eigenfunction U/. The k and the (u„ are both real. 

We point out that the fact that the k are real can also be proved 
directly from the differential equation without passing to the limit. If a 
k were complex then the corresponding u would be complex and the con¬ 
jugate function u* would have to satisfy the conjugate differential equa- 
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tion zlu*+ = 0 with the boundary condition li* - 0. From 
Green’s theorem 


( 6 ) 


J {uAu* — u*Au) da = j (u 


8u* 

bn 


u 


du 

Bn 


) ds, 


where the right side vanishes due to the boundary conditions; it follows 
that 

(^2_^*2^ j u u* do = 0 . 

Rot till* is always 2-0; hence the integral cannot vanish and hence we 
, = fc* "and h must be real. The physical meaning of the 

reaUharacter of the k is that under our conditions the oscillation process 
“'ZCnoHfhTe'assumed our problem to be non-ie,enerate. 

„owrv‘’er:f the Pe—on:=lTof - tSmS 

cases are of special mtere • , incommensurable. This is 

obtain from .a, 


]c = - y n® + , 

^nm a ^ 


hence 


Km — ^ 


tnn > 


but according to (2) we have w„to + 


unless n = m, namely, 


W„ m = si" ^ ^ 


but 


n = sin w sinw:r 


•fL « w are therefore (at least) simply degenerate, 
All "“‘“ns wdh oscillations and t<„„ correspond to the 

since two ddfje yp^.^ and its overtones 

(Which in this special ^“c oXthe cas^s n = 1, m - 2 and 
Let us examine »>nie»hat ™o . ^ ^3 and 24 we 

77 = 2 w = 1 (hence kn 21 V , their nodal lines. 

characterize the oorrea^°^"<|”^^,^Xpo”der street on the membrane 

would coTlek^ Together with and we have, belonging to .. 

the eigenfunctions 

u = Uio + ^ '^21 ’ 

(7) 


where A is an arbitrary constant. By a continuous 
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Fig. 23. Simple degenem.ion in the case ot a qui^ratie memtaane tor n - 1. 
m = 2 or m = 1. « = 2. The diagonals are the nodal lines for A ± 

deformation of \ the form of the nodal 

continuously deformed. We compute the linear combinations 

A = i 1- 

w = sin jt §- sin 2 ~ ± ^ ^ ^ ^ ^ 


= 2 sin sin jr|-(cos n^±cosn^). 

From the last expression here we see that 
the diagonal y = ^ is a nodal line of 
^ while the other diagonal 

y = a — X belongs to A = + 1 • Fig. 24 
shows the behavior of the lines for arbitrary 

values of the parameter A . 

Under certain conditions higher degen¬ 
erations occur in the case of the quadratic 
membrane. For example, if we have 

Tlj W>i ^2 ”1” ^2 > 



Fig. 24. Total picture 
of the possible nodal lines 
for the quadratic mem¬ 
brane. The numbers on 
the left and on top are the 
values of the parameter A 
in (7). 


then for the eigen value 

d ^ u- 

we have four linearly independent eigenfunctions 

^Tii mi> ”•" 

Hence we have a case of triple degeneration. The higher degeneration 
here depends on whether or not a number can be expressed as the sum of 
two squares in more than one way, as for example 

65 = P + 8 ^ = 42 + 72. 

According to Gauss* Disquisitiones Ariihmehcae this is the case for every 
sum of two squares among whose prime factors there are at least two 
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different ones of the form 4n + 1. Such primes permit the complex 
decomposition 

4n 4- 1 = (o + bi){a - bi) 

with integral a,b; and the different groupings of the complex factors lead 
to different representations as a sum of squares. In our example 

65 = 5.13 we have 


5 = (1 -j- 2i)(l — 2i) and 13 = (2 + 3i)(2 — 3i) 


and hence 


65 = 


/ (1 _i_ 2 i) (2 + 3 i) • (1 — 2 f) (2 — 3 i) = 1— 4 + 7i) (— 4 — 71) 

= 42 + 72 , 

(1 + 2 i) (2 — 3 i) • (1 — 2 i) (2 + 3 i) = (8 + i) • (8 — ^) 

^ = 82 + 12. 

For any two eigenfunctions u,u' with ky^k' we have the ortho¬ 
gonality theorem 

J u u' da = 0 

as a result of Green’s theorem. The proof is the same as m (6) if we 
replace u* by But this deduction fails if u and u' belong to the same 

degenerate state, in other words \i k = k . u io 

In order to avoid cumbersome considerations of special cases, it is 

desirable to force orthogonality also in the degenerate cases 11 ^U 
prove convenient to introduce the abbreviation of Courant-Hilbert 

for the integral in (8): 

(8a) 

In §26 «-e shall return to a discussion of the connectior. between this 

expression and the scalar product in ordinary vector analysis. We 

the integral in (8a) the “scalar product” of u and m . 

We first prove the theorem that n continuous, real, mutuaUy 

orthogonal but otherwise arbitrary functions Mj, « 2 . • • • > ^ ’ " 

arelLarly independent. For if there existed an equation of the form 


J uu' da = (w, u'). 


n 

V Jo 




then by the 
obtain 


= 0 with (M^,^^,) = 0 for all /i + v , 

“scalar multiplication” of the equation by we would 


2 Courant-Hilbert, 

Berlin 1931, Chapter 11 


Methoden der mathematischen Physik, 2nd ed., Springer, 
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c, »,) = 0. hence c, = 0 for all , 

which contradicts the assumption of „f simple 

We now proceed step by step 

functions belonging to the same eigen value, tt e consider 

u = CiWi + C2U2 

and consider the member which is orthogonal to m. This member is 
given by the condition 

0 = (%, u) = Cl (Ml, Ml) + C 2 (Ml, Mg) . 

We satisfy this condition by setting 

^9^ Cl = — («i. ^2) ’ = (“u 

where 0 and hence 0 . In Mi and m we have two mutually 
orthogonal eigenfunctions of the family, which we chotise as the repie- 
LntaUves of the family instead of m.m. We now can normalize m by 
multiplication with a constant factor such that 

(9a,) (m,m) = (mi,Mi). 

For twofold degeneracy let mi,M 2 be two functions that are normalized 
according to (9) and (9a), and let M 3 be a function of the same eigen value 
that is not necessarily orthogonal to the first two. W e consi er e 

family 

M = CiMi + C2M2 + C3M3 

and select the member of the family that is orthogonal to both Mi and M 2 , 
thus obtaining the conditions 

0 = (Mi, m) = Cl (Mi, Ml) + C3 (Ml, M3) , 

0 = (m„ m) = Co (Mg, Mg) + C3 (Mg, M3) . 


We satisfy both conditions by setting 

(10) Cl = — (Ml, M3), Cg = — (Mg, M3), C3 = (Ml, Ml) = (Mg, Mg). 

The functions Ui,U 2 , u are mutually orthogonal and hence linearly inde¬ 
pendent; furthermore we can normalize u so as to obtain: 

(10a) (m,m) = (mi,Mi) = (m2,M2). 

We thereby obtain the desired orthogonalization for twofold degeneracy. 
This process can obviously be continued in the case of higher 
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degeneracy. The degenerate eigenfunctions are thus made mutually 
orthogonal; due to (8) they are already orthogonal to the eigenfunctions 

which belong to different fc. 

To the orthogonality condition (8) we add the normality condition 

( 11 ) 


{u, u) = I V? da = 1 


This “normalization to 1” leads to a certain simplification of the ortho- 
gonalization process above (see, e.g. (10a)). We shall see m §26 that 
(11) also has its vector-analytic analog. We still must mention that for 

complex u equation (11) must be amended to read 


(11a) 


(u u*) = J uu* da = 1 


and that in separable problems the normalization is best carried out for 
each individual factor. Thus in (2) we have to multiply the sine functions 

by the factors 


( 12 ) 



and 



respectively 


and in (3) we have to multiply the exponential function and the Bessel 
function by the factors 

f2 


(12 a) 


1/231 


and 


al'tka) 


respectively 


(the latter is due to (20.9a)). Thus our solutions in (2) 

beginning of this section are determined also with respect to t e 

“'"‘’From'the above-nrentioned examples we deduce two theorems 
concerning nodal lines, which we shall prove now for membranes with 

arbitrary intersect at a point then they 

equal angles (isogonally): for two such lines the angle is :a/2, 

“"*" 2 '^ The^larger the eigen value k, the finer the subdivision of the 
membra?e imo mgions ofllternating signs; for t the nodal lines 

become ,,,, that theorem 1 holds for our special 

1 r for to Fiffs 23 and 24, where the boundary itself mus 

3erera nodal line'and the Slines 
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oo at least one side 


u = 2^ I„{kr) (a„ cos nq} + b„ sin n q>) 

n 


rectangles of sides a/n and b/m, so that for k 

approaches zero. u in the neighborhood of the 

. C^o^clinal system whose 

at O " shape of the membrane we obtain the expans.on 

(13) 

which converges in a certain neighborhood 

tt that the radial functions in the Fourier expans.on --t ^e ^ 

larity of u atO. Now if there is to exist at least one nodal line thro g 

the point 0 (r = 0), then according to (13) 

Q _ / (0) On, and hence Oo = 0. 

Then if ai and 6 i are not both zero there is only one line through 0^\ ose 
direction is determined by the equation: 

fv = T. (kr\ la, cos <P + sin <p). 


Hence for r > 0 


tan 9 ? = 



This determines the direction of the nodal line uniquely. 

If there is to be more than one nodal line through O then we must 

have ai = 6i = 0. If we do not at the same time have Os = 62 - 0 then 
according to (13) we have 

0 = Zg (A: r) cos 2 cp + b^ sin 2 9 ?) 


or, if there are to be v nodal lines through O, and hence all a,b up to 
but not including o„ 6 „ vanish, then we have 

0 = /, (A: r) (o, cos r 93 + sin r 97 ). 


In the latter case we have for r > 0 

(13a) tanv 93 = — 


The right side of this equation is given by our Fourier expansion and 
shall be denoted by tan oc . The general solution of (13a) is then: 



oc + 



a + 


(v—1) n 


(13 b) q) = (K, 


♦ • • 1 


V 
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These angles differ by the constant amount njv, which proves the iso- 
gonality. 

Passing to the proof of theorem 2, we consider two functions u,v 
where m is a solution of (1) that satisfies the given boundary condition 
and V is the special solution 

V — h{kr). 

Fig. 25. With increasing A: the nodal lines become denser 
and denser regardless of the shape of the membrane. The 
proof is given by considering a small disc anywhere on 
the membrane whose radius a decreases to zero for in¬ 
creasing k. N.L. stands for a nodal line which intersects 

the disc. 



The value of k which is common to u and v is assumed to be large. With 
the help of this large k we define a small length o by setting ka = Qi 
where Qi is the first root of the equation Iq (q) = 0 . We consider a 
circular disc of radius a situated anywhere on the nodal line pattern of 
the eigenfunction u (see Fig. 25). With this disc as our domain of inte¬ 
gration we apply Green’s theorem: 

(14) f {uAv — vAu) da = I (u^ — v^ds. 

The left side vanishes since both u and v satisfy the differential equation 
(1) with the same k. On the right side we have for r = a 

V = 0 and ^ ^ ’ 

If we set ds = ad (p then equation (14) becomes 


2 7 * 


Qi i'o (ei) Jud<p = 0 

0 


and hence 

(15) 


271 


J ud<p = 0, 


0 


According to this u assumes both positive and negative values on the 
circumference of the disc. Hence there must be at least two of « 
on the circumference; that is, our disc must be intersected by at least 
one nodal line. The disc becomes smaller as k becomes larger and he 
for increasing eigen value k the nodal lines become arbitrarily dense. 

This holds for every part of the nodal line pattern. 
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§ 26. 3a eigenfunctions and eigen values 

§ 26. General Remarks Concerning the Bounda^ Value Problems 

of Acoustics and of Heat Conduction 

The eigenfunctions of the oscUlating membrane can be "I'tpted 

"tth!” eloly potential of the air oscillations and we aga.n set the 

’^““Irth^^tanguTar'iird Ih side lengths u.h.c we have, in analogy 
to (25.2), 


( 1 ) 


M = = cos WJI^ cos m?i ^ cosln ^ 


with eigen value 

(la) 



This state is non-degenerate if a,b,c are incommensurable. 

For a sphere of radius a we obtain the general eigenfunction m 

analogy to (25.3): 

(2) M = M„ml = Vn(*f.I^) 

Under our boundary condition the eigen value is given by 
(2a) = 

where Jt„ is the l-th root of this equation. This state is 2n-fold degenerate, 
since k^i is independent of m and the different states P„ for upper index 

— n^m^ + n belong to the same Ki- 

Also in this category are the eigenfunctions of the circular cylinder 
(0 < r < a, 0 < z < /i) which we derived in §20 C. With the boundary 

condition du/dn = 0 they are given by 

(3) Unim = 

the corresponding eigen value is determined from the equation I (A q) 
= 0, the Z-th solution of which we denote by ?.„i ■ Therefore 

(3 a) A:fum= 

Due to the factor exp(it»«9’) in (3) this state is simply degenerate 
for n > 0. 
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We now consider these eigenfunctions “normalized to 1” where we 
have to keep in mind the remarks on pp. 173,174 . Then for example m 

(1) we have to replace cos w jr xja by 

X 

COS nit — 
a 



and according to (22.31b) we have to replace P„ in (2) by 

(n — m)! 






(n + rrC) l’ 


etc. (see exercise V.l). . 

We now generalize the fundamental theorem on p. loy and its 

(mathematically non-rigorous) proof to the case of an arbitrary spatia 

region S. The theorem now reads: There exists an infinite system of 

eigenfunctions 

UijU2j • • • • • • > 

whose elements are regular in the interior of S and satisfy the differerUial 
equation 

Au^ + = 0 , 

as well as a homogeneous boundary condition. The corresponding eigen 
values 

kijkzj . - • )knj ■ • • ) 

ordered in an increasing sequence, are infinite in number and 
infinity; if S is bounded then they form a “discrete spectrum and they are 

real ^nce the differential equation was assumed free from 

This system of eigenfunctions satisfies the conditions of orthogonal y 

and of normality: 


(4) / ^n*n > 

which according to (25.8a) can be written as 


(4a) 




rT» 


or for complex eigenfunctions 


(4b) 


(Wn> ^m) 


m 


If the system of is complete (see p 5) then we claim that any 
continuous point function / given on S can be expanded m the 

(5) / = -S «« • 
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// this expansion is possible then, according to (4b), we obtain front (6) 
through termwise integration 

A ^ f f Un dr. 

(5a) J ” 

ing its mathematical pi oof. rli€5Poverer of the basic 

»: jrnt“ :^%irof a^e^^ 

rr^d str -- 

eiaen values. In Lord Rayleigh's classic book. Theory of Sound, t 
principle is generalised in the sense of equation (5) and is applied 

““we *lil’''1oiv make some remarks about so-called Hilbert sp«c 
not only to justify the notation (i<.,i< J of (4a,b) which is reminiscent o 
vector analysis, but also to give the Ohm-Rayleigh principle an elegant 
geometric interpretation, which in the hands of the Hilbert school has 

even been worked out as a means of proving this princip e. 

In accord with Courant-Hilbert (see p. 172) we define, in a space 

of AT dimensions, the basis vectors e,, • •;: ° 

the i,j,k of three-dimensional vector analysis) which he in the coordinate 

directions Xi,X 2 , . . . ,xv and whose scalar product is to satisfy the con¬ 
dition 


( 6 ) 


(e„e„) = 5 


rim 


We further consider a vector which forms the angles oi, « 2 > 
the coordinate axes 


with 


(7) 


a = cos fXj ei cos e 2 + • • • + cos oiy cat 


and we call it a unit vector if the scalar product of a with itself has the 
value 1: 


(7a) 


N 

(a,a) = cos* (x„=l. 

n 1 


A second unit vector b with direction angles is called orthogonal to 
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a if the scalar product of a and b vanishes. 


(a.b) = cos cos /5„ = 0. 

Equations (7a,b) arc seen to be senetalizations of tvell-Unotvn formulas 

from ,hree-dimens^o,ml "" 

a formal analogy between the >>='* the"latter Is 

of our system of eigenfunet.ons, relations (6) 

,„en ,n .be fotm (4al ar^ ormalb .b-a™ a 
between the e„. ihe s\ste 

stitute tor the b^sis 'j J J/„„,aons .bat “s ortbogonalized 

::r„r:Uze.Uo7e: be eon^po^^^ -- -“ l— 
(7) and can be ' ^ by a rotation of Hilbert space, liut 

according to (5) any function f ts '^Ittou f is associated by 

of coordinates which tIc cooldinatls of this point as 

(5) to a certain point of P expansion coefficients A„. Hilbert 

measured m the .• The association between the 

space thus becomes a function c pac _ infinitely many 

arbitrary functions and t le pm s ^ represents the 

dimensions is one-to-one. 1 i system of the w„, then this 

function / to the origin of t le coor ^ ‘ j According to (5a), 

infinite dimensional vector represents t^e unc of the 

th; representative vector on 

applications. ndTeat conduction in their historical form, ^^e 

problems of acoustics and he^ chapter. 

^::Z^oZoustics ^r the interior of an arbitrary shell 
S is the following; the wave equation 


( 8 ) 




Av, 


^ — speed of sound, 


u to be solved with the ”"tqri to" arbitrary prescribed 

functions... and a. m S. 1 b.s p ^ ^ ^ 

( 9 ) 


V 


«« 


cos a>„« +- 5 :B„«„sin oi„ <, 
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where the A„ and B„ are to be determined so that 
(9a) Vo=J:A„u„ and 

Due to the relation of the a,„ with the eigen values K (namely c 
the second equation can be rewritten as: 


= co„/fc„) 


(9b) 




From this we obtain as in (5a) 


k„cj 


(9c) = 

We see that this is an iniHal value problem; the boundary value problem 

he Sn2al teat conduction problem can be solved in the same ^^nner^ 
The difference is that now one arbitrary function vo suffices to desc 
the initial state, the initial temperature variation dv/ dt being determine 
by the differential equation of heat conduction. As a boundary condition 
.^may use any one of the conditions a),b),c) on p. 63, to which we then 

also subject the eigenfunctions 
We now set 

( 10 ) v = 2 : A 

where x stands for temperature (not heat) conductivity. The coeffi¬ 
cients A„ are again determined by the initial condition v vq. 

dr. 




(lOa) 


A„ = f Vo 


In addition to this initial condition the function v satisfies the differential 
equation (25.1) and the boundary condition to which the u„ are sub- 

IPCt/GQ 

The potential equation Au = 0 has no eigenfunctions, or rather 
every solution which is regular in the interior of <S and which satisfies 
the boundary condition u = 0 or du/dn = 0 must be zero or constant 
in the interior of S. Hence there can be here no closed “nodal surfaces” 
u = 0 or du/ dn = 0. However, in the next section we shall construct 
a solution of the general potential boundary value problem (given values 
u = U on the boundary) from the eigenfunctions of the wave equation. 

A solution of the potential equation which is regular in S can also 
have no maximum or minimum in the interior of S. Extremal values 
of u can be assumed only on the boundary of S. This follows from 
Gauss’ theorem on the arithmetic mean which can be deduced from 
Green’s theorem (see exercise V.2). 
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no eigonfunciono exist for the differential 
= 0 or the nrore general f« = 0 for posd.ve F(x,„,z) (see 

exercise 11.2). 

& 27. Free and Forced Oscillations. Green’s Function 

for ihe Wave Equation 

The eiRonfunctions correspond consider 

inn medium they nee<l no energy rhvthm of their 

/.need osciHations^ continiiT'in their purely periodic state, 

poruxl m orrlor to nr «ntUfv a homogeneous surface 

Just a.H the be a.ssunied to be bounded in the 

r".is :t;.ion. Thesh.., 

time iK-ing. In- »ss..me,l to ^ „( p„„„,tel .heorr "e 

t.;:'.e Ur.“'"?^or:s;".nn""-He di^e^ntia. equation of 
forrcil oHrillations as: 


( 1 ) 


Au + A:*« = e 


I 1 \n Qa) where cu is the circular 


(2) 

vnhip of the region S for the same 

;,:;;;„!.:n'ir.hir;i::c„r:f "tesonanef . -.. -.cd 

*• '^:;:dlng"rohnoHayirigh .ninripio .vc ran expand g in trtnts 
„f tho normalin d n- 


Ar„, 


v.l.n.. 

'.v’c also tvri.r .hr «,h.,ion „ ..f (D 1" s..mr form. 


(3) 


(11 and r..n»idrring thr diffrrrntial 
Snl..titnllng thrsr rxp«n»...n. m 0) j,, ,p„, „.h.rh arr 

ni,nations du,+ *,«. “ ' |,y ,.,,,iating thr rorffirirnta of u. » 

Ralmfu-'i by the eigenbmctions y 

both ai.lca we obtain ^ potential thoi^ry. but 

• The ,»..tenlial. 

in of <hm«*n"w>n Mtc n 


U 


«« • 
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R — 

X>_ — ,1 ,1 > 






n 


(■i) ' L' - 

„„„ consider ,he special case in which p is 
hence the stimulation- is limited to a simple source point Q of >ield 

(see §10 C). We then have 

J gd-r — 1, 


for a 


domain of integration which contains the point Q. and 


J gdr = 0 . 

tor a domain of integration which does not contain Q. Hence we obtain 


from (3) 

(4a) 

and from (4) 

(5) 


= «* (Q) f Qdx = ul (Q) 




G{P.Q) = Z 


where the u of (4) is now denoted by the more suggestive G{P,Q). Indeed 
this solution is Green'8 function of our differential equation (1) for arbitrary 
positions of the action point P and the source point Q and an arbitrary 
region S. We assume only the complete system of eipnfunctions and 
eigen values for the region S. It should be noted that the Ohm-Rayleigh 
principle has not been applied to the singular d- function, but only to 
the continuous function Qoi (3), which may, e.g., be taken as a regular 
Gauss error function. Hence in our derivation we do not need the 
expansion in terms of the u„ of an arbitrary function but only of certain 
special everywhere regular functions. In the same manner the termwise 
differentiation which was needed in the derivation of (4) has been carried 
out on the regular function (3a) before pas.sage to the limit and not on the 

limit (5). 

Green’s function is also the solution of an integral equation. In order 
to demonstrate this we recall equation (10.13a), which holds for every 
self-adjoint differential expression Liu) and hence in particular for the 
wave equation For the three-dimensional case and the 

boundary’ value u = 0 it reads: 

(6) «0 = j QiP)G (P, Q) dtp. 

* We have dropped the name “peak function" (“Zackenfunktion”) which was 
introduced bv the author (see Jahretber. Deulschen Math. \ ereinigung 21, 312, 1912) 
IQ favor of Dirac's notation “ ^-function.” 
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The function G{P,Q) is called the “kernel” of the integral eq^^tion^ 
Corresponding to the reciprocity theorem d) on p. 1 , which, for comp 

G, has to be rewritten as 


(6 a) 


G (P, Q) = G* {Q, P), 


xve call a a "symmetric kernel." From the structure of (5) tve see 

dirGctlv that (6a) is satisfied. , ««« 

The convergence of the series in (5) is absolute only in the one- 

dimensional case; in the two- or more dimensional case 

conditioned by the alternation of signs of the ^ 

able arrangement of the series. This is the reason equation <S) doe® "ot 

annear explicitly in Hilbert's theory of integral equations, but in an 

Xgratedformln which it converges absolutdy. In 

case equation (5) has been rigorously proven by Erhardt Schm . 

The non-absolute convergence of (5) becomes apparent i we y 
show by termwise differentiation that the differential equation (1) 
satisfied. For then we obtain from the n-th term 

+ its - « “« = 

and cancelling the factor fc- - K with the denominator and summing 
with respect to n we obtain 

, AG + k^G = 

lob) 

For P = 0 the sum on the right side consists 
Surges, as it 1 *e'act 

throughout is caused 1^ j _ increase for P Q can be deduced 
this representation. The or e follows We consider a 

directly from the differential equation (1) its 

sphere with small ^ the right side becomes equal to 


/ 




while the second term vanishes. Hence we have 


< 7 ) 


dr 


1 

ITTr^ ’ 


G = 


^nr 


4- Const for r —» 0 


. f a au 4 r'r P O'! has a unit source in the point P Q 

This expresses the fact that G( ,Q) ^p^ce (see 

The above formulas can be interpretea o 
. In his hmous donation, GdUinnen, 1905. 
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p. 179). Namely, equation (8b) states ^ f + "1“ 

product of the two difeent (Pet 0)l if «(« 

rd“rerr(p=«>. 

thl "ame product with the •'resonance 

"v:app\;rin%Tdtto‘"gC^ tl-ry of spherical harmonics. 

Rnt first we make a few preparatory remarks. 

1 If the system of eigenfunctions is sevaraUe then *0 aunrma,'on 
in (5) IcompLs into three summations corresponding to the three 
coordinates. For the rectangular solid we should ha\ e. 


( 8 ) 


V = 


oo 

V 


CO 

V 


oo 

V 


where n.mjl are as in (26.1). rknint*^ P O 

2. Green’s function depends only on the pos, lon of the P” " 

relative to the boundary surface o and 'bsP 

pendent of the orientation of the coordinates in space. A ^^‘insfom atm 
of the coordinate system which transforms the surface (t into itself a 

leaves E fixed leaves G(P,Q) inaanan<. n-FAn nf invariance 

3 If (T is the surface of a sphere then the condition of in\ariance 
is satisfied for every rotation of the spherical polar system 
r = 0 as the center of the sphere. The coordinates r, <p be 

those of P ’'n. ’^o> 9^0 those of Q. 

4. In the latter case we face the additional fact that the syste^-of 
eigenfunctions (26.2) is degenerate, since the eigen value k,. as defined )> 
(26 2a) is independent of m. Writing G as a triple sum in ana ogy to (8). 
we can take the denominator k^- - k?, and the radial part of the eigen¬ 
functions in front of the summation over m. Hence we have 


OO 


OO 


(9) 

(9 a) 


G{P,Q) = 2 


Fn = 


n « 0 

+ n 
V 



(fc„, r) {k „, rp) Y 
- TTi Ti n > 


k^ — kni 


77™ (COS d)77;r(cos^o)c'’"^^"^*’ 


where stands for the function of (26.2) normalized to 1, and 
77„ for the spherical harmonic P„ nomalized in the same manner. The 
function Y„ is a surface spherical harmonic. In (9a) we have used the 
fact that, due to the real character of W„ and 77™ the conjugate 
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complex of the eigenfunction 

y. (*■■( >■) n: {cos 9) 

for the argument Q = ( r„, ) can be written as 


'I'n {Kt fo) ® 


— xm<f^ 


for all values of m between - n and +n. _ 

senta^tirCoTTeLlrertlTt"^^^ harmonic (9a) has an 

= -Ch . 

::"r7oof of ^e add,tion theorem of spherical harmonics on 

”■ To r It stimulation of forced oscillation 

takes place in the irUerior of the region S. “^“ead of 

Stimulation takes place from t ® ^ prescribe the inhomoge- 

the homogeneous boundary condition u - 0, ve prescnoe 

neous boundary condition 


( 10 ) 


u = U. 


The surface is then hidd in -;frtm'';ofnrtT 

point, while ioJhejntenor o^ S^the dife 

throughout with 0 - 0 • ^ ^ . f Green’s function by the 

value problem can be solved ith the neip o 

formula 


u 


^jv 


dVi 


da 




( 11 ) 

„Here the variable of integration on ‘he_rig;^^^e . the d^mam 

llntnfoJtoi^t'Vint P).^ According to (5) equation (U, 
becomes 

_ V f V 

(11a) ^Q--2^l^-klJ Svp 

This formula contains the ^ 

problem o) poUnUal theory, oi ^ 


da 


/ c< 

V- 


sr'^fU--^dap.. 

/iOA J j . 

U “ “ “ ‘ " 
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particular solutions of the differential equato = l^ZZt 

L rather in the eigenfunctiona of the „a,fd if 

functions of the potent,al j J the more general 

instead of the boundary condition (10) ^^e presti 

condition 


du 

dn 


-f- /t« = u 


except that in this case ,ve must subject the eigenfunctions u. to the 
corresponding homogeneous condition 


du 

dn 


hu = 0 


,— iin<p§ 


In the special case of a sphere of radius a ,ve obtain from (12) and 
the boundary condition (10) 

^ « (To, K T’o) 

^ ^ (Z:„, ro) K iKi «) (cos ^o) ‘ 

(13 a) A„^=fjUir: (cos 

where W and J7„ have the same meaning as before. The extra factor 
on the left ^ide of (13) is due to the fact that, as with the Bessd 
functions and the spherical harmonics, we have to normalize the t^^o 

functions exp (- i m <po) and exp {i m<p) to I r ^ s. ^ . „nd 

Written in terms of the same variables Q = ifo, n ana 

expanded in terms of particular solutions of Au = 0 our solution 
reads: 


(14) 


2 71«(ro, i?o. ?o) = 





By comparing these solutions we obtain remarkable summation formulas 

(see exercise V.3). , 7 pu 

Finally, we must consider the exceptional case k — /c„. I'rom tne 

mechanics and the electrodynamics of oscillating systems we know the 

“resonance catastrophe”; if the rhythm of the stimulating force equals 

a proper frequency of the system the oscillations increase to infinity. 

The condition for this event is to = cOm, and hence k = k„. Equation 

(1) then assumes the form; 

(15) AuA-hl,u = q. 

Here we have an inhomogeneous equation i\ hose left side coincides ith 
the homogeneous equation of a free oscillation. 
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For simplicity we first consider the two-dimensional case of the 
membrane of §25, which now, however, is subjected to a periodically 
changing transversal pressure® Q —Q {x, y) with an arbitrary distribu¬ 
tion over the membrane. Do pressure distributions exist for which the 
resonance catastrophe is avoided, that is, for which equation (15) has 
continuous solutions throughout (for the boundary condition « = 0)? 
The answer to this question is physically evident; for such a solution the 
pressure on the membrane may do no work. Hence we must have: 

(16) fgu^d(T=0. 


The pressure distribution must be orthogonal to the eigenfunction u = u^ 
with which it is in resonance, e.g., it may have equal magnitude in oppo¬ 
sitely oscillating sectors of the membrane; in particular the pressure along 

a nodal line may be of arbitrary strength. 

This orthogonality theorem is a corner stone in the theory of integral 
equations and has important applications in the perturbation theory of 
wave mechanics. Here we must be content with uncovering its physical 

basis. 

The orthogonality theorem can be adapted directly to the three- 
dimensional case if in (10) we replace the surface integral with respect 
to da by a volume integral with respect to dr . Then we see that the 
expansion coefficients and in (3) and (4) vanish for n = m. By 
passing from the continuous distribution p to a ^-function we obtain 
information about Green’s function in the case of resonance. From 
= 0 and equation (4a) we have u*(Q) = 0. In other words: The 
singularity of Green’s function must lie on a nodal surface of the critical 

'proper oscillation ^ 

For this position and only for this position of the source point Q 

an everywhere regular Green’s function exists. The special form of 

Green’s function for the case of resonance is obtained from the general 

form (5) by omitting the term involving A-„.; it therefore reads: 



G {P, Q) = 


-z 

n=^7n 


^nlPXiQ) 

'‘n 


§ 28. Infinite Domains and Continuous Spectra of Eigen Values. 

The Condition of Radiation 

With increasing domain the eigen values become closer and closer; 
for an infinite domain they are dense everywhere; we then deal with a 

continuous spectrum of eigen values. 

. More precisely: pressure divided by surface tension 7’jsee eqimt.o^n ^G5.1) ). 

The dimension of q is not that of pressure dyn/cm.», but cm^ ^ cm 
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values are given by the equation 


( 1 ) 


Vo a) = 0. 


Sin Q 


Vo(e) = -i 


Hence k,a = v.t and the difference of successive eigen values is 

Alf =— ->0 for a->-oo. 

a 

f c:rior thp function Vo (^’') "hich is everywhere 

infinity as an ei^nnstion »/ 

s “3^;“ i, ';srr-“=5 

SSESi'^airsi-: 

infinity 'we call it the condition of rodiotion: the sources must be 
infinity. »e ca radiated from the sources 

must" to tXityi no energy nmy fie radiated /roni inanity into the 
prescribed singnlarUies of tk, fUld (plane waves are excluded since 
them even the condition u = 0 fails to hold at infinity). 

For our special eigenfunctions 


1 /e^*' c-“"\ 

Voi^^) = Ti\T' r j 


the state of affairs is simple: for the time dependence exp (-<»<) 
e**7f is a radiated, an absorbed, Vo^^*") ^ standing ^\ave 

(nodal surfaces kr = ve-x). By excluding absorption from infinity we 
exclude the addition of the eigenfunction Vo(*»') • 
missible singularities are restricted to the form 


(la) 


u = C 


.il;i 


For th6S6 singulfiiritics W6 ha.v6 tho condition 


( 2 ) 


Limr^^ —iiu^ = 0, 


r -*^00 


It is called the general condition of radiation and we shall apply it to all 
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acoustic and electrodynamic oscillation problems that are generated by 
sources in the finite domain. 

In fact, condition (2) holds not only for the spherical \va\'e (la) 
which radiates from r = 0, but it also holds for a stimulation which acts 
at the point x = xo, y = yo, z = zo 

fikS, 

u = C-^, R2 =■. {x — Xf,)^{y — + (z — 


Hence, for a continuous stimulation of the spatial density e = y^, z^) 

we have: 

/ ^ika 

Q dx^ dzo . 


This holds not only for unbounded space, but also in the case where there 
are bounded surfaces a on which arbitrary linear boundary conditions 
are prescribed, whether homogeneous, e.g., u = 0, or inhomogeneous, 
e.g., u = U. In the former case we have scattered or reflected radiation 
emanating from the surface a , whereas in the latter case we have 
radiation that is stimulated by the pulsating surface a itself (see 

p.186). 

As counterpart to the radiation condition (2) we have what may be 
called the “absorption condition”: 



Lim r 

r->oo 



We demonstrate the general validity of the radiation condition by 
showing that it guarantees the uniqueness of solution of the above general 
oscillation problem. We may then be convinced that the unique solution 
of the mathematical problem is identical with the solution that is realized 
in nature. Our problem is the following: 

a) In the exterior of a surface a, which may consist of several surfaces 
a^, the function u is to satisfy the differential equation 


Au + l^u = Q 

The function Q measures the yield of the sources which may be 
continuously distributed or concentrated in single points. The 
function q is given and must vanish at infinity with sufficient 

rapidity. 

b) On o the function u is to satisfy u = U, where U is a given point 
function on a. The surface a lies entirely in the finite domam. 

c) In the finite domain u satisfies the condition (2). The quantity r in 
(2) stands for the distance from any fixed finite point r = 0. Around 
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this point we draw a sphere^^ turface“^.:^:nT » the sphl" is 

xr^nis the solid angle seen from r - 0. The 

'"mXHvo solutions of this problem «. and n, exist and, 
as usual, form 


as well as the conjugate function w>. The* ““ ” 

tions a) to d) with p = 0 and C/ - 0. Then m Green s theorem 


i/J = Ul — W2, 


(4) 


j(wA w* — w* Aw) dr = 


jda +j r^rfcoj (w 


dw* 


w 


dw 

An 


the integral on the left and the first integral on the right vanish. He 

the integral over the sphere Z must also vanish. 

For the further discussion we write: 





/n (^. <P) 

r” 


9 


which is shown to be sufficiently general by the following: we cojisider w 
expanded in surface spherical harmonics Y„(^, ?>) ■ According to §24 
the coefficients must be of the form 

where C is connected with the half-index Hankel functions by equation 
(21.15). But here we must haveD„ = 0, because of the behavior of Cn 
for large values of the argument (see §21 D, p. 117). At the same place 
we learned that the are composed of a finite number of terms of the 
form e**7(ifc r)™, m <n . By arranging this expansion in spherical 

harmonics according to powers of r”” we obtain (5), where the q>) 

turn out to be finite sums of surface spherical harmonics. 

The /„ satisfy a simple recursion formula. According to (22.4) the 
differential equation Aw + hhv = 0 written in terms of r,^, ip, 
yields the equation 

^ D{rw) + k^rw = 0. 


(6) 
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where D is the differential symbol of (23.15b) in the coordinates 
Applying (6) to (5) we obtain 



2ifcn n(n+l) D 

,n+l ' yii+a ' yW+sl/n 


Replacing the index of summation n in the first term of the parentheses 
by n + 1 we obtain 


Z [- 2 «■*(»+1) /,+! + {»(» +1) +B}/.] = 0 

n*0 

and hence the recursion formula: 

(6 a) 2i h{n + 1) + i = {n(n + 1) + -D} /« • 


Hence: if fo = 0 then a///i = /2 = . . . = 0. 

We now inv'estigate the remaining integral in ('4). Since we are 
interested in the limit for r ->oo we can replace w by the first term of 
its expansion (5), ignoring the higher powers of l/r, whence: 

w = —/o, ^ 


dw 

cn 



Thus we obtain: 




f r^da}(w^ — w*^^=—2ikjiofod(o. 

The integrand is positive as long as fo 7^ 0. But we saw in (4) that this 
integral must vanish. Hence 

fo = 0, and due to (6a) fi = fz = . ■ ■ = 0. 

Therefore 

w = 0 and W 2 = Mi- 

The author’s original proof' of this uniqueness theorem assumed, in 
addition to the conditions a),b),c) for u, the existence of Green’s function 
for the exterior of the surface and an additional * finality condition. 
The fact that the latter is superfluous has been rigorously proven by 
F. Rellich* even for the case of an arbitrary number of dimensions A 

’ See footnote on p. 183 and Frank-.Mises II, chap. XIX. §5. The form of the 

proof given in the text is essentially F. Sauter’s. 

‘Jahresber Deulschen Math. Vereinigung 53, 57 (1943), which also treats the 

case in which the surface tr stretches to infinity. 
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where the redistion condition reads 

(7) ( 


ar 


iku) 


0 . 


r-»oo 


j 1 A = '» where as we know, the spherical 

In the two-dimensional case k //‘(jtr), equation (7) 

wave €**'/r w replaced by the cyhndncal «a\e 

becomw 


Lim 


( 7 ») 

. • £ j u In the one-dimcnsional case, 

,hk-h «-tu.Uy » by “ - "»'*'>• equation (7) 

«hai» tha radiatma .ava la pvnn h> aip(.tl*l). «! 

\trcotnf* 




0 . 


(7b) 

Followin* Rellich. we stress the fact that no radiating solution u 
of the wave equation can exist which, in every’ direction approaches ^ro 
mtwe rmoidlvthan 1 r. For such a function u we would have fo 0 m 
(5) and^•«■««* have seen, this causes u to vanish identically. In this 

reanect the wave equati.m differs from the potential ^ 

3J^«4utiun. e.i« whioh, (or inrmaaina r, d«re.«. /“P''*'?’ 

1 r the so^alled dipole, quadmpole, and octupole fields of §24 C Fo 
the’wave equation such an r-acpendence, which implies a pole of higher 
oitler than 1 r at r - 0. can liappen only in the so-called near zoiie 
{f<A. A- wavrlengthM in the “far zone” (r > A)^very solutiori 
of the wave equation Ireliaves like the spherical wave /r. 1 otential 

theoo- « the limiting case A - oo . as for this case, the near zone 

reaches to infinity, so to speak. 

We now come to the problem of Green * function for a continuous 
gpectrum We first consider in detail the very simplest one-dimensional 

example (_oo < i <.-l-oo), in which the radiation condition is the 

oftlr boundarx- eonditioo prescribed. Green’s function is then identical 
with the “principal solution" intnxluced on p. 47. and therefore has a 
"unit source” at an arbitrary prescribed p<iint i * x# (see exercise 11.3). 
ti miMt flaiisfY the conditions: 


•) 

b) 

c) 


S + ‘*c-o 



dl*l 


-ikG 


1, (definition of unit source) 
0 for z ■» ± oo. 
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The solution is seen to be 




1 

2 ik 
1 

, 2 i k 


g-a-(a-a-o) 


for X> Xq, 
for X <Xq . 


We compare this to the representation (27.5) first for the finite 
region ^ <! * ■< + Z , but with the usual boundary conditions 
replaced by the radiation condition. In preparation for a continuous 
spectrum we change the name A'„ of the eigen values to A ; the eigen¬ 
function u = which belongs to A is then defined by 

— I <x <-{-1, 

\x\ = l. 


(9) u = Ae'^^+Be-'^^, 

then according to b) we must have 

A{±k-k) -1- 5(=F A - k) = 0 , 

A k + k _ A —^ „+2tAI 

B-l-k ^ ~ ?i + k 


a) 

b) 


dx^ 

du 


A2« = 0 


iku = ^ 


If we write the solution of a) as: 


From this we obtain the equation for A: 

This equation splits into the equations 


(9a) 


11 

w = 2 -4 cos Ax, 

(9b) 

A —^ „2iXl _ 1 

A + A:® 

1 

11 

w = 2 i 4 sin Ax. 


From (9a) we obtain as first and second approximation 

for ;.>t, A = and =:^».(l-|s). 

tor X<.k, ; = l(m + i) and =i(m + i)(l-o).'» = ').1.2,- 


(10a) 
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where m is an integer. In the same manner 


we obtain from (9b) 


for X'>Tc, X = + 

for A<C^> ^ 


tn->oo, 


f 1 

and = j (w + i) [1- ’ 

and = Tt»(l-n)’ 



Fin 26. The path of integration U'l is com- 
pM?d by the path If. W an infih.le do^ P» 

can be deformed so that it runs m the positive 
imaginary A- half plane. 


*• - T •'tj.Tf: »: t""i“» 

S.“ S i~ a. «»•" —Ka'i “£;■ a". 

lo lll% the TuTcISkTpoini aUernatingly belong to cosine and sine 
»Uons aL noLlization to 1 these eigentunC.ons are 

- COS A X ) * *' 7 3 7 

sin AI cos A I 


( 11 ) 


u = 


Vl{l+A) 
1 


/! = 


sin Ax , 




Yl(l — A) 

Tn the limit i oo the A- points of Fig. 26 will be everywhere dense 
on the right halt curve denoted by W',. The difference between two 
Iceiive points of the sequence (10a) or (10b) then always becomes 


(lla) - I 

We now return to the representation (27.5) of Green’s function. 
For uiP) and u{Q) we substitute their expression (11) m the variables 
X and xo respectively, and combine the pairs of successive cosine and ^ne 
terms, i.e., the terms which belong to successive eigen values A. ihe 

numerator of (27.5) then becomes 


(P) *(Q) cosAxcosAxq . sinAxainAT, 


7/1 -1- A\ 


+ 


7/1 




According to (11) and (lla) we have for Z oo 

9 The fact that the eigen values are complex in contrast to the theorem on 
p. 109 is due to the fact that our present boundary condition is of a complex nature. 
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19() 


/1 = 0 , 






Hence the numerator in (27.5i becomes cos / (x — Iq) rf/?t, while the 
denominator in our present notation is Jt* — a*. Erjuation (27.5j then 
becomes 




1 /■C08A(x—T o) 



J A* —A* 


H' 



where W in the last term is the path 11’, 4- H'l of Fif?. 26. The fact that 
the integration over 11’, is equal to one half the integral over the whole 
path ir follows from the fact that in the integral over IF, both the numer¬ 
ator and the denominator are even functions of X. The fact that in the 
last term we can replace the cosine by the exponential function follows 
from fact that the sine part of the exponential function is odd in A and 
hence vanishes upon integration. The path W is much more convenient 
than TF, since it can be deformed away from the origin by the methods 

of complex integration. 

The manner in which this deformation should be performed can 
be seen from Fig. 26. For positive z - xo the path W can be drawn over 
into the positive imaginarj’ X half plane, for negative x - zo it can 
drawn into the negative imaginarj' half plane. In the one case the path 
can not be transformed across the pole A = + A of the integrand in 

(12) in the other case it can not be transformed across the pole A = —*• 
Fondling the residues and combining the two cases we obtain from (12): 

(13) ^ = 27a‘' 


Thisi.sexacilythesameas{8). , . r .u- 

Hence we see: The general represeniaiwn (27.5) of Green s furuiwn 
remains valid for a coniinuous eigen value spectrum if, xn accordance xnih 
the radiation condition, we consider a complex path of x^gration. If 
instead we have the "absorption condition" (% replaced by t m (la) 
and (2)), then instead of IF we have to consider its reflect^ image on the 

real A-axis; we then obtain equation (13) with i ^ 

If instead of the one^imensional case we consider the two- or thi^ 

dimensional case and correspondingly replace the 

polar coordinates r, <p and r,^,<p, then the spectrum of ^ 
values becomes continuous otdy in the r-coordinate but remain^i^ 

angle coordinates. For example in the case of unbounded 




197 

§ 28 . 15 eigenfunctions and eigen values 

three-dimensional space we start from the following representation of 
Green’s function 

14) 2 7tG{P,Q) = 


K 



/ 


(14 a) 


F = W„{^r) !F„(Aro). 


Here, as in the preceding section, n and V stand f- 
harmonic and Bessel functions normalized to 1, and m t 

the left side is due to the normalisation of the functions 

and exp {-imip.} ■ As in Fig. 26 the path W , ^ j 

ll^Lst give a brief disission of the way in which this representation 

can be treated in analogy to the one-dimensional case. T is "' ^ 

representation of spherical and cylindrical waves which we have met 
before. 

In order to transform Wi into the path W of Fig. 26, we write 

y/„(Ar)=4(Zi(Ar) + Z2(Ar)), 


For the convergence problems which arise in connection with the 
normalization we refer the reader to Appendix I. Due to the proper¬ 
ties of Hankel functions (see exercise IV.2, m particular equation (1 ), 
and also the discussion in connection with equation (32.13)), can 
transform the integral over TFi, which involves the function F of (14a), 

into the integral over W involving 

(14b) Fi = lZl (A r) W„ (A r^) r>r^. 


and 

(14 c) Fa = i (A r) Z], (A r^) r <r^ 

Since the integrand iFi,2/(fc2 _a 2) vanishes at infinity in the positive 
imaginary A- plane for both cases , the integral of (14) reduces 

to the residue at the pole ^ = k: 




iZi {k T) (k ro) 

K {k r) Zl {k r„) 


r>ro, 

r<ro. 


Applying the addition theorem of spherical harmonics (22.34) we obtain 
from (14): 
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G{P>Q) = m^ nn (cos 0) i7„(1) 

n = 0 


{Zl {Jc r) {k ro) 
K {k r) Zl {k ro) 


r>ro, 

r<ro. 


For reasons of symmetry G{P,Q) in unbounded space is a pure 
function of the distance 


R = l/r^ + r^ — 2rrocos6>, 


between P and Qi namely, due to the definition of the unit source on 
p. 47 we have 

(16a) G{P,Q) = = 

where fp given by (21.15a). If, on the right side of (16), we pass 
from n, W, Z to P,s>, f (see Appendix I equation (9a)), we obtain the 

addition theorem (24.9a). 

The corresponding series for the two-dimensional case are con¬ 
tained in (21.3). 

More important than the derivation of these knowm formulas is the 
generalization to the case in which space is not unbounded but is 
bounded by a finite closed surface a (or, in the two-dimensional case, 
by a curve s) with prescribed boundary conditions. We are then dealing 
with the proper problem of Green's function: to find a function G{P,Q) 
having a unit source in Q, satisfying the radiation condition at infinity 

and the given boundary condition on a (or s). 

We choose the special case in which the surface or is a sphere 

r = a, and the boundary condition is 


(17) 


u = 0. 


The point Q is to lie on the ray 

The eigenfunction which belongs to the eigen value A is no longer 
rpjkr), but can be written in the (non-normalized) form 

u„(A,r) = V'n(^»') + ^ 


(18) 

Due to (17) the function A becomes'® 


(18a) 


A = -- 


y>n (^«) 


c (^) ■ 

For the construction of Green’s function we shall not follow the 
general method of equation (14). Instead we shall use a shorter though 

‘0 The fact that A depends on A made it necessary to write t. (A.r), instead 
of tt (A r). 







199 


§ 28 . 22 


EIGENFUNCTIONS AND EIGEN VALUES 


less systematic approach based on equation (24.9) for unbounded space 

* = y (2 n + 1) P„ (COS 

ikR 


(19a) ) 
(19b) I 


n-O 


^I0cro)y>ni^r) 


r C-Tq. 


Here (19b) tvill not yet satisfy condition (17) for r _ a; in order to 
satisfy (17) we complete the right side of (19b) by adding 


00 



C' (i r) 

(2 n + 1) P„ (cos 1 ?) Cl {k ro) (k a) , 


n 


Due to (18) the right side of (19b) becomes 


( 20 ) 


^ (2 « + 1) P„(cos {>) Cl (k fo) «»(^. 0 • 

n—0 


If we make the same adjunction to (19a) then the continuous passage 
from (19a) to (19b) for r = ro is preserved, as is the radiation condi 
for r oo . The right side of (19a) becomes 


( 21 ) 


^ (2 n + 1) P„ (cos &) Cl {k r) u„ {k, r ^). 

n — 0 


From (20) and (21) we obtain Green’s function by adjoining the factor 
hjAni which, as in (16a), is due to the condition of a unit source. 

We then have: 


\ Cl{k r) u,, (k, Tf,) r>ro, 


(22) e(P.e)=44i„.§<2”+l)'’-“'“^>k-(ir.)«.(fer) 


rn. 


This way of writing reveals the connection with our general method 
in (14). The function F of (14a) is now represented by 

F = u„{X, r)M„(A, rj; 

except for a constant normalizing factor. The corresponding functions 
Pi,p 2 of (14b,c) become 




1 \Clik r) (A, ro) 
Cl (A ro) ic„ (A, r) 


r > r„, 


0 


Bv forming the residues for A — k we then obtain equation (22). 

In Appendix II of this chapter we shall introduce a novel method of 
constmcting Green’s function, which not only improves the convergence 
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of the series in the most important cases, but also reveals new aspects 
of the method’s applicability. 

In the appendix to the following chapter we shall further show that 
this method would solve the problem of wireless telegraphy on a spherical 
earth (for infinitely conductive soil and a vertical “dipole antenna’’) if it 

were not for the decisive role of the ionosphere. 

Finally we remark: a representation of the form (14) remains valid 
if as the surface o we choose an ellipsoid instead of a sphere. Instead 
of the r, ■&, (p we then have to use the coordinate system of confocal 
ellipsoids and hyperboloids. The spectrum of eigen values for the exterior 
of the ellipsoid will then remain discrete in the parameters of the one 
piece and two piece hyperboloids, but becomes continuous in the 
parameter of the ellipsoids. By integration over this last parameter we 
would obtain a simplification similar to that of (22). Even in the most 
general case where there are no separating coordinates, in vhich the 
eigenfunctions can be decomposed into products, we can still use equa¬ 
tion (27.5) as a starting point for the representation of Green’s function. 


§ 29. The Eigen Value Spectrum of Wave Mechanics. 

Balmer's Term 

The Schrodinger equation of w'ave mechanics for the simple case 
of the hydrogen atom reads 

( 1 ) 


This is our equation (7.15), with the difference that the symbol of enerp 
W has been replaced by the difference of the total energy II and the 
potential energy. V or, mechanically speaking, by the kinetic energy. 
The Rutherford model for the H-atom consists of a nucleus, the proton 
with a -f e charge, and of an electron with a - e charge that moves in 
the proton field. Its potential (Coulomb) energy measured in electro¬ 
static units is 


where r is the distance from the proton and V is normalized so that a 
infinity we have F = 0. The mass energy moc= of the electron at res 
is not to be counted in the total energy. In the following we may con¬ 
sider the proton at rest at the point r = 0. t,.p„tpd so 

Equation (1) differs from the wave equation we have tieated 

far because the constant has been replaced by a point function whic 
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, • i. — n Whpreas we have used k to denote 

becomes singular at the point r ■ , Hence, we shall 

eigen value, we shall now use 1^ as an cont nuous m 

«eek those values of W for which (1) has a " TncUons of our “Kepler 

the entire space. These solutions are e g electron 

problem,” where the nucleus plays ^ ^ ,p,ee, 

the role of the planets. Since t ® ^ ^ j^he r-coordinate as in 

the spectrum of eigen values \\i spectrum 

equation (28.14). More important for us is the fact that tne p 

us the discrete spec.ru™ by jn^uring 
the hue sAtruu., which, in the case of hydrogen. ,s gn en ,n_.he us.bie 
range by the Balmer senes ff,. «. The 

^i:u:urr:rcer: s” :: 

SSs .“aTof a7Jcha^ica, sy^ema^ 

Niels Bohr gave a general explanation of the Balmer sene 
limiting frequencies twelve years before j J ‘'l Wve^r the 

concept of orbits he used lead to diverse contradictions ° " 

tri 2o based on quantum theory is indicated by the entrance of 

Planck’s constant K = kj27i . . x. ■ e « v The 

What is the physical meaning of the eigenfunction ip ■ 

answer to this question shows the compiete 

nature that quantum theory has brought about: \v\ dxdydz ta ^ 
for the probability with which we may expect to find the hydrogen electron 

at the point (x,i/,^) within an error of dx,dy,dz Hence, 
the concept of probability takes the place of the concept of strict de er- 
minism which rules in classical mechanics. The measure of indeter¬ 
minacy in the atomic range is Planck’s h ( Heisenberg). 

The “normalization of the eigenfunctions to 1, which so far had 
been introduced only for mathematical simplicity, thereby acquires a 
fundamental meaning. Namely, the equation 

(3) /lvl2dT = l 

asserts the certainty that the electron is somewhere in space; this condi¬ 
tion is necessary from the point of view of wave mechanics. Equation 
(3) holds for a discrete spectrum; for the continuum it must be modified 
according to the prescription of Appendix I to this chapter. 
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now turn to the integration of (1), introducing the coordinates 
r,§,<p . If we write the wave equation in the form (22.4) and let“ 

(4) y) = x{r) IT {cos 

then according to the differential equation (22.13) we obtain 







We first consider the case in which the electron is tied to the nucleus. 
Then W must be negative since the energy of the electron at rest at 
infinity is normalized to zero. If it is absorbed by the nucleus and 
stably tied there then its energy is decreased. If, on the other hand, 
IT > 0 then even for an infinite distance from the nucleus the electron 
has positive kinetic energy and, mechanically speaking, has a hyperbolic 
orbit. 

The asymptotic behavior of % for r cx> is obtained from (5) by 
neglecting all terms with 1/r and 1 'r-: 

^ If y = 0 

drt ^ A* 


For negative IT we write 

^ = Q = ^]/-2mW. 


The other solution of (5a), namely, % = (+e/2), niust be neglected 

since x 's to be finite everywhere. 

In order to obtain an exact solution of (5) we write 

(6) x = ^~ «(e) 


and obtain as the differential equation for v 







with the abbreviation 

(6 b) 



m e^jh 
^—2mW ' 


" Here we denote the lower index of P by / instead of n, corre.sponding to wave 
niechanieal usage: / = azimutlial quantum number, nr = radial quantum number. 
„ ^ q.; q. 1 = total (luantum number, n = magnetic quantum number, where 

we now have — I ^ +1. 
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We 


write 


(7) 


V = 


w 


= ao+ «ie + 


and in analogy with (19.37) we obtain: 

( 7 a) ;i(;i + 1 ) = I(Z + 1 ), and hence A = +/. 

The other root of (7a) A = - i -1 must be excluded since v as well 

as must remain finite for g = 0 . The recursion 
a* is obtained in analogy with (19.37a) by equating to zero the coeffi¬ 
cients of + in the power series obtained from (6a) and (7)- 
Thus we find: 


(7 b) 


a* + i [(A +A: +1)(A-1-*) 

+ 2 {}i + k + 1) - I {I + ^)] + ^ ^ ^ ' 

If in this equation we make the coefficient of a* equal to zero by setting 


(8) n = A: + A + 1, 

then a*+. vanishes and so do all the subsequent terms in w: the series 
breaks off, that is, w becomes a polynomial of degree k, whose further 
properties we shall treat later. For the time being we shall stress only 
the following facts: 1. Due to the factor exp(—g/2) m (6), we see 
that as r -> 00 the function % tends to zero with sufficient rapidity 
to make possible the normalization of y according to (3), no matter 
what the degree of the polynomial w. 2. If the series did not break off 
then from (7b) we should obtain an asymptotic behavior of which 
would make w become infinite to the order exp {+ q) ior q^oo , 
and the normalization of tp would be impossible. Hence the require¬ 
ment that the series for w break off is a wave mechanical necessity. 

We now consider equation (8). We denote the value of k there 
by Hr (radial quantum number) and for A we substitute its value 
from (7b) (azimuthal quantum number). Hence, according to (8) n is 

integral: 

(8 a) n = «, -f Z -t- 1. 


This number n is called the “total quantum number.” From equation 
(6b) we obtain: 

fYi fiA 

(8 b) TT = W„ = 2 • 


Setting W equal to the energy quantum h v we obtain 
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(9) 

where 
(9 a) 


wi e* _ R 



2 


This R is the above mentioned “Rydberg frequency”; it can be measured 
spectroscopically with extraordinary precision and hence can lead to an 
improvement of our knowledge of the fundamental constants 

The number v of (9) is called the Balmer term. 

The observable frequency of a spectral line is obtained by the 
passage of the atom from an initial state 1 to a final state 2 and is com¬ 
puted as the difference of the associated terms V 2 and rp Hence for the 
hydrogen spectrum we have 

( 10 ) = 


The Balmer series corresponds to the passage into the final state th = 2; 
the Lyman series which lies ip the ultraviolet range corresponds to the 
passage into the fundamental state of the hydrogen atom = 1; m 
both cases the passage is from an arbitrary initial state ni > nj. Hence 

we have 



n = 3, 4, 5,... 

Balmer series, 

« = 2, 3, 4,... 

Lyman series. 


The series with = 3, n 2 = 4, . . . lie in the infrared domain. 

.\fter having learned about the eigen values of the H-atom we wish 
to consider the analytic character of its eigenfunctions. With the use of 
(7), (7a) and (8a) we obtain from (6a) 



QW''+ [2 (1+1) — q] w' + {n — l-l)w = 0. 


This equation is obtained through (2/ -f IVfold 
simpler differential equation 


differentiation from 




qL" {1 — q)L' -i- fiL = 0 with n = n-{-l. 


For every integer fj. 
solution of degree fi. 
solutions: 


this eciuation has one and only one 
With a suitable normalization we 


polynomial 
obtain the 
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eigenfunctions and 


eigen values 


/i = 0. 

L = 

= 1> 

L = 

ti = 2; 

L = 

n = s, 

L = 


= Q 


1 , 

—Q + 1 > 
2_4g+ 2, 
3 + 9^2 


= — Q 


—18 g + 6 


These are precisely the "di—I 'e^ia^lton'Is 

polynomials; equation (1 ) ^ differential equation coin- 

indicated by the choice o confluent hyper- 

cides Avith the differential equation (24.29) ol ^ 

geometric function for the parameters «_/<-« 

Hence we have 

(13) L = F {-n-l, I, q) ■ 

Hence from (4), (6), (7) and (7a) rve obtain the representation of the 
hydrogen eigenfunction 

, - Af n* e" 0'^ FT (cos d) e’"*^ 

( 14 ) y) = IS Q e w^ 2 i + i f' ' 


dg 

where N is a normalisation factor dne to (3). From (5a) and (8b) we 
obtain Q : 

^_2r „ _ ^ ^ 10“° cm. 


iio-« 


(14a) 

where as is customary, o denotes the “hydrogen radius. a- 

In order to justify this notation, and as a single special application 
of thfaW, we compute the “probability density” in the '‘bindanien^ 
state” n = 1 of the H-atom. Forn = 1 we have according to (8a) 

) = m = 0, = 0 and hence from (14) 

_ W, e- - Wr e- . |v p = »? c" , 

where from (3) we obtain N, = (J. «“)-* ■ Hence, the probability of 
finding the electron is distributed spherically over the nuc eus. For 
r = 0 this probability assumes its maximum iVi, for r - a its a alue is 
only (fV 2 /e)^but it only vanishes at infinity. The charge density is propor¬ 
tional to this probability. From the point of view of wave mechanica 
statistics we do not have an electron which is concentrated at a point, 
but instead we have a charge cloud whose principal part is m the interior 

of a sphere of radius a. • j i 

From the older point of view of orbits we must ascribe a disc-hke 




206 


PARTIAL DIFFERENTIAL EQUATIONS 


§ 29 


form to the H-atom. The fundamental state (circular orbit of radius a) 
then corresponds to a circular disc. In a magnetic field all the circular 
discs of an H-atom gas would have to be parallel to each other and per¬ 
pendicular to the magnetic force lines; a light ray passing through this 
gas would have to show “magnetic double-diffraction.” Precise measure¬ 
ments by Schiitz, though performed not on an H-atom gas but on the 
analogous Na-vapor, showed no trace of this phenomenon. This is one 
of the contradictions which have been cleared up by wave mechanics. 

A behavior similar to that of the fundamental state of the H-atom 
is obtained for all states with I = 0, the so-called “s-terms” of spec¬ 
troscopy. For I = 0 we obtain from (14) 

= 6 = ^. n = n,+ l. 

which again means spherical symmetry. Such s-terms are the funda¬ 
mental states of the alkali atoms Li, Na, K, . . . . The same holds for 
all completed shells, e.g., the so-called eight-shells of rare gases. The 
proof is based on the addition theorem of spherical harmonics. This 
spherical symmetry of the closed shells is obviously of great importance 
for all chemical applications. 

We have to add a few remarks about the continuous spectrum of 
hydrogen, that is, about the states IF > 0 (the “hyperbolic orbits” of 
the older theory). The electron is then no longer tied to the nucleus 

but is still in the field of the proton. 

According to (5a) and (6b) q and n become purely imaginary for 
IF > 0. In the asymptotic solution (5a) the two signs of pare equiva¬ 
lent; both .solutions exp {ip/2}can be used. It is unnecessary, and 
due to the imaginary character of q it is also impossible, to make the 
series (7) break off. Hence every value of IF is permissible. The W- 
speclrum becomes continuous and reaches from IF = 0 to IF = oo. Since, 
according to (8b) IF = 0 corresponds to the limit n = oo of the discrete 
spectra, we see that to each of these spectra there adjoins a continuous 
spectrum in the short wave direction. The analytic form of the repre¬ 
sentation (14) remains valid; but L is now no longer a Laguerre poly¬ 
nomial but a confluent hypergeometri.c series which does not break off, since 
the parameter a=-n-l in (13) is no longer negative integral but 

general complex. 

6 30. Green's Function for the Wave Mechanical Scattering 

Problem. The Rutherford Formula of Nuclear Physics 

Nuclear physics originated with Rutherford’s experiments on the 
scattering of a- rays by heavy atoms. Since the electron shells of the 
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c */ voxra \vp iTiav trcftt tliG scRttcrifig 
atom are immaterial for the case o ^ We are dealing, in 

problem in terms of the charge Ze, where Z is the 

fact, with a Mo-bo* and a particle interacting 

a-ith it (in this case an - P^'* , 

Z' = 2; in the pieceding ^ ^ 

corresponding to the . that corresponds to the energy 

that point of the continuous spectrum 

rHa^'e a‘n1 rnTlL^ihelinetic energy of the a-particle is 


ITT 2 


hence 2 W* — i^a > 


. -* :;r 5c thp kinetic momentum of the «-particle. 

H Tnlw pa:: fl^m the corpuscular Merpretation of the «- rays 
to the “complementary” wave interpretation, then pin is, at the same 
time, the wave number^- K ^^e a- rays. 

Hence we have 


( 1 ) 


k 


y 


W 




We can, therefore, rewrite the variable Q of (29.5a) in the form 


( 2 ) 


o = 2 i k„r . 


For an arbitrary point of the continuous spectrum (i.e !»^an arbitra^- 
value W different from Tf. ) we replace K by ^ as in §28. Equations 

(1) and (2) then generalize to 


(2 a) 


1 / 2m^W 

— y 


r 


0 = 2 ikr . 


If, as before, we assume the nucleus at rest then the wave equation 
(29.1) becomes 


(3) 


Ay) + 


2 m. f... ZZ'e^ 




W- 


xp 


= 0 


For the time being we replace (3) by; 

In fact the formula K—pl^ is the equation of L. de Broglie; “/i times the 
reciprocal of the wavelength equals the momentum.” which in turn is the relativistic 
completion of Planck’s equation; "h times the reciprocal of the time of oscillation 

equals the energy.” 
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§ 30. 3a 


(3a) Ay,^K^y, = Q, 

for the point A = of the spectrum we then have 




2 tn^ZZ'e^ 

Wr 


We note the important fact that in the difference K^ — K\ the 
potential term, which is a function of position, is eliminated, so that this 
difference becomes independent of position: 



The reader should convince himself that all our previous deductions 
from Green’s theorem, such as the orthogonality of the eigenfunctions 
in §26 or the representation of Green’s function for constant ¥ in §27, 
remain valid for our generalized wave equation A\p0 with 

a function of position given by (3a,b). 

We now return to the Rutherford scattering experiment. If we 

consider the source of the a- rays (the radium particle) to be point-like 
and in the finite domain, then we have a spherical wave of corpuscular 
ravs, which is modified by the presence of the nucleus in the manner 
prkcribed by the wave equation (3). However if we remove the source 
to infinity, which is more natural and at the same time simpler, then we 
have to treat the same problem for the plane wave. In both cases the 
solution is given by Green’s function of §28; in the first case for a geneial 
position of the source point Q, in the second case for the limit Q->oo- 
Since Green’s function was to be summed over the complete system of 
eigenfunctions, we have to consider the discrete as well as the con¬ 
tinuous eigen value spectrum for a finite Q. However in the limit 
Q _> oo u{Q) vanishes for all eigen values of the discrete spectium, 
hence, in this case we have to carry out the integration over only the 
continuous spectium. We may retain the expression (29.14) for the 
eigenfunctions u{P) in question, if we replace Q by 2iXr m accordance 
with (2a). If in addition we let «= 0 be in the direction of the line 
which joins Q to the position 0 of the nucleus, then the scattering prob¬ 
lem becomes symmetric with respect to the axis t? = 0. and hence 
independent of cp , so that the eigenfunctions u{P) must be inde¬ 
pendent of (p . Therefore according to (29.14) we have 



u{P) = XiiQ) 





The corresponding expression for u(Q) is obtained from (5) b> 

P, (cos^) by P, (cos t?o) = 
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i-u V u /I ->oo We then obtain the repre- 
and then passing to the • g performing the integra- 

sentation of the ^ wave ^ 28^14 W 

r: r- obtarales presentation of the forn. 

(6) e = 2i^a»-. 

..Here the coefficients C, are deternrffi^n a ao—“n^Th: 
“;P-rrof "Pr - r— - arst .nvea h. 

W. Gordon.'* obtained if we replace the polar 

A much simpler representa j • We thus obtain as 

(p Appcnata m of th. 

chapter): 

(7) 

Here k is the wave number of (1) 


y = n = r-x = r{l-cos^). 


(7 a) 


k = k, 


rrki V 


ana n is the total quantum "™ber..which becomes purely taagn^^, 

for the continuous spectrum as mentionea at the ena o § . 

quanlum number is computea from (29.13) where, as m equat.on (3), we 
have to replace e* by — ZZ'e*; 

ie^ZZ' 

(7b) 

The function L„ is the confluent hypergeometric function of (29.13) for 

7 lift 


l = 0 : 
(7c) 


l„{q) = -?’(—«»i> e)- 


The variable rj is the parabolic coordinate defined in (7), the other 
coordinate is | = r + x = r (1 + cos ^). In the following ^ will 

be called the “scattering angle.” 

From (7) we obtain the asymptotic value for r - 


oo 


( 8 ) 


y = Cie**-"+C, 


4kr 


with the abbreviations 

“ Z Physik (1928). See also the excellent book by Mott and Massey, The 
Theory of Atomic Collisions, Oxford. 1933, chapter III. 
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§ 30. 8a 


(8a) 


i nih 

^ Fin + l)’ 2 ^ 1— COS&' 


The first term on the right side of (8) represents the incoming plane wave, 
the second term represents the spherical wave scattered from the nucleus. 
The quantities C\, C 2 are not constants but depend on rj ; however, 
since n is purely imaginary only their phases depend on r). We are 
interested only in the absolute value of the ratio C 2 /C 1 , which is inde¬ 
pendent of rj and hence of r, and depends only on the scattering angle 
. Namely, from (8a) and (7a,b) we obtain 


e^ZZ' 


e^ZZ' 



(9) 


•2(1 — cosd) 2 Wa 1-2 sin^ d/2 


According to the wave mechanical definition (29.3) of probability 
density, the square of this quantity is the ratio of the number of scattered 
particles per unit of spatial scattering angle and the number of incoming 
particles per unit of area on a surface perpendicular to the incoming direc¬ 
tion. This law was deduced by Rutherford through geometric considera¬ 
tion of the classical hyperbolic orbits without the help of quantum 
theory. This was possible owing to the fact that the constant S 
canceled in (9). Rutherford’s law holds not only for oc- rays but also 
for any other particles (protons, electrons, . . . ) which are in Coulomb 
interaction with the nucleus, of course with a correspondingly different 
meaning of Z' and . The interesting “exchange effect” that occurs 
for the equality of scattering and the scattered particle will not be dis¬ 
cussed here. For very high velocities of the scattering particle we should 

have to use relativity theory. 


Appendix I 


Normalization of the Eigenfunctions in the Infinite Domain 

In passing from a bounded to an unbounded domain we encounter 
certain difficulties in convergence which can be removed only by a change 
in the normalization process. This modified process was introduced by 
H. Weyl in the theory of integral equations and has been adapted to i\ave 


mechanics. 

As an example we 


pie we choose the function (k r), where v is 
a root of the equation 7 , (* a) = 0 . According to 


arbitrary and A: is a root ot tne equaiic 
(20.19) its normalizing integral would be: 


(1) 



0 
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. 1 u i' this integral becomes divergent 

Due to the asymptotic behavior j. oo). in order 

in the limit a->oo ve start from the more 

to obtain a normalization of 4 

general integral 


Lim f IAkr)IA^'r)rdT 
a -♦’OO 0 


(la) 

V tn r91 9a') N' behaves like the function 6(k\k') d-* namely, 

According to (21.9a) A oeiiav c l = k' so that 

it vanishes for k^k' and becomes mhnite o 


( 2 ) 


f N’ k' dk' 


considered constant in zl , we may replace (2) bj 

- 1 


(2 a) 




and similarly 


(2 b) 


A ' 


We now change the normalizing integial (1) in the limit 


OO to 


OO 


(3) 


frdriy (k r) / dk' h {k' r), 
0 ^ 


that is, in (1) we replace one'> of the two proper oscillations I. by the 
group of neighboring proper oscillations 


(3 a) 


J dk' ly {k' r) 


and thus eliminate the above indeterminacy by j. to ^ 

by interference within the wave group. From (la) and (2a) 

obtain 


(4) 


N 




In order to make clear the mathematical essence of the above 

mv, rr r fi ni ('21 Qal have been replaced here by 

>5 According to the’ original method of Weyl we could also replace both e\gen- 

lunctions I by “eigendiffererUials" of the form (3a). Instead 

“group of proper oscillations” or “wave group” used in the text, the less attractive 

term “wave bundle” is customarily used in wave mechanics. 
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procesSj we w'ere somewhat careless in the interchanging of the limiting 
processes o -► oo and A-yO (or in other words k'-yk) . It would 
therefore be desirable to deduce equation (4) once more on the basis of 
Green’s theorem. Writing 


(5) u= Iy(k r) v=Iy (k' r) da=rdrd(p, ds = a df 


we compute^® / {uAv — vAv) da in the known manner both as a surface 
integral and by Green’s theorem as a contour integral. We then obtain: 



a 

(ifc* — fc'*) j uvrdr = a 
0 



If we divide by - k'^ and integrate with respect to k' (under the 
integral sign) from k' = k — AI2 to k'= k + AI2, and then pass to the 
limit a-yoo , the left side becomes the normalizing integral N of (3). 
On the right side we choose o so large that we can compute the I, 
asymptotically. If we choose half the sum of (19.55) and (19.56), the 
constants T (” + i) in the exponents partly cancel and partly are of 
no consequence in the following consideration, and so may be omitted. 
Then we obtain as the right side of (5a): 


fc+A/2 


(6 b) 


L r ^ + e-»*“) ik' 

l;r J Ykk' k^-k'^^' 




fc-A/2 




After multiplying out and collecting terms we obtain 

sin (A;— k') a , sm(A: + A:^)o 


( 6 ) 




dk' 

]/Uc 


( 8\n{k — 

rj—FI 


k' 


+ 




fc-J/2 


For sufficiently small A we can replace k' by k and put it in front of 
the integral. If in the first term of the integral we make the substitution 

X = {k - k')a, then it becomes 




• * 4 . 1 - 

8m a: — with 

X 


Xt 


= a Zl/2, 

Xg = — a ^/2, 


In the limit a->oothis assumes the value n (see exercise 1.5). I^n the 
second term of the integral (6) we make the substitution y - [k + k )a. 

■"The domain of integration of C.Veen’s theorem is not the coinplete circle of 
radiw.s a, hut the .lomain of periodicity of a and a as m equation name^ 

a circular sector of angle « = 2 ;r/v. In the integration with respect to ^ «e 
a factor a on both sides of (5a) that, in the te.xt, has already been canceled. 










appendix I 


213 


The limits of integration then become 


oo 


for 


oo 


Hence (6) becomes 


y^={2k — AI2)a 

y,= {2k + AI2)a 

It is easy to see that this second term vanishes. 

1 /k and (5a) becomes 

which coincides with (4). From this it follows that the Bessel funct.on 
which is normalized to 1 in the above manner is given by 


(7a) 


J, (fc r) = l4fc/»(*:»•) • 
]/N 


From the relation (21.11) 


( 8 ) 




we further see that the function v. normalized to 1, which we denoted 
by on p. 197, is related to Vn by 


(8a) 


<?■„ {k r) 


-VI 


k y>n (k r) 


Indeed, from (7a) and (8) we have 


OO 


= TrdrYkln^i (kr) { dk' ]/k'I„^i(k' r) = \jT^dr ky,„ {k r) f dk' k' y>„ {k’ r) 

'a 0 ^ 


0 ^ 

substituting this in (8a) we obtain 

1 = /°r2 dr (fc r) f dk' W„ {k' r), 


(9) 


0 


which according to (3) means normalization to 1. • , i 

Equation (8) relates not only /„+* and y>„, but also the associated 

functions and ; hence equation (8a) holds also for the Cn 

normalized to 1 which we denoted by Z„ on p. 197. 

For a general three-dimensional eigenfunction equation (3) holds 

in the form 


( 10 ) N = f dzu„f dk' u'n , 

A 

where and are the eigenfunctions belonging to the eigen values 
k and k'. The eigenfunctions normalized to 1 are then 

Vn = •ujyN. 


(10a) 
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Appendix II 

A New Method for the Solution of the Exterior Boundary 
^'ALUE Problem of the Wave Equation Presented for the 

Special Case of the Sphere 

The “exterior boundary value problem” consists of the construction 

of a solution of the wave equation Au u = which is continuous 

throughout the exterior of the given bounded surface a , assumes 

arbitrarily prescribed boundary values u = U on a , and satisfies the 

radiation condition at infinity. We know that this solution is best 

represented by Green’s function which vanishes on a , satisfies the 

radiation condition at infinity, and at a prescribed point Q has a dis- 

continuity of the character of a unit source. /^ • u u 

In the case of a sphere of radius a and a source point Q with the 

coordinates r = ro, ^ = 0 , we constructed G in the form of equation 

( 28 . 22 ); 

V {k, ro) C„.(A: r) P„ (cos i?) for r 


{k ro) u„{k, r) P„(cos for r <ro, 

The radiation condition is satisfied by the factor ^„(kr), or more 
precisely ^l{kr), in the first line, the boundary condition for r - a is 

satisfied by the factor in the second line 


(lb) 


0 = V’n(^ 0 + -4 Cn(^ 0 ’ 


A = 


y>n{ko) 

Cn (fc ®) 


where n u a poeitwe integral and hence P„{cos «) is continuous tor all 

values 0 ^ ^ ™annpr 

We now attempt to solve this problem in a more economical manner, 

by subjecting C,(*r)not only to the radiation condition, but also 
the boundary condition 


( 2 ) 




Then v must be integral, since the roots of C,(e) ® coincide 

those of . According to *0=0 rote'conZ 

live roots which lie in the first quadrant of the cornplex ^ 

r,, v,,.. • and the general root by . We use £ o en 
tion over the complete system of these roots, and write 

( 3 ) G = D,^,Ocr) PA-COS&). 

The function P, here is not a Legendre polynomial but the hyper- 
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geometric series of (24.24a) 


p^(— cos ‘d’) = 1, 1, 


1 + COS^\ 

2 ) * 


(3 a) 

The tact that ia (3) we used ^ *>*' 

due to the fact that G is to be regi lat on the 

r f=“p r r - /i, i.»,=i, 

o’- obtain ftom (24.32), aftec replacing C by - J = - cos d. 

the value 

tions Cv are mutually orthogonal, that is, we have 


(5) 


'-V , 

jCv iQ)C^(Q) de = 0,f^^v 

ka 


This is a consequence ot the differential equation for "Wch in 
analogy to (21.11) reads: 

d^eC 


If we also write the sa2 equation for £„ and multiply these eqjtions 
by I 7nd C, respectively, then by integraUng *e f 

equations over the fundamental domain ka^e<oo we 

T ^ J (r -r 

(5a) (v (v + 1) — p (m + 1)} j — Q [Qf, do J Ifca 

ka 

The right side of (6a) vanishes at the lower limit on account of P). a^® 
upper limit on account of the asymptotic behavior of the C “ 

to (19.55). Thus (5) is proven. At the same time (5a) yields the 

normalizing integral 


+ — V (v + 1)] tv — 0. 


00 




’/ 

ka 


deCp ^ dQ^fi 

v{v + 1) —+ t) 


00 


ka 


ka 

Differentiating the numerator and denominator with respect to p and 
considering (2) we obtain 


(6) 


A7 _ 

*' 2v + 1 \3v dg /e=ka 
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Introducing the abbreviations 

S C, (e) 


(6 a) 


io) = 


dv 


J.(8) = - 5 ^ 


we can rewrite (6) in the shorter form 

(6b) N, = 27+1 • 


If we now multiply (3) by Cf »•) * and integrate from r = a 
to r = oo then, on account of the orthogonality and the normaliza¬ 
tion, we obtain: 



OO 

Dj N-, P ,(- cos &) = fG r)k dr. 

a 


where v is any one of the roots v. 

However this determination of the D is not yet satisfactory since 
we do not know G. We therefore perform the following limit process: 
we divide (7) by P, (—cos &) (we now omit the bars over the v ) and 
then let & approach zero. We also split off the source point singularity 

from G by writing 

(7a) -4:nG = ^^ + g, if* = + rg - 2 r rocos t?. 


Then equation (7) becomes 

00 

(7b) -in D,N, = Um + g)^,{^r)kdr/P,{-co^^). 

Now g remains finite whenever o < r < oo and .9 is arbitrary, whereas 
P, (— cos ^) becomes infinite as ^ 0 ; hence the contribution of g 

on the right side of (7b) vanishes. For the same reason we may restrict 
the contribution of to an integration over the immediate neighbor¬ 

hood of the source point coordinate ro by writing 

r = ro (! + »?), —£<??< + £, dr = rodr], 

Ukr) = CAkro), = 

while the denominator R is approximated by: 

P = »-o ]/(! + »?)"+ + 


Thus (7b) becomes 
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+• 


(7c) ^ 

“^hThetelp Sf ® t oltt;") ZZXX d—d 

value 


( 8 ) 




1 2 V + 1 ** 0 ) 

4 Jko* sinvJi (A: a) Ci (* «•) 


T- fnr Green’s function then 

which no longer depends on e . Equation (3) for Green 

assumes the form 


(9) 


G = 


4k 


1 ^ 2v + l (fe >'o) p^(_coS . 

a2 sin v7t r]p{k a) Cp 


This formula becomes considerably simpler if, instead of the C, 've 
introduce the normalized eigenfunctions 


ZAM = 


1 / 27 , ’ 


^ , Cv(fc'-o) 


Indeed, with the help of (6b) we can then rewrite (9) as 


(9 a) 


G =—j ZAfcro) Zy(kr) 


P^{ — COB&) 
sin V7i 


Eouation {9a) will prove useful later on; for the time being we shall use 
emiation (9), which has the following advantages and disadvantages. 

1 In (9) Green’s function is represented by the same formula 
both for r > ro and for r < ro, not by two different formulas as m (1). _ 

2 The general requirement of the reciprocity of Green s fun^ion is 
satisfied owing to the fact that (9) is symmetnc m r and r„. On the 
other hand in equation (1) the reciprocity of G was expressed by the 
fact that by interchanging r and ro we interchange the two representa¬ 
tions for r > ro and r < ro- The reciprocity of G with respect to the 
angles and ^0 considered the case in which the latter is zero), 
can be expressed both in (9) and in (1) by replacing cos,? by cos 0 

which is symmetric in & and i?o ■ . , 

3. The orthogonality relation (5) is essentially different from ou 

previous formulations: in (5) C, is multiplied by and not by 
as in (25.11a); also, in (5) C, is multiplied by the one-dimensional 
interval dr not by r^dr as in the application of Green’s theorem in 

exercise V.lb. . j. u i 

4. It is remarkable that our representation (9) seems to break 
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down for & = 0 , since then according to (4) every term of the series 
becomes infinite like log <0^ , whereas the function it repiesents is to be 
regular for ^ = 0 and r 9^ ro. Hence the whole ray & = 0(not only 
the point 0 = 0, r = Tq on it) must be considered a singularity of the 
representation (9). Hence in the neighborhood of this singularity, that 
is to say in a more or less narrow cone around this raj", our representation 
will become more or less useless. The question of the completion of our 
representation for the interior of such a cone shall be postponed to p. 221. 

5. On the other hand equation (9) simplifies for the neighborhood 
of & = say for d = n — d, where in the original form (3) it reads: 

(10) G= 2: r) P, (cos d). 

We now let ro increase to 00 , that is to say we pass from the primarj' 
spherical w'ave G to a plane wave u coming in the direction 1 ^ = 0 . 
Then for we may use Hankel’s approximation (19.55) no 

matter what the index v since now the argument is large compared to 
the index. Then according to (21.15) we may write: 

1 i(ifcr,-{»+l)»/2) 

(10 a) ’' 0 ) = ® 

By combining all the factors which are independent of v into the 
amplitude A we obtain from (8), 

(lOb) = 

Substituting this value in (10) we obtain the diffraction field of the plane 
wave u in the rear of a sphere of radius a under the angle of diffraction 
^ . For the time being we set the boundarj" condition u = 0 for 
r = a; later on we shall discuss a boundary condition that is adapted to 

electromagnetic optics. 

6. The great advantage of (9) as compared to (1) lies in its rapid 
convergence for large values of ka. In order to test this convergence we 
compute the factors in the denominator of (8) for large ka and v. 
If as in (21.30a) we set 



V 

COS a = —, 

Q 


then we have according to (21.39) 


(11a) 




sin z; 
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where 

(lib) 


z = q (sin « — a cos a) 


The roots of C, = 0 are given by 

(lie) Bin . = 0, - (-1>" 

Hence according to (11a) '*e obtain for r = r„ if "e 18"“''® f**® ^ 

varying factor sin a , 

8Cv * = i oc l/sin a cos z„, 

fine ol/sinoc V d<x) 


Z =s Zfti 


therefore by (11) 

(lid) 


af, dC^doc __ —ice 


dv doc dv 


j/sina 


— COS Zjn . 


On the other hand, for r = r, we obtain from (11a,b), it we remember 
that sin Zm = 0, 


(lie) 


~ dQ ~ eg Bx dQ Q l/sina 


Idz dz (i(x\ 

\ae doc dq / 


COS Z 


m 


Z » Zjn 


= ^ |/sin a cos z„. 


Finally we obtain from (lld,e) for q— ka 


( 12 ) 


,, , ^ ,7 c /ca8z„\2_ ^ 

r], {k a) C {ka) = oc 


2 • 


If we substitute this in (8) we obtain 

_ k 2v + l 

(13) 4 a sinvTi 


Cp ’■q) • 


According to (21.41) i' in the first approximation is equal to fco, 
but with increasing m it increases in the positive imaginary ^irectiom 
Hence sin r increases exponentially in the sequence Vg, • • • ana 
hence D, decreases exponentially due the denominator sin _ 
The same thing occurs m (13) due to the factor C,( o) ■ 
latter factor is to be computed according to Debye s formula (21-32) 
(the higher saddle point is the determining one) and not according to 
(11a) (where the saddle points are approximately of the same aeigat). 
Hence the auxiliary angle now has a meaning different from that m (11): 
cos « is equal to vjk and not to vjka as before. Hence, C,(« i"©) 
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also decreases exponentially on the r- sequence. The same thing holds 
for the additional factor r) in (9). ^ 

In the special case of wireless telegraphy (appendix to Chapter Xl) 
we would need about 1000 terms for a representation of the type (1) 
whereas, as we shall see, we need only one or two terms of the correspond¬ 
ing senes of the type (9). In this appendix we shall also discuss how one 

type IS obtained from the other by a purely mathematical transformation 
(in the complex plane of the index v) 

7. The structure of Green’s function and its singular behavior for 
1 ? = 0 becomes particularly clear in our representation (9a). In order 
to obtain a rough estimate for the behavior of Green’s function for small 
-d we use the approximation formula (24.32) 


Py{~ cos d) 
and then obtain from (9a) 


Sin v.^ 
n 


log for ^ ->0 


(14) 


^ = (h rg) Z, (i r) 


Here has a “ 6-like character.” Namely, if we expand a function 
in the fundamental interval a <r <oo in an arbitrary normalized 
orthogonal system of functions Z„ (k r) : 


<5(G /o) = 



— Z„ (h r) . . ^vith f d(r, Tg) dr = 1, 

To—e 


then we obtain formally: 

A, = f d{r,rg)Z,{kr)dr = Z,{krg) f d{r,rg)dr = Z^{krg), 

0 To —» 

but as yet we know nothing about the convergence of this general 
8- series 

(14a) d{r,rg) = 2! Z,{krg) Z,{kr) for r rg 

Only the divergence for r = ro (all terms positive) is apparent. The 
“representation of zero” for ro is obtained by an infinitely rapid 
“oscillation around zero.” Hence (14a) is not suitable for the actual 
computation of G for -> 0 . 

We obtain this representation from the defining equation (7a) of the 
function g, which is continuous throughout, and which for r = a assumes 
the boundary values 
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(14b) g = g, = -"-^, Rl = a^ + ri-2aT,oos&„; 

here is the polar distance on the sphere r = a. In addition, g must 
satisfy the differential equation Ag g = ^ m the exterior of the 
sphere a <r <oo , and the radiation condition at infinity. Hence g 
can be computed as a solution of the exterior boundary value problem 
on p. 214, which can be represented in terms of Green’s function by 



Using the representation (9) of G we obtain for g a series summed over 
V , which, on the ray d = 0, a <r <oo , reads: 

(14c) 9(»'.^ = 0) = -2 2. 

(14d) G, = J g^ PA— cos i?„) sin i9<, 

0 

Since the singularity d = 0 of P,(—cost?) now occurs only under the 
integral in (14d) and is only of logarithmic order, the coefficients G, 
are all finite; however their explicit computation^^ does not seem to be 

easy. 

In this appendix we have introduced an entirely new kind of “singu¬ 
lar eigenfunctions,” which are essentially different from the “regular 
eigenfunctions" that we have used so far in this chapter. Our singular 
eigenfunctions 


C, {k r) P, (— cos ^) 


are not free oscillations, but require a stimulation along the ray = 0. 
On the other hand each of the particular solutions 

«n (k:, r) P„ (cos i&) and (k r) P„ (cos ^) 

in (1) is source free throughout the physical domain o ^ r <C oo, 
0 ^ ^ ^ jr . Their stimulation, if we should speak of one, takes 
place in the exterior of this domain, namely in the center r = 0, and 
for Un at infinity. 

In the author’s 1912 paper, quoted on p. 183, our “regular” eigen¬ 
functions were called “improper” and our “singular” eigenfunctions were 
called “proper.” The following discussion may serve to justify this 
apparently paradoxical notation. 

” See the discussion of “Whittaker’s integral,” which is a limiting csise of our 
C,, in the textbook by Watson, pp. 239-240. 





222 


PARTIAL DIFFERENTIAL EQUATIONS 


We start from the fact that for all oscillation problems, whether free 
or forced, periodic or damped, we have the relation 


(15) 


CO 


where we may assume c (the velocity of sound or light) to be real and the 
carrying medium to be absorption free. Heretofore we have assumed 
CO to be real and the time dependence to be in the form exp {— icot} . 
The equation 


(15a) 


a cos a = T 

k 


which follows from (11), and our condition (kci) = 0 , then yielded a 
complex value of v with positive imaginary part, so that for real k the 
quantity a cos a also had the same character and hence was of the 
form • 


(15b) 


a cos a. = A i B with B > 0. 


Now however, while preserving the relations (15), (15a), (15b), we set 
V equal to a positive integer, say = n. Then from these relations we 
obtain complex values for k and co with negative imaginary parts: 

k^k^ — ik^ = ^ — i a >2 = c [k-^ - i k^). 




The boundary condition (ka) = 0 now becomes 
(15 c) C„ ((h —^ 2 ) ^ 

and the above purely periodic time dependence factor exp {— i co <} 
becomes 

exp {— i coi i} e~ = exp {— ic\t] 

Appending this time factor and considering the regular character of 
(— cos ‘d’) for integral n we obtain from our singular eigenfunction 
(14) the damped oscillation 

- i K) »•] Pn (- COS &) exp {-ickit} , 


(16) 




which is regular throughout the region r > a. The amplitude is infinite 
at t = — CX3 , decreases at a constant rate, and vanishes at i = + o® > 
whereas the frequency remains constant. (The only exception is the 
.surface r = a, since there we have (Ao) = 0 throughout.) There 
exist CX 5 ® such oscillations of zonal character. Their parameters are the 
integer n and the complex roots of the transcendental equation C„ (^o)=0 
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which are inSnite in number. (For tesseral spherical ha™on« 
number of possible oscillations would mcrease to oo^ .) These ^amP 
oscillations are obvioualy the physically simplest 

of our sphere problem for the boundary condition u - 0 and hence 
deserve the name “proper eigenfunctions.” Their close connection with 
our singular eigenfunctions (16) explain how the latter led to the simplest 

solution of the boundary value problem. - • u 

In the following discussion we apply these eigenfunctions, whic 

far have been developed only for scalar fields, to the case of the electro¬ 
magnetic-optic field. We shall see in Chapter \ I that this can be done 

without difficulty. We have to keep in mind the following facts: 

1. The boundary condition u = 0 must be replaced m the electro- 
magnetic case by 

(17) |r(»-«) = 0. 


as will be shown in Chapter VI. 

2. In the transcendental equation C(*a) = 0 , or, as we wrote m 
(15c),C„ "0 have to replace the function f„(p) by 

L (q) = It (e)}. 


which, due to Q = kr, is the same as 

(17 a) = C„(g) + e (e) • 

In the same manner we have to replace the function rj in (6a) by 

(17 b) Vn(Q)=-iir- 

3. While in the scalar case we had one field function u, in the 
electromagnetic case we have two such functions u and v. The function t> 
satisfies the same differential equation as u and a similar boundary 

condition. 

Our damped electromagnetic eigen-oscillations have long been 
known in the literature. In the case of the sphere they were investigated 
by J. J. Thomson** in 1884 as the simplest case of the Hertz oscillator 
which was then the center of interest. They were generalized by 
M. Abraham'9 the case of the elongated ellipsoid of revolution {rod-Wke 
oscillator) and the Paraboloid of revolution (wire with free ends). Indeed, 

'« London Math. Soc. Proc. 15, 197, and the textbook Recent Researches in 
Electricity and Magnetism, Oxford 1893, the so-called “third volume of Maxwell.” 

*’ Ann. Physik 66, 435 (1898); 67, 834 (1899); Math. Ann. 52, 81 (1899). For 
further literature see Enzykl. d. Math. IFfss. v. V. 2, Abraham’s article, p. 508. 
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our entire development can, with the introdubtion of elliptic coordinates, 
be adapted v ithout fundamental change from the cylindrical and 
spherical haimonies of the representation (16) to the domain of the 
Lam6 uave functions, ^\'e can use this method in order to construct 
Green’s function for the exterior of an ellipsoid or paraboloid and thus 
obtain general solutions to the associated boundary value problems. 

We finally indicate some problems for which the method of this 
appendix is helpful. 

a) Dispersion by colloidal particles. In a 1908 paper G. Mie deduced the 
impressive color phenomena seen in the ultramicroscope from the dielec¬ 
tricity constant and the conductivity of the individual scattering par¬ 
ticles. The particle was assumed to be spherical with a diameter small 
compared to the wavelength, i.e., A:a« 1. In this case the series of type (1) 
converge sufficiently rapidly. In the opposite case ka » 1 the use of 
geometrical optics suffices; but the intermediate case gives rise to diffi¬ 
culties. In this intermediate case we have to use series of the type (9) as 
specialized for a source at infinity. The fact that in our case the sphere 
was assumed to be infinitely conductive, while in Mie’s case it was 
assumed to be an arbitrary dispersive medium, does not make an impor¬ 
tant difference. We must merely replace the boundary condition (equa¬ 
tion (17)) for the complete conductor by a transition condition between 
the interior and the exterior. The convergence of the series will be the 
better the nearer we are to the limiting case of geometrical optics. 

b) The reflection of a plane wave on the surface of a completely con¬ 
ductive sphere. The diffraction field in the rear of a sphere was discussed 
schematically (i.e., with the simplified boundary condition m = 0 and 
for a scalar field) under 5 above and was represented by the equations 
(10), (10a) for A;a » 1. On the/ron< of the sphere, especially for ^ = 0, 
we know from experience of strange interference phenomena, which so 
far have not been amenable to the usual treatment by series of type (1). 
The analytical difficulties which arise here are expressed by the singu¬ 
larity of the ray = 0 in series of the type (9). However, we claim 
that this problem can be treated in the manner indicated on p. 221, if 
we take into consideration the actual conditions of the reflection problem. 

c) The rainbow. With this classic problem we return to the starting 
point of Debye’s asymptotic investigations (seep. 117) and all subsequent 
advances in the domain of short waves (ka 1). The rainbow problem 
has since been brought to a beautiful conclusion by B. Van der Pol and 
II. Bremmer.^“ However, from the viewpoint of method there remains a 
gap between the wave-optical and geometric-optical method. 

It was the task of this appendix to bridge such gaps mathematically. 

Mag. 24, 141, 825 (1937). 
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Appendix III 

The Wave Mechanical Eigenfunctions of the Scattering Problem 

IN Parabolic Coordinates 

In the following discussion we outline the steps which lead to the 
representation (30.7). For details the reader is referred to textbooks on 

The^rSoHe coordinates { = r + X. , = r - a define, in a 
plane which passes through the x-axis, a double system 
parabolas which have the point r = 0 as a common focus. The degen 
Lte parabolas f = 0. , = 0 coincide with *e * 

x-axis respectively; the parabolas | — oc, J? 

in the direction of large positive and negative x respectively. 

If we rotate the plane around the x-axis then v topther w ith 
the rotation angle 9 > form a spatial coordinate system which bears the 
following relation to the Cartesian coordinates x,y,z: 


x = j($ — v)> 


y = ]/irjcosf, z = rj sin gp. 


From this we obtain the line element 


( 1 ) 


ds2 = 1 -i- ri) ^ T] d<p^ 


V / 


With its help Af is transformed into 

4 /a ^ 

^ ^ dr}^ dij dq>-^ • 

The w'ave equation (29.1) for an interaction energy 

„ ZZ'e^ 2ZZ'e^ 

^ ~ r - ^ + r, 

and for independence from qj, becomes 



b .dtp d dtp r/t I \ w 


2ZZ' e2)]y) = 0. 


This can be separated by setting y> =Wi (^) V >2 (v) J '' ith as the 
separation constant we then obtain: 

For example, the author’s Atombau iind Spektrallmien, v. II, Chapter V, §6 
and Chapter 11, §9. There, in addition, the asymptotic representation (30.8) is 
derived with the help of a complex integral representation of L that we cannot 
discuss here. 
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(3) 

(4) 



dr] 



nice Z Z' e® 
2^2 

nia Z Z' 



The function ipi must satisfy the radiation condition (28.2) for f -> oo 
(large positive x). Written in parabolic coordinates (according to (1) 
ds^ is equal to \d^ for large f , whence dfdr in (28.2) becomes 

0/SSf = {d^jds^ = 2 8 /d^ , and we have: 




= 0 'vith k = 


niixv 

~ir’ 


as in (30.7a). 


Hence we set ipi = exp 



and get from (3) 




ik maW g. me, ZZ'e^ 

Y YW ^ ~ 2 ft* 



The terms with f cancel because of the meaning of k and W in equa¬ 
tion (30.1). Therefore (6) is satisfied by choosing 




maZZ'e^ ik 
2ft* 2 • 


We see that for this equation (3) is satisfied not only asymptotically 
but for all | . 

Due to (7) equation (4) becomes 





/mot W 
^ V 2ft* 



ma Z Z' e* 
ft* 



The function y)^ must satisfy the absorption condition for ly-^oo 
(large negative x), which, written in analogy to (5), reads: 



Hence for large rj we have the first approximation 


^2 = exp (— i k rjl2). 


However, this is not an exact solution of (8). 
general 


Hence we set the more 


From (8) we obtain the equation for / {rj) 
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Equation (9) is the differential equation 

Q=zikri, /^ = 


(29.12) of the Laguerre function 

—* 


The last value coincides with the imaginar>' total quantum 
(30.7b). Hence we have 


Kn) = (* • 


= {ikr,) 


number n of 


and finally 

( 10 ) 




Thus we have a quick proof of (30.7.) 


Appendix IV 

P, .NE AND Spherical Waves in Unlimited Space or an AHBiTR.vHy 

Ni mher of Dimensions 

After having treated plane and spherical waves in three^imensional 
space and plane and cylinder waves in twcwlimensional space we canno 
r^ist the temptation to adapt these formulas to the many-d.mens.onal 
case In this connection we shall encounter remarkable generaliwtions 
of the ordinarv spherical harmonics, the Gegrnbauer polymmiols, and 
generalized addition theorems of the JieMel functions. A systematw 
approach to these generalizations is again given by our theorem m 
about the representation of Clreen’s function in terms of the eigen¬ 
functions for the space in question. 


A. COORDIN.ATE SYSTEM AND NOTATIONS 

Let the number of dimensions be p + 2 so that p ** 0 represents 
two-dimensional, and p = 1 represents three-dimensional space. On 
the one hand we use the Cartesian coordinates X|,Jt. . . and on 

the other hand the polar coordinates r,.. .f*,. The connection 

shall be given by 

X, =* rcoBd 

X, =■ r Bin ^ 008 g?| 

X, 33 r Bin d sin 9 >| cob <p^ 


Xp +1 = r sin ^ Bin 9)| Bin ft 
Xp9 = r sin & Binsin 9>j 


Bing?p.i cosgr, 
sin^P .1 sin 9pp. 


• • • 




228 


PARTIAL DIFFERENTIAL EQUATIONS 


In order to cover the whole space — oo < < + oo the coordinates 

r, must vary between the limits 


0<r<oo, 


Q <(Pi < + 71, t = 1, 2,..p — 1, 

— 71 <<p^ < + 71. 


By forming the sum of the squares in (1) we obtain 

P + 2 ^ 


(la) 


Z a:- = r2. 

t = l 


The definition of the (p + 2)-dimensional line element is 

p + 2 

(lb) ^ dx], 

i = l 

If for every direction of the coordinates r, &, cpf we compute the corre¬ 
sponding ds from (1) then we obtain (in unified form) 

(2) ds = (dr, rd&, rBia'dd^i, rsindsingjj<i<p 2 , • • • rsind'smqii... Bmq>j,.idq>p). 

The coefficients of dr, d&, d(pi,..., d<pp on the right side of (2) will be 
denoted by g\,gi, . . . ,^p+ 2 . We then have 

?i=l, = ?4 =’■Sinitsin9^1, 

• • M 9j,+ 2 = ^■sin^sin?)!.. . sin?)^.!. 

From (2) and (2a) we obtain the (p -f- 2)-dimensional volume element 


(2 a) 


(2 b) 
(2 c) 


9 = 


dr = g dr dd^ d<pi ... dq>j ,, 

P + 2 

n gf= r^*^ sin® & sin® " ‘ (pi sin® ... sin 9 ?p . i 
i = l 


We denote the surface element of the unit sphere in (p -b 2)-dimen- 
sional space by dw, its total surface by £2 and set 

(2d) Q= jdw = Q6 £2^, 

where £2» and 13^ are the components obtained through integration of 
dm with respect to and <Pi,<Pi, • ■ -yfPv respectively. From (2b,c) we 
obtain 

? 71 r(p + i) 71 2-®+«T(p) 

(2e) j = 


0 


2® r (f -b i) r (f -b i) p r (p/2) r (p/2) 


71 


+n 


q>i d<pi f (p^ d<p 2 • • • J sin d<pj,.i J drp^ 
0 0 0 


{2f) 


= 2 JE 


P+1 
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We denote the Laplace operator in our space by -d, (thus in three 

dimensional space we would denote it by ) and 

we write for a function u which depends on r alone 

(3) gdr\f^dr) + ^ dr \ dr) 


The potential equation 
(3 a) 


then becomes 


d^u 

dr^ 



p “i” 1 du 

r dr 



Except for additive and multiplicative constants of integration we obtain 
the solution: 





We generalize this solution to 
(4a) u=R-’>, 

If we place the second point introduced here on the axis ^ = 0 and 
denote its distance from the origin by ro then according to (1) we have 
= ro, 2/2 = 2/3 = • • ' = 2/p+2 = Oand IP =. r^-2r r^cos& + r\. Hence 

rj 1 

(4b) u= — = 


+ ccs^K 


is also a solution of /I, m= 0. 

As in (22.3) we expand (4b) in ascending (or descending) powers of 
r/ro and call the coefficients p-dimensional zonal spherical harmonics 


P„ (cos & I p) 


or also Gegenbauer polynomials.^- The Legendre polynomials may 
thus be denoted by 

P„ (cosdll) . 


Hence we write-'’ 



^ (pf Pn(coa&\p) 

n = 0 


and deduce from this 

" Gegenbauer’s original notation (see e.g., Wien. Akad. 70 (1875) ) is (cos &), 
where v = p/2. 

The defining equation (5) is not limited to integral p; equation (5) breaks 
down for p = 0 since in that case (4b) has to be replaced by the two-dimensional 
logarithmic potential. 
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COS & = 1 


COS& = — 1 


(5 a) 


^’2.+i(01p) = o 


COS d = 0 


J°2j(0|p) = 




For the particular solution of the potential equation JjU = 0 
which depends only on r and & 

(5 b) M = »•" Pn (cos dip) 

we then obtain the differential equation 

g \ct Vfff cdVsf? d&Jj 

and after dividing out the factor r” + P~'^lg we obtain the ordinary 
differential equation for P„ (cosd|p) 

(5 c) sin" d + w (n + p) sin" dj P„ (cos d|p) = 0. 

The reader is asked to check the connection of these and the following 
formulas with the formulas from the theory of ordinary spherical 

harmonics. 

The Gegenbauer polynomials can be expressed in terms of hyper¬ 
geometric series in a manner similar to that of the Legendre polynomials 

in (24.24a); we have 

, , / p-t-1 1—cosd\ 

(6d) P„(cosd|p)= P„(11 p) P( -«, » + P. 2 )‘ 


B. The Eigenfunctions of Unlimited ]\I.\ny-Dimension.\l Sp.a.ce 

From the potential equation we pass to the wave equation. For a 
function which depends only on r the wave equation is, according to (3), 



dr^ ~ r dr 


If we set w = then we obtain the Bessel differential equation 

with index p/2 for w. Hence (6) is integrated by 

(6 a) u = Ipjiikr ), 

and also by 

(6 b) u = r - "/* Hlfi {k r ), (6 c) 

The function in (6b) behaves asymptotically like 


U = 


H%io (k r). 
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p +1 
Cfgitr/ r“2~ 


C 


-l/- 

^ y kn 


p + 1 in 
2 


and satisfies the radiation condition (28.7) 


P + 1 

Tim r ^ 

r-*«oo 




= 0 ; 




In the same manner (6c) satisfies the absorption condition He 
(6b c) represent the radiated and absorbed spherical waves ^ 
div^nsional space. This remains valid for a general position o 

point with the solutions 

(kB), iZ*=r*-2rroC08<^ + r;. 

The function in (6a) may be called “eigenfunction of spherical 
symmetiy •' We now want to find the general eigenfunctions of zonal 

symmetry. They are of the form 

(8) Un{r,^)^vAr)Pn{oos^\p)- 

From the equation (5c) of P. we find the differential equation of e. 

\dr^ ^ r dr ~ r* / 

If we treat this equation as we did (6) by setting ®"= ^/o^a^nd 

w we obtain the Bessel differential equation with index n + p/2, and 

hence as the solution which is finite for r = 0 

w = p/a '■)• 

Hence the eigenfunction becomes 

(8a) «» =»■-'/* /n+r/» ih »•) (CO® • 

According to §26 any two of these eigenfunctions are mutually 

orthogonal, both in the continuous spectrum 0 <k<o°, and in the 

discrete spectrum n = 0,1,2, ... . . 

For two eigenfunction with equal k but different indices we 

obtain from (2b,c) and (8): 

(9) fu„ u„ dr = ,/2 (fc r) {k r)rdrf P„ (cos ^Ip) (cos^l?) sinP &d&Q ^. 

J 0 ® 

where Q^p is as in (2f). Due to the fact that neither nor the 
integral with respect to r vanish and due to the orthogonality of u„ 
and 've obtain; 


(10) 


J P„ (cos ^ 1 2>) Pm (cos d I j>) sin** ^ = 0, m 4= n. 

0 
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Note the characteristic factor sin®^ in (10), which in the three- 
dimensional case (p = 1) becomes the customary factor sin^ for the 
Legendre polynomials. While in the customary analytic derivation of 
(10) this factor might appear artificial, it follows in our many-dimensional 
approach directly from the meaning of dr. 

We also note the corresponding normalizing integral for m = n 



n 

N = J [P„ (cos & 1 ftf sin® ^ = 

0 


r(n + f) _ 71 

2^ - ^ (n + pj2) nl r{pl2) r(pl2) 


which is a generalization of the normalizing integral for ordinary zonal 
spherical harmonics: N = l/(n -|- |) for p = 1. The proof of (11) starts 
from the defining equation (5) of the Gegenbauer polynomials. 

With the help of (2e) we can replace (11) by: 


(11a) 


N = ^ _13. 

2 {n + pl2)nl r(p) 


C. Spherical Waves and Green’s Function 
IN M.any-Dimensional Space 

The spherical wave of zonal symmetry has been described by equa¬ 
tion (7). From this function we obtain Green’s function of (p + 2)- 
dimensional unlimited space by adding a factor / such that the source 
Q of U becomes a unit source. According to §10 C this means 

( 12 ) 

where the integration is to be taken over a sphere of radius -> 0 , 
da denotes the surface element on this sphere; da>, as in (2d), denotes 
the surface element on the unit sphere. Hence we obtain from (12) 

(12a) 1 Lim i?***^^ H\,j 2 i?)]* 

For odd p we can use the formula (19.31) for //, which yields 


Lim • 

R-*-0 


— + ' d 


i p 




sin p nl2 dii 


(kR)] - /-(_p/2 + 1) 


Fsing a well-known 


F- relation we can replace this by 



For even p we obtain the same value from (19.26) and (19.47). Hence 
we obtain from (12a) 
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)7 


(12 b) 

and from (7) upon multiplication by/ 

<13, = 

On the other hand ,ve want to eonstruct GiP.Q) as in §28 from the 
eigenfunctions u{P) in (8a) 

^^3 « (P) = r- /„ + (A r) Pn (cos 

and the associated «(Q) for a point Q with the coordinates r~r,.».~0: 
^ U (Q) = To' -^n + d/ 3 (^ ’’o) Pn (ijp) • 

In both representations (13a,b) A (see equation (28.14)) denotes the 

variable of integration in the continuous part of the "'S"" ' f 

In a similar manner we perform the integration over A m the comple 

A- plane and obtain in analogy to (28.15) 
j w (P) u (Q) jLg ^ 


(14) 


= !L* (r fo)-'/® 2 : tPnfcos^lp) p„ (ll?) 

2 n. 


In + d/3 (^ »'o) Bn + d/2 (*: »■) 


r > fo» 






In order to be able to apply this formula to Green’s function \ve still 
must normalize the functions u(P) and uiQ) to one. The general term 
on the right side of (14) must therefore be; 1) divided by the normalizing 
factor N of (11a) due to the dependence on 2) divided by fi, ot 
(2f) due to its independence of the coordinates . .. Vp , and 

3) multiplied by k due to the r-dependence according to Appendix I, 

equation (4). Altogether this yields the factor (see also (5a)) 


(14 a) 


h 2 n+p n\r{p) ^ ^ 2 n + p /^ . 

Q p r[n + p) Q p / ” 


which has to be introduced under the 2- sign of (14). Thus, according 
to our general theorem of §28 we obtain Greenes function of unlimited 
space. Comparing this with (13) we obtain: 


J?p/a {kM) _ — 


l) f (» + f) 




In+vl2ikrf,) H„+f i3(.kr) ^ ^ ^ 

(k (k “ ’ 

In*pft jkr) H„+^i2(kr^) r<r 

(kro)”!'* “ ‘ 


(16) 
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This general addition theorem of Fessel functions holds both for H = W 

and for H = and hence for any linear combination of the two, so that 
in (15) we may replace H on both sides by 

Z = Ci/fl + 

hence, in particular by 

I = + H^), 

in nhich latter case the distinction becomes immaterial. The 

theorem holds, under more general conditions than those assumed in the 

derivation, if, as in footnote 22, we replace p/2 by an arbitrary number, 
say V . 

D. Passage from the Spherical Wave to the Plane Wave 

For r„-^oo we deduce a representation of the plane wave in 
many-dimensional space from the last line of (15) 

First we obtain on the right side, according to Hankel’s approxima¬ 
tion (19.55), 

p /2 (* r„) = oe' a= exp j i r,-^ j . 

Correspondingly, on the left side we obtain 

H\,AkR)= l/^exp{t(A:ie_^|)}. 

However for oo we have 

R = ^0 — 2 — cos ^ r ^— r cos d -j- • • • ; 

therefore, 

H',lAkR)= exp {t(l:ro-*rcosi>-^±-l|)j 

= a exp { — ikr cos ^ }, 

so that the left side of (15), with the corresponding approximation for the 
denominator, becomes: 

—^exp { — ikr cos d}. 

(k ro) ^ ^ 

After canceling the common factor on both sides we obtain 
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( 16 ) 


cosO = 2W» r(^) ^ (» + P,(c-O8 0|p) 


Jn^ 

'/» “ 


This represents an incoming wave in the direction of the positive axis 
& = 0 , or, in other words, a wave which proceeds in the negative direc¬ 
tion of this axis. The wave which proceeds in the positive direction is 
obtained from (16) by replacing -b i with - i. The reader is asked to 
verify that this formula coincides for p = 1 with the three-dimensional 
representation (24.7). In the two-dimensional case in which (4b) breaks 
down (see footnote 22) equation (16) is replaced by the representation 


Through a suitable averaging or with the help of an “aildition 
theorem** of Gegenbauer polynomials” we obtain from (16) remarkable 
relations between Bessel functions of integral and of fractional indices. 

See the lucid collection of Gegenbauer’s results in the book by Miigiuw and 
Oberhettinger, Formeln und Satze uber die speziellen Funktionen der .Mathemat Lichen 

Physik. Springer, 1943, particularly p. 77. , . • . 

”G. Bauer, Sitzungsher. bayr. Akad., 1875. p. 247; generalization to higher 

dimensions, A. Somraerfeld, Ma(h. Ann. 119, 1 (1943). 



Chapter VI 


Problems of Radio 


The problems of signals with electric waves have been in the fore¬ 
ground of applied physics since the beginning of the century. Can we 
understand the remarkable range of radio signals from the otherwise 
completely reliable Maxwell theory? The answer is both yes and no. 
Yes, in so far as only the known electrodynamic laws are applied. Xo, 
in so far as the ionosphere (Kenelly-Heaviside layer) plays an essential 
role in overcoming the curvature of the earth, and has to be added to the 
Maxwell wave propagation as a deus ex mackina. 

Unfortunately we shall be unable to treat the reflection processes in 
the ionosphere, and shall restrict ourselves to questions of propagation 
in the homogeneous atmosphere and in the earth which is also assumed to be 


homogeneous. We shall also have to omit the questions of the construc¬ 
tion of transmitters and receivers, which are of such great importance 
for the engineer, since they do not properly belong to the domain of 
partial differential equations. Instead, we shall idealize the transmitter 
to the utmost and treat it as a Hertz dipole (§31). On the other hand the 
questions of propagation definitely belong to our domain and they will 
give us a complete demonstration of the usefulness of the methods which 
we have developed above and which we have so far applied mainly to 
rather artificial problems of heat conduction and of potential theory. 
Further demonstrations of this usefulness are given by problems in 
general electrodynamic oscillations. They are treated with some com¬ 
pleteness in the textbook by Frank-Mises, Chapter XXIII, and the 
reader is referred to that book. If, among these problems, we again 
consider radio, it is because the previous representation was simplified so 
drastically that it could not be reconciled with practical problems. 
Now we shall not place our antenna-dipole on the surface of the earth, 
but at some distance from it, we shall treat the radiation of the hori¬ 
zontal antenna in more detail and demonstrate its asymptotic identity 
with the radiation of the vertical antenna for increasing distance from 
the origin, and we shall treat the radiation characteristic with respect 
to the terms of second order in 1/r, etc. The energy conditions (required 
energy supply for prescribed antenna current, heat loss in the earth) 
will be discussed in the final section. We shall almost always consider 
the earth as a plane.. The analytically interesting problem of the earth’s 
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curvature, which opens a further domain of application to the metho 
of eigenfunctions, can be treated only in an appendix, since even an 
only moderately complete treatment of the problem of a plane eait is 

almost too long for us here. 


§ 31. The Hertz Dipole in a Homogeneous Medium Over a 

Completely Conductive Earth 

We assume that the reader has a knowledge of the concepts of 
electrodynamics and their interconnection through Maxwell’s equations. 
Since we are not dealing with atomic physics but only with the phe¬ 
nomenological Maxwell theory, we shall use the system of the four 
units, M (meter), K (kilogram mass), S (second), Q (charge, measured in 
Coulombs). In this system the specific inductive capacity and the 
permeability are definite quantities; as usual their values in a vacuum 
are denoted by Eq ^ ^ ® ~ The parasite 

factor 4 which mars the customary electromagnetic equations, is 
suppressed in our system through the suitable choice of units, wher¬ 
ever it is not implied by the spherical symmetry of the problem. 


A. Introduction of the Hertz Dipole 

In the electrostatic case we deduce the potential of the dipole by an 
oriented differentiation from the fundamental potential 0 = Ijr (see 
§24 C); the field E of the dipole is then obtained from this potential 
by another differentiation. In the electrodynamic case 0 is replaced 
by the function of the spherical wave 

(1) = or more completely 11= . 

The notation 77 is due to Hertz^ himself. As shown by the second form 
of equation (1), w'e assume the oscillation to be purely periodic and 
undamped in time (this is realized for the tube transmitter). 

In the abbreviated first form of (1), w^hich we shall use in the 
following discussion, we have to remember that 

( 2 ) n = -icon = -ihcn. 


where 

* In hLs fundamental work “Die Krafte elektrLscher Schwingungen," collected 
works II, p. 147, which also contains the well-known force lines of.the oscillating 
dipole. 
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CO = circular frequency 

(2 a) k = 2 TiJX = (ojc T= wavenumber 

c = (ojk — velocity of light in a vacuum. 

As we know, 77 satisfies the oscillation equation (7.4), which for purely 
periodic processes becomes the wave equation: 

(3) zJi7+Fi7=0. 


In the electrodynamic case 77 is not a scalar but a vector. Hence 
in the future we shall speak of the Hertz vector JJ^ It is connected with 
the vector potential A by the simple relation 

(3a) 77= A. 


Just as the individual elements of which A is composed have the direction 
of the corresponding elements of current, so our 77 in empty space 
(i.e., in the absence of the earth) for a single antenna would have the 
direction of the antenna current. Here we assume the antenna to be 
short compared to the wavelength, that is, with both ends loaded with 
capacities so that the current can be considered in the same phase along 
the whole antenna. In representation (1) we could express the vector 
character of 77 by multiplying the right side of (1) by a constant vector 
which has the direction of the antenna and, as we shall show later, the 
dimension of an electric momentum (charge X length). However, we 


shall refrain from doing this in order not to make the formulas unneces¬ 
sarily .cumbersome; hence we retain equation (1), although it is incon¬ 
sistent from a vectorial and even a dimensional point of view. Only in 
§36 shall we correct this flaw.However, we wish to stress now that, 
due to the vector character of 77 ,'ve have to give the Laplace operator 
A in (3) its general vector-analytic meaning 


(3 b) 


ZJ77 = grad div 77— curl curl 77. 


(see v.II, equation (3.10a)). This will be used in §32. Only in this and 
the following section, where we deal with one Cartesian component 77, 

or rij. at a time, can we use the ordinary A . _ 

We now claim that the field E, H can be obtained from 77 by the 

following differentiation process: 


(4) E = 77-f-grad div 77, H = ^ curl 77. 

In order to prove this we must show that Maxwell’s equations in a 


vacuum 
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HgU + curlE = 0 , 

fo ^ H = 0 

are satisfied, M’here as in (2) we have to replace 
(5a) H by E by -ia> E 


Due to (4) and (5a) the left sides of (5) become: 

curl (— k“ grad div) FI 

and ^ 

— f CO Eq [k"^ + grad div — curl curl) 77. 

Both vanish, the first due to curl grad = 0, the second due to (3) and 
(3b). Hence, if for n we substitute (1) and determine the free con¬ 
stant in terms of the strength of the alternating current in the antenna, 
then, according to Maxwell, we have in (4) the field radiated from the 
antenna, valid for all distances that are large compared to A = 2 jijk 
For the immediate neighborhood of the antenna our description breaks 
down owing to the excessive idealization of our antenna model. Follow¬ 
ing Hertz, we call our model an oscillating or pulsating dipole, since the 
ends of the antenna (both in this picture and in reality) carry alternating 
opposite charges. This extreme simplification of the antenna, which in 
reality is of complicated construction, may serve as an example of the 
degree to which physical data can be idealized in order to make them 

accessible to fruitful mathematical treatment. 

We now pass from the case of vacuum to that of a medium “earth 
of general electromagnetic behavior: it is still homogeneous but with 
arbitrary dielectric constant e and conductivity a; also its perme¬ 
ability will be arbitrary for the time being. The equations (1) and 
(3) for n remain formally valid; however the wave number k is no 
longer determined by (2a) but by 

(6) k^ = en oi^ i fJL a o>. 

At the same time (4) is replaced by: 

-> -V 

(7) K = B n+gT&diivII, curl 77. 


As before, we prove that the corresponding generalized Maxwell equa¬ 
tions 
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. iW H + curl E = 0, 

(7a) 

e E + a E — curl H = 0 

are satisfied. The oscillation equation, from which we obtained the 
wave equation by the elimination of time dependence, is obtained in 
analogy to (7.4): 

(7 b) + 


B. Integral Representation of the Primary Stimulation 

We first wish to bring the representation (1) of U into the form of a 
superposition of eigenfunctions. Since we are dealing with cylindrical 
polar coordinates r,(p,z, we shall use the eigenfunctions u and eigen 
values A of (26.3) and (26.3a) that are independent of g: ; we denote 
the quantity m Ttjh by ju 
We then have: 

(8) u — If^{A r) cos pz, W- = }? -\- . 


However, whereas the A has previously been restricted to a discrete 
spectrum corresponding to the boundary conditions on the cylinder of 
finite radius, we now have a continuous spectrum 0 ^ A < cx) corre¬ 
sponding to the unlimited medium (see §28). Thus, according to (8) 
the p also have continuous, and in general, complex values. Further¬ 
more, since we no longer have the boundary condition for the bases of 
the cylinder, we shall replace cos p z by exp (J:;//z). Hence we are 
looking for a representation of 77 of the form 



OO 


77=/ F{A)Io{A r) e-^^^dA, 
0 


p=YA^-k\ 


where F{A)dA represents the arbitrary amplitude constant by which 
any eigenfunction may be multiplied. Due to the altered meaning 
of r (cylindrical coordinate r instead of the spherical polar coordinate r 
in (1)) we have to rewrite the expression (1) for 77 as 



pikX 

77=-^, 722 = r2-f-z2. 

Jl 


Our condition (9) then reads for 2 = 0: 

2 A confusion between this p and the above magnetic constant p is unlikely. 
The latter, moreover, will soon disappear from our formulas. 
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oo 


( 11 ) 


^ = j F{K)h{Xr)dX. 


0 


In order to satisfy this condition we use the integral representation of an 
aAHrary function by the Bessel functions of §21 B. We employ equa- 
tion (8a) of that section, which for 

ihr ^ 

n = 0 


/(r) = 


becomes 


OO 


ikf f 

— = a<p(a)l0{or)da y 


0 


oo 


(p(a) = f 


0 


The first of these equations becomes identical with (11), if we make the 
following changes in notation 

a = X, a^ia} = F{X), hence <p{a) = F{X)IX; 


The second equation then becomes 

(11b) F{X) = xfe^’‘^Io{XQ)dQ, 

0 

which is the solution of the integral equation (11). The integration in 
(11b) can be performed in an elementary fashion, if we use the repre¬ 
sentation (19.14) for h with the limits of integration ± n ; namely, by 
reversing the order of integration we obtain 

+« OO 2 

(12) FW^^fiw I is = - 2Ti f ■ 

0 


The last expression arises from the lower limit p = 0 in the preceding 
integration with respect to g; the term arising from the upper limit 
g = oo can be made to vanish by a small deformation of the path of 
integration into the “shaded” region of the ic-plane (see Fig. 18). The 
remaining integration with respect to w yields 


(12a) 


2n 
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Hence (12) becomes: 

(13) 

and (11) becomes: 



(13a) 




r 


oo 



h »•) 


XdX 


From (10) we now obtain a corresponding representation for 77 
Namely, we can complete (13a) to a function of r and z, which satisfies 
the differential equation (1) by setting: 

OO 

(14) i7=‘-^=/7„(Ar)e-W^ 

0 

where n = — P is to be taken with -positive real part, in order 

to insure the convergence of the integral and its vanishing in the limit 
z -V oo . The fact that (14) coincides with (13a) for z = 0 insures 
that it also gives the correct representation of e' /R for z 0. 

In the following section we shall transform (14) into 

(14a) ^=1 / 

— OO 


with a more exact determination of the path of integration, which will 
then be complex. Due to the a.symptotic character of H\, equation 
(14a) has the advantage over (14) in that it demonstrates that the 
radiation condition is satisfied, just as in (1) where the factor exp( + ikr) 
is adapted to the radiation condition. 


C. Vertical and Horizontal Antenna 
FOR Infinitely Conductive Earth 

Up to now we have dealt only with unlimited space, whether empty 
or filled by a homogeneous medium with the constants e, p, a . We 
now pass to the case of the half-space z > 0, which, at z = 0, is bounded 
by an infinitely conductive earth {a oo) , in which E = 0 . Hence, 
due to the equality of the tangential field strength, which is 
required by the Maxwell theory, we know that Etang must vanish also 
on the positive side of z = 0. According to (7) this means 

{k^ il -1- grad div n)i^ng = 0 


(15) 


for z = 0. 
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We satisfy this condition by adjoining the “i™ 

sign to the tMO single poles of the given dipole. Figure 27a,b serv 

"'“T VcIiL antenna at a distance h above e = 0. The arrows leading 
from the negative to the positive charge are in the sanje dtrect.an lot the 
original dipole and for its mirror image. Hence v e v rite. 


(16) 


n=n,= 


AkB € 


ikB' 


R 


+ ^, 


^2 = ^2 _|_ (2 _ A )2 , 

B'2 = r2 + (Z + hf . 


The parallelogram on the left side of the drawing shows that charges of 
^e two dtoles equidistant from . = 0 act on a hypothetical unit charge 
situated in the plane z = 0 so that the resulting force is m the 2 -direction. 

This means^ E^ ^ distance h above z = 0. The arrow of the 

reflected dipole has the opposite direction to that of the original dipole. 


Hence we write 


(37) 


n = n = 


ikR 


R 


ikR' 


K 


where R and R' are as before.'* The parallelogram on the right side of 
the drawing shows that two associated charges of the two dipoles act 
on a positive unit charge in the plane z = 0 



Fig 27 Reflection by infinitely conductive earth, a) The vertical dipole. 
The auxiliary construction on the left shows that the horizontal components of 
the forces exerted by a pair of mirror image poles on a particle on the boundary 
plane cancel, b) The same thing is shown by the auxiliary construction on the 
right for the horizontal dipole. For the latter the orientations of the arrows in 
the original and its mirror image are opposite, for the vertical dipole they are equal. 


so that the resulting force is perpendicular to the plane z = 0. Hence 
we again have E = 0. 

> The opposite choice of signs in (16) and (17) indicates the vector character 
of n , which is suppressed in equation (1). 













244 


PARTIAL DIFFERENTIAL EQUATIONS § 31. 18 

In exercise VI. 1 we shall compute this using the vector formula 
(15) for both cases a) and b). 

In one respect a) and b) differ fundamentally. Namely, if we pass 
to the limit h —> 0, we obtain 

n=2~, from (16) but i7= 0 from (17) 

Hence, a vcrticul antcnno, located divectly on the earth for a sufficient con¬ 
ductivity of the soil generates the field which would be generated by the 
same antenna in empty space in complete absence of the earth. On the 
other hand a horizontal antenna located directly on the earth for a complete 
conductivity of the soil is canceled by its mirror image. The former 
made it possible to adapt the formulas and figures of Hertz’ original 
work, which were relative to empty space, to the case of a grounded 
antenna (Max Abraham). In fact, we can cut the Hertz pattern of force 
lines of the oscillating dipole along its central plane and replace that 
plane by the surface of the earth. The force lines are then perpendicular 
to this plane and hence satisfy condition (15). The latter, that is, the 
disappearance of the horizontal antenna field for = 0 as expressed by 

(17) , decreases rapidly in importance for > 0 (see the figures in §36). 
Indeed, the horizontal antenna is an effective means of communication 
even when h.<.X and the medium is sea water (a very good con¬ 
ductor for the comparatively long radio waves). Thus we see that for 
the horizontal antenna the nature of the ground and the distance from 
the ground play a greater role than for the vertical antenna. The formula 
77 = 77j. in (17) is then no longer adequate and must be generalized 
(see §33). 

D. Symmetry Character of the Fields of Electric 

AND Magnetic Antennas 

As we have just seen, the vertical antenna gives the field of a 
Hertz dipole of strength 2 for the limit —> 0, and the horizontal antenna 
yields a zero field. However, if in the latter case we let the antenna 
current increase at the rate at which h decreases, then we obtain the 
field of a quadrupole. In fact under this limit process Fig. 27b goes over 
into the quadrupole scheme as seen on p. 152. Replacing the amplitude 
factors 2 and zero by A and B we can write; 

(18) Vertical antenna: fl^ — Dipole, 

Q gikR 

Horizontal antenna: 77^, = R ^Quadrupole. 
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The latter representation corresponds in Fig. 27b to the combmation 
of the pairs of poles which lie on the same vertical line to a vertical dipole 
and to their relative translation in the horizontal direction. This means 
that the horizontal antenna in the x-direction is equivalent to vertical 
antennas with opposite current that are mutually translated in the 
j-direction. We shall discuss this more closely m connection m ith 4 ig. . 

Written in polar coordinates a: = r cos (p, i/ = r sm 91 the second 

formula (18) reads 


(18a) 


X d e**® T, 


ikR 


If r! If 71 


Hence, the directions (p = 0 and y = jr parallel to the antenna are 
preferred directions for/7j.; in the perpendicular directions <p 
n vanishes. The associated direction characteristics of the horizontal 
antenna will be described in Fig. 29, where we shall also compute the 
constant B (which vanishes with increasing conductivity). On the 
other hand the field of the vertical antenna is symmetric with respect to 
the 2 -axis and hence its direction characteristic is a circle. From this 
follows the particular suitability of the horizontal antenna for diiected 

broadcasts (see §33). 

Rod antennas of vertical or horizontal direction are called electric 
transmitters. A coil traversed by an alternating current or any (circular, 
rectangular, etc.) closed conductor is called a magnetic transmitter, 
because then the magnetic field is concentrated in the axis of the coil 
(the normal of the wire loop); the customary notation is “frame antenna.” 
In the central perpendicular of the frame a magnetic alternating current 
pulsates, while along the rod antenna there pulsates an electric 
alternating current. While the magnetic force lines are circles around 
the rod axis in the electric transmitter, in the magnetic transmitter the 
electric force lines are circles around the normal of the frame antenna 
(at least for distances that are large compared to the frame). These 
statements are correct only for the vertical electric or magnetic dipole; 
for an oblique or horizontal position the circular symmetry is disturbed 
by the conductive ground. Generally speaking the data for the magnetic 
transmitter are deduced from those for the electric transmitter by replac¬ 
ing E,H by H, — E, (for details see §35). Due to the boundary 
conditions for E (not for H ) in the case of an infinitely conductive 
ground, the signs in (16) and (17) are interchanged. Namely, for the 
magnetic TI^ (horizontal position of the plane of the frame), we have 

AkR 

(19) n,= ^ - jr , 11 ^ = 0 iorh^O 
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and for the magnetic Tl^ (vertical position of the plane of the frame) 
we have 







n^ = 2 for h-^0. 


The proof will be given in exercise VI.1. The frame antenna of type (19) 
is of no practical importance, the antenna of type (20) will be treated in 
§35. As a transmitter this latter antenna shows a marked direction in 
the plane of the frame (e.g., for 77, the y,3-plane) with the same charac¬ 
teristic as the electric rod antenna of (18). As a receiver it is arranged 
so that it can be rotated around the vertical line; if it is then oriented for 
maximal reception its plane points to the origin of the signal and it is 
therefore particularly suited for range finding (see §34). 


§ 32. The Vertical Antenna Over an Arbitrary Earth 

Let £ and a be the electric constants of the ground. As regards 
its magnetic behavior we may assume fi = , which is sufficiently 

close to reality and simplifies the following calculations. We write 

(1) n^={e+i ^)/£o 


and, as in optics, we call n the “complex refractive index.” The wave 
number k of (31.6) will, in the following discussion, be called ks in order 
to distinguish it from the wave number of air for which we keep the 
notation k. Then according to (31.6) and (31.2a) we have 


(2) ks = nk. 

We denote the altitude of the dipole antenna above the ground by h, 
as in (31.16). 

We have to distinguish three regions: 

I. Air z > h. In addition to the primary stimulation that becomes 
singular at the dipole 2 = /i, r = 0, we have a secondary stimulation 
that is regular throughout due to currents induced in the ground. ^Ve 
write according to (31.14) and in analogy to (31.9) 


00 


00 


(3) 77p„,„ = //o (Ar) 


-fijz-h) XdX 


^sec jF(X) 7o(Ar) e 




dX. 


0 


0 


where F{X) is, so to speak, the spectral distribution in the X- continuum 

of the eigenfunctions, and is as yet undetermined. The factor exp(--^ ) 

in the representation of /7,ec is convenient for what follows, and it is 
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permissible since it is a pure function of A and thus merely alters the 

meanmg^f^ fayl' h > z > 0. Here, too, we have a primary and a 

secondary stimulation. Due to z < h and according to the rule o 

signs of (31.14) we must write the former with a sign opposi e 

iif (3); the latter, being an analytic continuation, has the same form • 

in (3): 


(4) -^prlm 


T/,,(J r) e+ /7^. = / r (A) L a • 


Equations (3) and (4) insure the continuous behavior of the field 

at the boundary between I and II for an arbitrary choice of ^ (A) . 

III. Earth 0 >z>-oo. Here there is no primary stimulation, 
the 77-field — denoted by 77^ — must be continuous throughout. 
In order to satisfy the differential equation for earth (31.3) with Ice 

instead of we write; 


(5) 77e = JFe (A) 7o (A r) A , f^l = - k% . 

According to our general rule we must choose the sign of jUe 2 positive 
since z < 0. The factor exp {—fx h) is adjoined for reasons of con¬ 
venience; again, this merely influences the arbitrary function 7 ’e(A). 
The functions Fe{X) and ^(A) are determined from the boundary 

conditions on the surface of the earth. 

According to Maxwell we must require the continuity of the 

tangential components of E and H. These are merely 


Er and • 

Indeed, the electric force lines are in the planes through the dipole axis, 
the magnetic force lines are circles around this axis, and hence E(p and 
H, vanish. (This follows from the fact that 77 = 77^ is a function of 
r and z alone.) Now according to (31.4) and (31.7) we have 

-k^ en . ^ „ 

—^ 51 - for z > 0, 

( 6 ) . 


~ dr dz 




a en 




g 


dr dz 


= 


Mnico dr 


for Z < 0. 


Hence the continuity conditions for z = 0 are; 

d dn _d dUg dn . en^ 

dr dz dr dz ’ dr ^ dr 


We can integrate these conditions with respect to r and the constants of 
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integration must be zero since all expressions vanish for r -> oo. If in 
the second equation above we replace A:| by according to ( 2 ) then 

we obtain: 


(7) 


m 

dz 


bn, 

bz 


n = n^n 


E 


for 2 = 0 


On the right side of this equation we have to substitute the value of 
from ( 5 ) and on the left side we have to substitute the sum of 
TTprim from (4). We thus obtain the conditions: 


sec 


oo 


(7 a) 


//o(Ar)e ——= 0 , 


0 


00 


(7 b) 


/ 


d/. 


7o(A r) e-'‘^ (A + fiF-n^ .« 7’^,) ^ = 0 


0 


They are satisfied if we set 


[iF jUg Fe = ^ > 

fxF — fi F^ = — A 


Hence 

( 8 ) 








Fe = 


2A 


n^H + H 


Thus, we have demonstrated that equations (3), (4), (5) do indeed lead 
to a solution of our problem with its boundary conditions. The fact 
that there can be no other solution is deduced from the uniqueness 
axiom of physical boundary value problems, which always proves reliable. 
Due to the meaning of n, (i, ii^ equation ( 8 ) can be written in the 

more symmetric form: 

A k\ ]/x^ — kl 


F = 


(8 a) 




)/A" — F kl /a" — ** + F |/a* — k 

2 Afc* _ 

kl — k^ + A* — kl 


2 

S 


We again write the primary stimulation in its original form e 

^ * m • . W M A 1 _ 


ikR 


R 


with /t^ = + (2 — h)- to show that the contribution to that is 

due to the first term of F in ( 8 ) differs from T^prim only by the fact that 

we have to replace — h by h, and hence R- by R ^ = r- + (z + h) . 
Then representations (3) and (4) for regions I and II can be contracted 
and we obtain as the general solution of our problem for 2 > 0 and 2 < 0: 
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oo 


/ 


f^s 




/^ + i*’ 


(9) 


OO 


n 


0 




XdX 


E 


7l2/i + tig 


If in particular we have /i = 0 so that we can use equation (4) for 
the coinciding expressions and /R', then the first line of (9) 

can bTrewritten in an elegant manner. According to previous work 

by the author we then have: 


( 10 ) 


OO 

77 = //o(A r) 
0 

00 






If on the other hand, we consider the special case lnl->oo of a 
completely conductive earth then fiE can be neglected as compared 
to and the integrands in (9) will vanish. This confirms the result 
of the elementary reflection process in §31, equation (16): 

^ikR f,ikR' 

(10 a) n=-j^+ , /?£ = 0 . 

it is profitable to consider this limit process with respect to n some¬ 
what further. To this end we replace fi + He ^y in the denom¬ 
inator of the integrand in the first equation (9), and in the numerator 

WG writG, for a.11 valuGs of a that arc not too large, 

(10 b) he = A:|=A:£ y"—1-f ^ . 


and hence (f* =_i 

n 

(concerning the sign of see the figure below). Then the first equation 
(9) becomes: 


(10 c) 





+ A) 


XdX 
^2 • 


An intuitive interpretation of the latter integral^ can be obtained as 

< Since the denominator vanishes at A = fc the path of integration must 
be chosen in the complex A- plane so as to avoid the point A == fc. This remark 
holds for the follo\\'ing A- integrals, too. In the preceding integrals, starting with 
(31.14), we had the denominator fi, which did not destroy the convergence. 
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follows: corresponding to 


«'= + (r + M*. 


we wTite 




= I (>• 0 « 






o 






and compute 


00 


ikH 


«« 


ii 


// 


dA' = d/i 


'/..,« = //. (A r),-"*" / .-'‘i*' 

u 0 ^ 


f 








I • 


0 


hence the integral in (10c) stands for the action of an imaginar>- con¬ 
tinuous covering of the ray A < A' < oo with dipoles that rearh 
from the image point r= — A, r = 0to2 = — oo, r = 0. Hence 
the approximating equation (10c) can also l>e written as. 


(lOd) 


n = 


.itM 


R 


e**‘' 2ik 


R' 


, i 

h 


In this connection we should remember a simUar covering of a ray with 
imaginarj- source points that we used in a heat conduction problem m 
Fig. 15. While there we required exact satisfaction of the simple 
boundaiy'condition duidn -f A u = 0 (the A there, of course, had noting 
to do with the A here), we now require approximate satisfacUon of the 
complicated boundary’ conditions that arise from the juxtaposition of the 

air with the highlv conductive earth. 

From the above formulas we can deduce the field E, H by diflferen- 

tiation. However, we shall not tvrite this somewhat mmbe^ 
representation since we shall need it only in connection ivith the energy 

considerations of §36. . 

The integrals in (9) and (10) are not yet uniquely determined 

because of the square roots 


( 11 ) 






that appear in them. Corresponding to the four combinations of signs 
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of and PS, the integrand is the"S 

has four sheets. By our rule of s.gns ,n (3U4), "‘'"''j' 
part of and also applies to the real pa^ t^ f Ps^ convergence 

is singled out as a ■ 1* *eeh In o 

“hi™ ‘r;trssS“shee't''l.l ^Ve achieve this hy joining the 
“branch points** 

/jja) i — k and A = Ss 

L" tlTby r’palh oUnregSilTetaring to ^erefore^do 

this makes the meaning of the integrals m (9) and (10) precise. 

But el™ then the representations (9) and (10) goffer from » 
ntathematical inelegance: they are integrals with the hxed m.t.al point 
A = 0, not integrals along closed paths m the /- plane, 


\ tma^k'iory 





*■ \ rtaL 


Fist 28. The paths IF, and IF = IF. + IF, in equation (13) ; deformation of 
the path IF into the loops Q and Qe around the branch cuts and into the closed 

path P around the pole. 


which, due to their deformability, would be much more useful. We 
remove this flaw by using the relation 

7, = i (tt; + Hi) 

and the “semi-circuit relation” (10) of the introduction to exercise IV.2. 
If in the latter we set Q = X then the preceding equation becomes 
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(12) r)]. 

We imagine 02) multiplied by an arbitrary function of }?• (indicated 
in the following by ... ) and by X dX and integrated over Wi. Then, 
if we write X'=Xe^" , we obtain from the subtrahend on the right 
side of (12) 

(12 a) jHl{X'r)...X’dX'. 

w 

Here W is the path obtained from Wi through reflection on the origin 
taken in the direction A'= 0-> A'= —oo , which, except for sign, 
is identical with the path Wz in Fig. 28. Hence (12a) is the same as 


(12b) 



and from (12), if we denote the variable of integration throughout by 
X and combine the paths TFi and TFz to W = Wi + TFz, we obtain 


(13) 






w 


Thus we have achieved our purpose to replace the seemingly real inte¬ 
gration that starts at A = 0 in representations (9) and (10) by a 
complex integration over a path which closes at "infinity. e consider 
this transformation (13) performed on all the integrals m (9) and (10). 
In particular we write, e.g., the primary stimulation of (31.14) and the 

first line of (10) in the new form 



n 


prim 



A dX 




(14a) 



I Hl{Xr)e-'^^ 

TV 


X dX 


The attentive reader must have noticed long ago that Fig. 28 coin¬ 
cides with Fig 26 (even with respect to the notation of the paths H , W i 
and the variable of integration A), and that the present problem (de¬ 
termination of the function 77 in space as subdivided by the surface of 
the earth for prescribed singularities at the dipole antenna) is sum¬ 
marized under the general vrohlem of Green's function Here con¬ 
structed the solution from eigenfunctions that satisfy Jhe radmt 
condition at infinity. The fact that this condition is satisfied in the 
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present case is made evident by the fact that in (14) and (14a) only the 

W "nt'Tonrer''thTupper part of Fig. 28. Since we kjw that 
m ,A r)\.anishes in the infinite part ^ l a-t 

ttrr --it avm. U ..PS 

^nTln''/in“ ^g- ■inCL.^namfrthe point at which the 

\ • a «2 „ _L » vanishes We denote it by 

denominator fi + f^E ' anisiieb. 

X = f. 

This corresponds to a pole of the integrand and must be avoided by the 
path ouZ™ tion in a circuit P. We have not drawn the paths which 
foin P to infinity since in the integration they cancel each other. 

Of the three components Q.Qe.P of the integral we can ignore the 

contribution of Os for large I tel, since HHXr) 

for great distances from the real axis. We firtt consider P separately, 
but we shall soon see that P and Q can hardly be separated. 

From the defining relation for p 


(15) 


p + Pe — ^ 


we have 
(16) 



M-hich we can also M rite as 



(16a) 





Due to l/.js;|>A: M’e have approximately 

(16b) ~ 2 it^) ’ ^ 

However, we M'ish to stress the fact that the precise value of p given by 
(16) or (16a) is symmetric in k and 

* Here we have assumed a time dependence of the preferred form exp (—» m <). 
For a time dependence of the form exp (+ » w I) we would have to make the transi¬ 
tion from I to //* in (12) with the help of the semi-circuit relation (10a) m exercise 
(IV.2). Thus we would obtain a representation that, e.g., in (14a) is constructed 

from elements of the form 

and hence also has the type of radiated waves. 
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We now compute the integral over P by applying the metluxl of 
residues to (14a). Here we can let 7. = p in all the factors of the 
integrand of (14a), but we must replace the denominator which vanishes 
for A = p by 


j: (»*“ H + /<e) = 
a/. 




taken for A = p. We thus obtain; 



here the new quantity K is symmetric in k and ks. Hence, as the con¬ 
tribution of P to (14a) we obtain: 


(18) 77=2 n^•^//J(pr)c-'''‘-'■*^ 

In the same manner, for 2 < 0 (earth, interchange of k and kst and re¬ 
versal of the sign of 2 ) we obtain 

(18a) He = 2 .-t i ^ 77j(p r) ' . 


Except for the immediate neighborhood of the transmitter, namely, for 
all distances 1 p»- 1>1 we can replace 77 by the asymptotic value 
(19.55). We then obtain 


(19) 

77 = 2^ 

1 A- ' 

2^0, 

(19a) 

He = 2 

/2.-ri ipr + \P'-ilz 

pr 

2^0. 


These formulas bear all the marks of “surface waves," which are men¬ 
tioned in v.II in connection with the water waves or the seismic Rayleigh 

waves, and which have the following properties: 

1 . They are tied to the surface z = 0 and decrease in both directions 
from that surface; in the direction of the earth they decrea^ rapidlj 
due to the coefficient (p^ - ki)* of 2 ; in the direction of the air the 

decrease is slow at first but exponential for large 2 . 

2. The propagation along 2 = 0 is given bj' 

dr _ o) 

and hence depends in a s>-mmetric manner on the material constant s 
air and earth, as must be the case for a surface wave. 
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3 . ,f for the time being >ve neglect the 

11 ^ \"dth increasing distance from the transmitter, whereas he in- 

as Ir. This too is -fitetion for the ^nt,a«y tw. 

dimensional propagation of energy m the surface ^ 7 » < “ 

4 For the sake of completeness we also mention the 

absorption in the radial direction; it is given by the real part of ipr 
according to (16b) and ( 1 ),( 2 ) it is given by 


kr 


Re 




which is valid both for z > 0 and for z < 0 . e -i • „ii 

For sufficiently large r, where the relative change of f is small 

we can consider (19), (19a) as waves whose origin is at infinitj, e.g., 

the direction of the negative x-axis. These equations then become 


( 20 ) 




c rr — A P' JVX+Sv'-kg'Z 

( 20 a) — Ak e 

where T is a slowly varying amplitude factor, and hence represent the 
so-called “Zennecfc waves.'' As early as 1907 Zenneck,* in great graphical 
and numerical detail, investigated the fields E, H derived from (20) 
( 20 a), and discussed the material constants of the different tpes of soil 
(also fresh and salt water). It was the main point of the author s work 
of 1909 to show that these fields are automatically contained m the wave 
complex, which, according to our theory, is radiated from a dipole 
antenna This fact has, of course, not been changed. hat has changed 
is the weight which we attached to it. At the time it seemed conceivable 
to explain the overcoming of the earth’s curvature by radio signals with 
the help of the character of the surface waves; however, we know now 
that this is due to the ionosphere (see the introduction to this chapter). 
In any case the recurrent discussion in the literature on the reality of 

the Zenneck waves” seems immaterial to us. 

Epstein* has recently shown that the surface Avave P taken by itself 

is a solution of our problem, and hence in principle does not have to be 
accompanied by the wave complex represented by Q. The latter, gener¬ 
ally speaking, has the character of spatial waves and, in contrast to ( 20 ), 

is represented by the formal type 


77= B 


Akr 


® Ann. Pkysik 23, 846. 

^ Ann. Pkysik 28, 665. 

* P. S. Epstein, Proc. Natl. Acad. Sci. U. S., June 1947. 
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Under the actual circumstances of radio communication P + Q is best 
represented by one contour integral which goes around the near points 
A = '/> and 2. = k , and which must be discussed with the help of 
the saddle-point method. This has been carried out most completely 
by H. Ott.® However, we have to forego the presentation of his results 

in order not to get lost in the details of the problem. 

We shall consider one more general aspect and one special formula 

which is convenient for numerical computations. 

The general aspect concerns a kind of similarity relation of radio, 
the introduction of “numerical distance.” Measured in terms of wave¬ 
lengths the radial distance traversed by a spatial wave in the time t is kr 
(except for a factor 2 tz), the distance traversed by the surface wave 
in the same time is equal to the real part of pr. e form the difference 
of these distances and introduce the quantity 


(21) Q = i {k — p) r . 

The absolute value of q is called the numerical distance. The quantity 
g is a pure number whose absolute value is small compared to hr. 

In fact, according to (16a) we have 


(21a) 




Hence, for small values of Q the spatial-wave type predominates in 
the expression of the reception intensity; in this case the ground peculiar¬ 
ities have no marked influence and we can make computations using an 
infinite ground conductivity without introducing great errors, as was 
done by Abraham (see §31). For larger q the rivalry between spatial 
and surface waves becomes apparent, as the value of Q m (21) ^^as 
defined in terms of the difference of the two propagations. In this case 
the material constants of the ground are important, and indeed no 
only a, but also e. Generally speaking, equal g’s imply equal wave 
types and equal reception strengths. Thus q indicates a similaiity 
relation. The fact that for sea water, due to its relatively hig i con¬ 
ductivity, e is much smaller according to (21a) (for the same absolute 
distance Ihan it is tor fresh water or for an equally leve dry seal 
explains the good reception at sea (the difference m reception duiing t 

day and night is, of course, due to the ionosphere)^ 

An expansion in ascending powers of Q led the author, in 
investigation (1909), to a convenient approximation formu a \\ 
since has been rededuced by different authors (B. ^ an der 1 ol, K. • 

^ Ann. Physik 41, 443 (U)42). 
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Xiessen, L. H. Thomas, F. H. Murray) partly 
its final form the approximation formula reads. 


in a simpler manner. 




" • rp'V*;r "„sr. r,~: 

“FS Es H zx:t;s.;r:.'=r:-li 

to the first equation ( distances 

larger g . The generalization of (22) to ttie case oi sma 

2 above the ground is 

(23) i7 = 2^(l + i^e e-"-2i/^e-" Je" ; 


where 


t = i (/u — y) r w ^ ; 


2 = 0 Nve have T = e and (23) becomes the same as (22) 


§ 33. The Horizontal Antenna Over an Arbitrary Earth 

For a horizontal antenna lying in the x-directipn it seems advisable 
to set the Hertz vector jj equal to 77^. However, as \ve remarked a 
the end of §31 C, this is possible only for an infinitely conductive ground. 

We start by proving this fact. 

For fj — JJ obtain from (31.4) and (31.7) 



E, = P/7,+ 

Ex = 




2 ^ 0 , 

2 ^ 0 . 


where and Ej, must be continuous at the boundary 2-0. From 
the above formulas for E, we then deduce the continuity of 77^, ivhich 
implies the continuity of . But then the formulas for E, 

imply the equality of A:^ and /c|, which is a contradiction. 
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We resolve this contradiction by writing the Hertz vector with two 
components: 


( 2 ) 

then instead of ( 1 ) we have 

d 


n={n,, 77J; 


(3) 


X 


n. + a. 


div n, 




K.= Rn,,+ ^ He. E„ = Ldiv 5 


E 


0 , 


0 . 


X ■■’E^^xE 1 Qx 

Hence for 2 = 0: 

^4) div n = div 

and 

(5) ^x ~ ^xE • 

For the magnetic components, according to (31.4) and (31:7), we have 

dn. 



k'^ dUz 

H„ = 


/dJiz 

Hx = 

ipoU) dy 

ifiooj 

\dz 


k\ 277, g 

Hv = 

, 

/^^xS 

H* = 

ifiocody 

{UqU} 

\dz 


) 


dx 

dJIzE 


z 


0 , 


ox 


) 


0 . 


From the continuity of it follows that 


( 6 ) 




and from the continuity of it follows that 


(7) 


I?- 


277 * 7 2 g 


Hence we have two conditions (5) and (7) for 77* which we can write 
in the form 


( 8 ) 


77* = n2 77*^, 


dlJ. 

dz ^ 




After we have dctermincti II. tve oittain the two oomlitions ( 6 ) and (4) 


for 77*: 


(9) 


77 


n 


277 


zE > 


dn 

dz 


dll ZB _ 277* g 
dz dx 


dn„ 

dx 


The computation of 77* is carried out by the methods of §32. 
again distinguish the three regions: 

2 >o, ni. 0 


\\’e 


I. oo >■ z > 


II. h 


z > —OO. 
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I and 11 the function is 

Stimulation, which can ^ (32 5 ) The conditions ( 8 ) 

only the secondary stimulation of the form (3-1.5). 

then yield, in analogy to (32.7a,b), 

(10 a) 


po(Ar) e-" * (A - it* 


Jlo(Ar) e-'‘"(A + /*i^-«V^i:) 




= 0 


( 10 b) 

and by setting the parentheses equal to zero we obtain: 

1 2 A 

(11) ^ = ^ + ■ 

This expression for F is written so th^tAe 

”rrt te’rm^F = - Ay^emains If we substitute (11) in the equa- 
;ts (32 ^4,5), then in analogy to (32.9) we obtain the representation 

of the n^r field; 


00 


iltH pikR* 


77.= 


E 


R 


r+ 2 7o(Ar)e 


— ^ (z + ^) A <iA 


/i + ^ 


0 


( 12 ) 


oo 


iIxE = ^/^o(A’-)e 


^ fig z ^ A cZA 


fl+fi£ 


0 


„.u„rp m = r^+ (z - hY, R'^ = + (z + hy. 

If in particular /i = 0 then we have R' = R and (12) simplifies to: 


n. = 2 f /« (A r) s-TT^, 


( 12 a) 


0 


oo 


^xE — nt J ^0 (A ’■) ® 


+ f‘E‘> 


Xd). 


fi + hs 


0 


If on the other hand we consider the special case n-^oo, then we 
also have I^le] ^he integrals in ( 12 ) vanish, so that ( 12 ) 

reduces to 


(12 b) 



^ikR 

"R ^ ‘ ’ 



in agreement with (31.17). 
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The integration in equations (12) and (12a) is to be taken over the 
path Wi of Fig. 28. Here again we can profitably replace this path by 
the closed path W = Wi + W^. If at the same time we replace lo by 
^ Hq then for vanishing h but finite ks we obtain, in analogy to 
(32.14a), 


( 12 c) n^ = J Hi (Ar) e 


— fiZ 






n,E=i, f 


+ 


XdA 




ir 


IF 


We now turn to the determination of 11^ and first consider the 
second condition (9). Since an d do not depend on x and y 

separately but only on r = j/a:® -f- , " e have 


en^ _ ^ f!) 

dx 8r dx 


8n^ 

COS (p ^ , 


<p= <ix,r), 


and a corresponding relation for BUj-eI^x. From the second equation 
(9) it follows that 77^ must also contain the factor cos <p . Hence we 
deduce that FI^ can no longer be constructed from the eigenfunctions 

; it is necessary to use Bessel functions with the next 

higher index 1 

Zj (A r) cos 

Considering the fact that 77, should contain no primary stimulation we 
write: 



77, = cos (pj ly (A.r) (A) dK , 

n,E = cos / h »•) W • 


where 0 and <Pe determined. The first condition (9) 

then yields 

(13a) 0 = n^0E- 

The second condition (9) yields 

— cos <p / 7i iXr)e-^'^ifi0 + fis 


(13 b) 


COS 


Hi 


) / /i(Ar) 




In fact, in the representation (12) the terms not under the integral signs 
vanish for 2 = 0 . If we multiply the numerator and denominator ot tiie 

integrand on the right side by and consider the fact that 






kl 


k’‘ = 4 (i - ^) 
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then we 


^ J5 problems of KAUiu 

and that according to (19.52b) we have l', {q) = - h (q) > 
can contract (13b) to 

(13 c) - cos y / h (A r) e-'* + I (#< - '‘■) 


From 


(13 d) 


this we deduce a further relation between 0 and 0^ ■ 

{10 -\r /J-E ^ ^ ^ 


This, together with (13a) and (32.2), yields 


(14) 


0 = 


2 ft — f^s 


-2 


n 


According to (13) the final representation of 77^ is then 


(15) 


i7. = -icos,/7,(Ar)e-^-^>,|^A^^A, 


The path of integration is TFi of Fig. 28, or, if ive replace h by i Hi , 
the path W = Wi+ W 2 . Since the denominator in (15) coincides with 
that of in §32, “surface waves” also exist for the 77^ which is in¬ 
duced by a horizontal antenna. These surface waves correspond to the 
pole P in Fig. 28 and they are superimposed on the “spatial waves or 
merge with them. Under the assumption hi^->co, which implies 
n-^ 00 , he^oo , the component 77, vanishes. Hence the in¬ 
duced vertical component is strongly dependent on the nature of the 
ground and thus does not appear in the previous elementary treatment 

of §31. , , 

A principal distinction of the horizontal antenna as compared to the 
vertical antenna is its directed radiation, which is implied by the factor 
cos (f in (15). The same factor is contained in the electric and magnetic 
field components which determine the radiation and it is a quadratic 
factor of the radiated energy. Later on we shall see that the component 
77 , which is free of cos 9 ). in general gives no essential contribution 

to^'distant transmissions, and hence it can be neglected in the following 
discussion. 

The solid curve in Fig. 29 represents the “direction characteristic” 
of the horizontal antenna. In order to obtain this curve we plot the 
radiated energy = M cos 9 ? in a polar diagram, where M is the 
maximum of |/^ radiated in the direction 95 = 0 . This curve is 
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symmetric with respect to the direction 9 ? = i ™ which there is 
no radiation; the radiation in the forward direction <p = 0 and in the 



X'Aiii 
^ s 0 


- 1 

///// ////?/^}} 


>» » 

V777777r77777777?77777y 


Fig. 29. Upper half: solid curve = direction characteristic of the horizontal 
antenna; broken curve = direction characteristic of the Marconi antenna. 

Lower half: diagram of the Marconi antenna. 


backward direction = n the same. If we combine the horizontal 
antenna coherently with a vertical antenna so that the vertical antenna 
alone would give the same radiation M as would be given by the hori¬ 
zontal antenna in the direction ep = 0 (the polar diagram would be a 
circle of radius M), then, we obtain as the total characteristic the curve 


2 M for 9 ? = 0 


\/E = M(1 + cos q)) = 


M for (p = 7^/2 
0 for 9 ? = 7C. 


This characteristic is represented by the broken curve and shows a 
stronger directedness than the solid horizontal antenna cuive. 

In the lower half of Fig. 29 we sketched an arrangement by wtiicn 
such a combination of horizontal and vertical antennas was realized on a 
large scale by Marconi (about 1906) for transatlantic 
(station Clifden in Ireland). The preferred radiation . 

of the arrow in Fig. 29 aroused general amazement ^ 

lem studied by II. von II 6 rschelmann,‘o in which the above 
developed (Marconi worked only with the instinct of t le 
experimenter). However the Clifden arrangement was somewhat 
cumbersome, and it has since been replaced by a more convenient 

bination of two or more vertical antennas (see Fig. 30). 

In Fig. 30 we have drawn a horizontal antenna of the 

•»l)iK.sertation, Munich 1911, Jahresber.f. drahll. Tel. 5. 14, 158 (1912). 
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/ together M'ith the current which flows through and the influx 
and out’flux through the earth. The last two are equivalent to two 



Fie 30 Horizontal antenna with the accompanying earth currents; at a 
tS eS of the two vertical ante„n,» is the same as the eiteot of the 

horizontal antenna. 


coherent vertical antennas of opposite phase, which we have indicated 
by towers. Their action at a distance is represented by a formula of the 

type 





eika 



> 


where is the Hertz vector of the individual tower. We want to 
show that our theory in a rough approximation really leads to a formula 

of this type. x i n • 

Since we are interested only in action at a distance we set n — 0 in 

(15) and in analogy to (32.10b) write 

H — fjL^ — {J'E = i k n, fj, hje ~ • 

In addition we have the relation 


|:/.(Ar)--Ar,(Ar). 

The first equation (15) thus becomes 

00 

( 16 a) n,= j^cos(p^Jloar)e —, 

0 
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Xn''"" m'"* under the integral 

tlTp I obtained the form of equation (16); for 

the length of the antenna / we obtain v y, m 

(16b) in 2 2V 



^0 


k JVe + iala)\ 

Due to the meaning of k this length M | is of the order of magnitude 
( e a\ e length A, but it also depends strongly on the nature of the 
ground; m the limit or oo we have / = 0 as has been stressed before 
1 he same approximation method leads to an estimate of the order 
o magnitude of i7^. We start from the first equation (12) and set 
1 - 0 as well as 4- ^ ^ ^ obtain 


W, 


2i d 


Xow we Piave 


k n dz JR 


d e 


ikH 


z d 


ikR 


ikJt 


r d 


ikR 


CZ R 


RdR R ’ dr R 


RdR R 


The ratio of these latter quantities is 2 ‘r, and hence is very small in the 
neighborhood of the surface of the earth at a great distance from the 
transmitter. According to (16c) and (16a)-/7^ and 77, have the same 
ratio. Hence we have 


(17) 


nA<\n, 


This fact has been mentioned before but is proved here for the first time. 

The result is very remarkable: The primary stimulation 77^ 
serves only to yive rise to the seeondary stimulation IT, . The trans- 
fnhsston at a distance is caused by IT^ alone. Only in the immediate 
neisliborhood of the transmitter, due to the prescribed pole of FI^ , 
does 17^ have an effect which outweighs that of 11^ . At a great 
distance the field of transmission of a horizontal antenna has the same 
character as the field of transmission of a vertical antenna^ except for the <p- 
dopondonco which indicates the primary origin from a horizontal 
antenna. In both cases the signals for large distances are best received with 
a vertical antenna: a horizontal antenna would be unsuited as a receiver, 
since the horizontal component of the induced field is always small 
compared to the vertical component, even for a moderately conductive 
ground. 

These results are generally known in practice, but the}^ can hardly 
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be understood without our theory which takes the nature of the soil into 
account. 

We note that approximations (16a) and (16c) can be considered 
as the first terms of an expansion in ascending powers of the numerical 
distance g. Just as we had to complement the term by terms 

dependent on g for the vertical antenna, so now we must correct (16a) 
and (16c) by terms dependent on g. 

§ 34. Errors in Range Finding for an Electric Horizontal 

Antenna 

In navigation, range finding means the location of that direction 
from which a signal reaches the receiver. As an ideal receiver for radio 
signals we have the frame antenna, which was described at the end of 
§31, and which will be investigated in greater detail in §35. We con¬ 
sider the receiving antenna rotatable around a vertical axis. As for 
navigation, we assume the receiver to be at sea, near the surface of the 
earth. We assume the transmitter to be a horizontal antenna. Then, 
corresponding to the directional characteristic of Fig. 29, we not only 
expect maximal reception on all points of the x-axis for an x-directed 
transmitter, but at every point {x,y) on the earth we expect a maximal 
reception in the r-direction from which the signal comes, and no recep¬ 
tion in the 9 !)-direction. In reality things are not that simple because, 
in addition to the principal radiation of the order l/r, the horizontal 
antenna also emits radiation of the order 1 /r'*. 

In order to prove this last fact we have to carry the approximation 
of the field one step further than we did in the equations of the preceding 
section. Namely, equations (33.16a) and (33.16c) yield div/7=0 
and hence, since 77,^ = 0 , for = 0 and z = 0 they yield a field 
perpendicular to the surface of the earth. We now compute div 77 
with greater precision. We obtain 11^ from (33.12c) with h = 0, and 
77^ from (33.15) by setting h = 0 and replacing 7i by i Hi- Then we 
obtain 


djl 

dx 


dll 

dz 


= — COS 


(p j H\(_X r) 


-HZ 


w 


}?dh 


= cos(p I H\ {Xr)e 


w 


ti + 


A2 dk. 


cos (p 


I HI (A r) 


-HZ 


w 


id 




P +yB tc^ y-\- pj 




div77 = 
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and by a simple contraction: 



div ^ = — cos xp f H\ {X r) 


w 


= COS q> 


l;(«U^r) 


-ttz 


XdX 


w 


' 


According to (32.14a) the last integral is nothing else than the 77-field 
of a vertical antenna divided by n-. Since we assume 3 = 0 we may 

represent this field by (32.22). It even suffices to use the first term of 
(32.22), which we can write as 



2 a #■»*»• 
div 77 = -^ cos 9 ? - 

^ ^ dr 


n 


It is now profitable to use polar coordinates. Then we obtain from (2), 
if we neglect the terms with {kr)~^, 



grad^ divil = I- div77 = —„cos<p^ 


ikr 


dr 


n 


dr^ 


2^2 


ikr 


= -^cosy 1-, 


ikr 


irrr 2. Id 

grad^ div n = — div 77 = — — sin (p —— 


r d<p 


n 


r dr 


= + 


2k^ sing? 

7 i 2 ikr r ^ 


and from (31.4) we obtain; 


(4) 


E, = cos 93Ej, -j* sin 99 E^, = ^2 gQg ^ jj^ _j_ grad^ div77 , 

E^ = — sin 93 E^ 4 - cos 9 ? E^ = — Jc^ sin 93 77^. -f grad^ div 77 


We still have to estimate 77j,. With the approximation in (33.16c) 
we would obtain FI^ = 0 for 2 = 0; a more exact computation yields, 
if we again ignore the terms with {kr)~^, 


(5) 


Hence we obtain from (3),(4),(5) 


E. = 


E^= + 


2 1 d e'*’’ 


2P 1 e'*-- 

~ n* r Sr r 


ikr r 

0,(4),(5) 

2k^ ( 

cos 93 ^ 1 - 

4^2 sing? c***" 
ikr r ’ 

1 ' 

\ e**" 

ikr i 

/ r * 
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and thus, due to /cr » 1 , 
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r 


9 



4 sin9? e***" 
ikr r ’ 


From this we conclude that for 9 ? = 0 we have — 0 and that the 
horizontal antenna field is in the r-direction. Therefore 

A rotatable frame antenna situated on the extension of the trans¬ 
mitting antonna shows the strongest reception in the direction of the 
transmitting antenna, as we had expected from the start. 

On the other hand for 9 ? = i 7 r /2 we have 

(7) E^=0, Ep ^2 iJcr^' 


A rotatable receiving antenna situated on the perpendicular to the trans¬ 
mitting antenna shows a misdirection. In the position of maximal 
reception the receiving antenna does not point in the direction of the 
transmitting antenna, but in a direction perpendicular to it, which is 
parallel to the transmitting antenna. However, the reception is very 
weak, being of the order 1/r^; this explains the fact that in Fig. 29, where 
we considered only terms of the order 1 /r, this reception was zero. 

Generally we may denote E^ as “correct direction” and E^ as 
“misdirection.” The latter, as in (7), is entirely due to terms of the 
order 1 /r^. 

For an arbitrary (p the “relative misdirection” in our approxima¬ 
tion is, according to ( 6 ), 




tan 9 ?. 


It increases to infinity as cp approaches ;r/2, which means that for that 
value the correct direction vanishes, corresponding to Er *= 0 in (7). 

The practical engineer is in error if he considers such misdirections 
the result of mistakes in the construction of the transmitting or the 
receiving antenna. As we have seen these misdirections are in the nature 
of things. Certain other misdirections called “after effects,” which are 
due to reflections on the ionosphere, will not be discussed here. 


§ 35. The Magnetic or Frame Antenna 

The frame antenna can be used not only for range finding but also 
for directed transmission. In both cases the plane of the loop is taken 
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perpendicular to the surface of the earth and the normal to this plane 
will be taken as the x-axis. For rectangular forms the loop consists of 
two pairs of coherent vertical and horizontal antennas of opposite phase, 
similar to the scheme in Fig. 30. 

In §31 D we called such an antenna magnetic, no matter what the 
shape of the loop. Our frame antenna, which is situated in the ?/, 3 -plane, 
is equivalent to a magnetic dipole in the _x-direction; its primary- 
action can be represented by a Hertz vector 77 • = 77,. Due to the 
presence of the earth this Hertz vector becomes a general vector JJ. 

The relation between 77 and the electromagnetic field in a 
vacuum is the same as in (31.4), hut we must replace E, H, Sg, pg by 
H, — E, Mg, £0 In fact this interchange transforms the Maxwell 
equations (31.5) into themselves. Thus, in a vacuum, as counterpart to 
(31.4) we have: 

(1) H= k^n graddivTF, — E=-^curl77= — ugico curlTJ 

€q t u) * ^ 

and in the earth, as counterpart to (31.7) we have: 

(2) H = 77 + grad div 77; — E = -^curl77, 

t%(a ’ 

where we have as before: 

( 2 a) = eMgO)^-{-iaMgO), = egfigO)^ = co^jc^ , 

The vector 77 again satisfies the differential equation (31.3). 

The boundary conditions for z = 0 force us to consider 77 as a 
vector with two components 

77= (77„ 77,). 

just as in the case of the electric horizontal antenna. Indeed, we have 

(3) = (4) 

due to the continuity of > 

(5) div 77 = div 77^, ( 6 ) k^ 77,. = k\ 11 

due to the continuity of Htang* 

Hence, we have two conditions (4) and ( 6 ) for 77,., and two further 
conditions (3) and (5) that determine 77^ from the known 77^. Condi- 
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tions (4) and (6) are exactly the same as the conditions (32.7) for the 
vertical antenna. Hence, we can apply the previous representations 
(32.9) et seq. directly to our 11*. Written in the form (32.14a) as special¬ 
ized for /I = 0, these representations read: 

n. = jHlar)e 

w 

(7) 


/ 


XdX 


w 


For the same reasons as in the case of the electric horizontal antenna, 
we write i7* in the form (33.13) that contains cos tp . However, due 
to condition (3), the functions 0 and 0^ equal; their 

common value is determined from (5): 

Hence by setting h = 0 and replacing / by H we obtain from (33.15) 


( 8 ) 


* J 1 ' ^ II + He 

W 


n.E — 


^ /■ Hi (A r) 6+"^^ A2 dA. 


w 


However, in contrast to the electric horizontal antenna, we may now 
neglect i7* as compared to 11^ , so that in the discussion of the field 
and of its directional characteristic we shall consider the component 


77* alone. 


(9) 


According to fl) we then have 

Ea; = 0, 'Ey=fi(ii(a 


an. 


E* = 


UqIO) 


an. 


az ’ ^ r-M -~8y - 

Now we obtained the first line of (7) from the representation (32.14a), 
which for small numerical distances was approximated by (32.23). 
Applying the latter to (7) we obtain 


( 10 ) 


i7,= 2 


ikJi 


E 


(1 + •••), 


R = ]/r^ + . 


This agrees with the representation (31.20) for an infinitely conductive 
ground. From (9) and (10) for z = 0, we now obtain 


E^= E^ = 0, 




2fioi(o T 


y d e 


ikr 


r dr 


= 2 fiQ CO k sin (p 


ikr 


For the direciional characteristic in the sense of p. 261 we obtain 
(11) 1/H = M sin (p, 















270 


PARTIAL DIFFERENTIAL EQUATIONS 


§36 


where E is the radiated energy and M is the maximum of |/£ that is 
radiated in the direction <p= ±nj2 {M is proportional to r"‘). 

We compare ( 11 ) with the elongated directional characteristic for 
the horizontal antenna in Fig. 29. The two curves are identical except 
for the interchange of sin 97 and cos 97 , in accordance with the remark 
at the beginning of this section about the current in the frame and the 
horizontal antenna. The interchange of sin 97 and cos 97 is obviously 
due to the fact that while our horizontal antenna had the direction 
of the x-axis the plane of our frame antenna was situated perpendicular 
to the a:-axis. 

Hence, the frame antenna has its maximal radiation in the plane 
of its frame (95 = ± Jr/ 2 ), just as the horizontal antenna has the 
maximal radiation in its own direction (97 = 0 and (p = 71 ) . Corre¬ 
spondingly, the frame antenna has maximal reception if its plane is 
situated in the direction of the incoming wave. Since this plane was 
assumed throughout to be the 2 /,z-plane, the signal for maximal reception 
comes from the y-direction with dominating electric z-component (per¬ 
pendicular to the ground) and magnetic x-component (perpendicular 
to the plane of the frame). Then the electric z-component induces an 
electric current in the frame or, as we may also put it, the magnetic x- 
component stimulates the magnetic dipole of the frame. Thus, the frame 
acts as a magnetic receiver, just as previously it acted as a magnetic 
transmitter. 

Incidentally, in range finding we do not try for maximal reception 
but for minimal reception, which yields the more precise measurements, 
as in all zero methods of measuring in physics. The frame is then in 
the x,z-plane instead of the ?/,z-plane. The normal to the frame then 
points in the y-direction, i.e., in the direction of the incoming signal. 

§ 36. Radiation Energy and Earth Absorption 

In discussing certain energy questions we abandon the domain 
E, H of the field strengths that permit superposition, and turn to 
the quadratic quantity of energy flow 

S = [EH] 

It now no longer suffices to consider the complex representation of the 
field under omission of the time factor exp (— ieot); instead we must 
multiply the real field components themselves. However, the complica¬ 
tions which this brings with it can be eliminated by averaging over space 
and time. The mean values will be even simpler than our representation 
of the field so far, since due to the orthogonality of the eigenfunctions, 
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the Bessel functions drop out of the representation and are replaced by 

more or less elementary functions. 

Most important for our purposes is the total energy flow, integrated 

over a horizontal plane in the air: 

( 1 ) S = fSj<y = f(E, H^-E^ H,) da. 

Corresponding to whether this plane lies above (e > h) or below (z < 0) 
the dipole antenna (z = 0 ), we denote the energy flow ( 1 ) by S + or 6 -. 
Both S- and 5+ are taken relative to the positive z-direction. ihe 
energy that effectively" enters the earth in the negative z-direction is then 
given by - <S-, which, for the time being, is to be taken over the plane 
2 = 0. However, we see that instead of this plane z = 0 we can use an 
arbitrary plane z < h, and in particular the planes z = h — e, e -^0 , 
for the computation of S- (the space between two such planes is free 
from absorption and there is no noticeable energy loss in the direction of 
infinity). Since all energy which effectively enters the earth is trans¬ 
formed into Joule heat, the function — S- at the same time represents 
the total thermal absorption cf the earth per unit of time. On the other 
hand S+ taken over the planes z = he , e->0, measures the total 
radiation into the air above the plane z = h per unit of time. We call 
Sh- the effective radiation. Hence 


(la) TIA = - S- 

is the energy needed by the antenna per unit of time if we can neglect all 
energy losses in the antenna; or, in other words, it is the power needed 
by the antenna (the letter W reminds us of “watt ). In the following 
discussion we shall have to do mainly with this quantity H . 

A. For the vertical antenna w*e had = 0 and = If 
we denote the expressions for E, and H^, w'hich so far were complex, 
by Er and and adjoin the time dependence, then ( 1 ) written explicitly 

becomes: 


S=jIJ(E, 6“^"' + E* (H^ + H* r dr d<p. 


Upon averaging over time the terms involving exp ( 2ia)t) drop 
out, and, if from now' on we understand S to be the mean value, w'e 
obtain 

S=\ffiE,Hl + E';H,)rdrdf. 

“Effective entry” means “excess of influx over outflux.” The outgoing 
reflected radiation is of course automatically included in S—. 
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Owing to the independence of the field from the coordinate we can 
write this in the form 




00 

0 




For the computation of S+ we take and from (32.3) and for 
S- we take them from (32.4). These expressions differ only by the signs 
-^prim ™ (32.3) and (32.4). We obtain 


00 


(3) 

dr dz — / a/ i z)XdX, 

0 

(4) 

y^icodr ~ iw / z)ldl, 

0 

with 

(5) 

/i(A, a) = ±Ae-''l^-*l-l-//F(A)e-'‘(*+^>, 

(6) 

z) = - - - Ftl) + 


where F(X) and F{1) are determined by (32.8). The fact that in (4) 
and (6) we used a variable of inte gration different from X and hence 
had to replace ^ by , will prove useful in what follows. 

Using (3) and (4), equation (2) can be rewritten as follows; 


(7) 




= Re J 


00 


oo 


00 


i f f* (A, z)ldX f /a (/, z)ldl j (A r) (I r) r dr 
0 0 0 


Here we can apply the orthogonality relation (21.9a), which we write in 
our present notation for the special case n = 1: 

(8) J (Ar) /j (I r) r dr = d {X\l). 

0 

Hence, the right-most integral in (7) vanishes for all values of / except 
for Z = A , so that the middle integration in (7) yields / 2 (A, a) (see 
the footnote on {). 111 J. Thus (7) reduces to the simple integral 

(9) {•■ /”/I'W. 4 2) )■«) ■ 


A further simplification is obtained if we let the planes z = A ± c 
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a 


pproach .the position of the dipole antenna, that is 

\z — 'k\ = e<^K z+^'^2^ 

Then instead of (5) and (6) we have 

(10) m = ± A e-«* + ,< f W 

(11) ,,(A, = _ie---f(A)e-'‘ 

The product /^(A) /,(A) in (9) is thus the sura of four terras. However, 
when we pass to the difference S+ - S- only two terns remain namely, 
those that correspond to the two signs of /, (A) in (10). pp ymg 
definition (la) we obtain 


( 12 ) 


Re!-< / /(A)e-"'‘AtiA , 

2nk^ \ J ^ j I 0 ' 


where due to e < we may neglect fi* e as compared to 2 ^ A in the 
exponential function under the second integral sign. The first integral 
in (12) is easily evaluated. For A > fc both ix and, of course, /i + ^ 
are real. Hence the real part of - i times the integral from A: to oo 
vanishes. Only the integral from 0 to A: in which we may pass to the 
limit e = 0 remains. Using the variable of integration fi instead of A 


we obtain*^ 

(13) Re 





Concerning the second term in (12) we first consider the term F(A) — A//i 
in (32.8) which does not vanish for [Ai^l —> oo , and thus compute. 



Due to the real character of /w for A > A; we again need consider 
only the integral from A = 0 to A = A: . Written in terms of the 
variable [jl , with the abbreviation ^ = 2kh (14) becomes 



Due to the sign of [i we must follow the preseriptions concerning the 
“permissible sheet of the Riemann surface” in Fig. 28. 
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By evaluating the real part we obtain: 


(15) 


jj/sinC d* sinf\ 

'^vr+dt'-T/ 


2 P 


sin f f cos f 


Combining ( 12 ), (13) and (15) we have 


(16) 


W 




where K stands for the remaining contribution of i’(;i) for|ii;^m= oo, 
which was not 3 ^et considered in (14), namely. 





[ J n^fi + ng 
0 



In connection with (16) we note that the first two terms on the right, 
which are independent of the nature of the ground, could have been 
deduced with the help of the apparatus of §31. However, the correction 
term K can be computed only with the help of our complete theory. We 
defer the discussion of these formulas to Section C. 

B. For the horizontal antenna the formulas become more com¬ 
plicated due to the combined action of 77, and 77,, but with the help 
of the orthogonality relation ( 8 ) we finally obtain simplifications similar 
to those obtained for the vertical antenna. We shall merely outline the 
necessaiy computations. Instead of (2) we now have 


( 2 a) S=\RefJ [E, rdrdcp 


and instead of (3) and (4) we have for the time being 

(3a) E^ = B cos 95 77, -j- ^ div 11, 7'^= — sin 95 77, + div 77 



_ lA 

II == - — 


^_cos9>^ + 



— k^f. an, , 1 a77.\ 

+T8^j- 


iSince, according to (34.1) and (33.15), div 77 and 77^ are proportional 
to cos 99 while according to (33.12) is independent of 97 , we 

conclude from (3a) and (4a) that and 77^ contain the factor cos 9 ?, 
while and IIr contain the factor sin 97 , We then can carry out 
the integration with respect to cp in (2a), and instead of (7) we obtain a 
triple integral with respect to I and r that has a somewhat com¬ 
plicated structure. However, if we form the difference W = — S- 

then the formulas become much simpler, since only the term that arises 
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from the primary stimulation 
the Bessel differential equation 


JJx has alternate signs. If we also use 
for the elimination of the derivatives of 


/o, then we obtain 


(5 a) 


W 


Tike 


=•- Re 


CO OO I 

-i f Xd}iA f Idl j rdrl^iXr) /„ {lr)\ , 

0 0 0 ) 






g-2hM 

+ I^E 


where e is as before. Due to the orthogonality relation (8) this 
reduces to the simple integral: 



W 

Tike 


Re 


oo 

-ij AXdX 


0 


The integration of the term in (6a) that is independent of ks can again 
be carried out as in (13) and (14), and again we need consider only the 
interval 0 <X<k . Thus, instead of (16) we obtain 


(16a) 


2n /£ _ sinC _j_ 
/ipW \3 C 


sin t — C cos f 




where C is as before and 


(17a) 



2 

n^H + lie 



The expression (16a) is free of Bessel functions, just as (16) is (see 
the beginning of this section). F. Renner has drawn my attention to the 
fact that the expressions (16) and (16a) can also be obtained by a process 
that may be more familiar to practical engineers, and that we shall 
discuss in exercise VI.3. However this process yields only the power 
W = S+ - S~ 2 ind not the values of S-t- and S- separately, and the 
latter are of considerable practical interest. 

C. Discusdon. We first consider the principal terms of the equa¬ 
tions (16) and (16a), neglecting for the time being the correction terms 
K and L: 



2 , ^ sin f — C cos C 

3 


2 

3 


sin f , sin C — C cos C 

-T + 


For C oo they assume the common value 2/3. Due to ^ = 2kh 
the limit ^ = oo is the same as h = oo Indeed, for h — oo the 
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earth has no influence on the radiation of the antenna and the vertical 
and horizontal antennas must act in the same way. In both cases the 
i.otal power is transformed into radiation. Correspondingly the equa- 
tions (16) and (16a) yield the common limit 

(18a) W = = 

3 Hq(o 3 //qc' 

This is identical with a formula given by Hertz^^ f^j, radiation of his 
dipole (freely oscillating in space). We note that the factor corresponds 
to the reciprocal fourth power of the wavelength in Rayleigh^s law of 
scattering, which does actually arise from the superposition of a large 
number of distant dipoles that are distributed over the atmosphere and 
that are stimulated to radiation by the incoming sun rays. 

If we expand the expressions (18) in ascending powers of C and 
then pass to the limit = 0 so that the expansion breaks off with the 
term ^ , then we obtain; 


(18b) 


2 2 

-+- + •• 
3 3 


4 2 

= g = 2 - - for the vertical antenna, 


2 1 2 

2 “ 1 + g' • ' “ O' 2 ^he horizontal antenna. 


We can better understand the factors 2 and 0 on the right here with 
the help of Fig. 27 in §31: through reflection on an infinitely conductive 
earth the radiation of the vertical antenna doubles for = 0, the radia¬ 
tion of the horizontal antenna is canceled by its mirror image. However 
we must remember that we have neglected the correction terms K and L 
in (18). This disregard of K and L means that simultaneously with 
passage to the limit ^ 0 we also let . 

Figure 31 gives a general representation of the expressions (18). 
Above the axis of abscissas we have marked the values of C, below it 
the corresponding values of h. The figure shows that both for the vertical 
and the horizontal antenna the passage to the limit 2/3 is through con¬ 
tinued oscillation around this limit. The distance between the abscissas 
of two consecutive extrema measured in the h scale is, for both curves, 
approximately equal to half a wavelength; this corresponds to the inter¬ 
ference between the incoming radiation and the radiation which is 
reflected by the infinitely conductive ground. 

In addition, for both curves we have traced a first correction by 

** In the work quoted on p. 237; the formula can be found on p. 160 of his 
collected works v.II. In comparing (18a) with Hertz’ formula we have to take into 
consideration the dimensionality factor which will be determined in (22) below. 
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broken lines as given by the terms K and L in (Ip and (17a.). Jhe 
value k/ {ksl = 1 100 that we use corresponds to the case of sea water 


Fig. 31. The power needed by a dipole antenna 
for different altitudes h above the ground. 

vertical, H = horizontal antenna, the solid 
curves are for an infinitely conductive ground, 
the broken curves are for sea water. 



for a 40-m. wavelength. We note that the ordinates of the broken curves 
increase steeply as h tends to zero; of course for finite h the difference 
in the ordinates from the limiting case k^-^oo increases as ks ^^- 
creases. We are dealing here with a quite complicated double limit 
process, which reminds us of the double limit process in the Gibbs 
phenomenon of §2; if we first let = oo and then h0, we end up 
with the finite ordinates 4 3 and 0. However, if we stop at a finite value 
of ks and first let h—>0, then we end with an infinite ordinate which 

remains the same if afterwards we let —>■ oo. 

What is the physical meaning of the infinite increase of W? It does 

not odd to the effective rodiotion but gets lost os earth heot S_. In fact 
the Joule heat generated in the ground per unit of volume'^ for a fixed 
antenna current increases with increasing whereas the effective 
radiation remains finite. In order to prove this fact we should have to 
discuss the formulas for S separately, together with the correction terms 

K and L, and this would lead us too far afield.^® 

D. Normolization to o given antenna current. We have developed 
the entire theory of this chapter without consideration of the physical 
dimensions of the quantities introduced. This omission must be cor¬ 
rected now. 

Since the volume in which Joule heat is generated decreases with increasing \k^\ 
(skin effect), we see that despite the statement in the text there is no heat loss in 
the limit oo . 

We refer the reader to the investigation by A. Sommerfeld and F. Renner, 
Strahlungsenergie und Erdabsorption bei Dipolantennen, Ann. Physik 41 (1942), 
where one also finds details concerning the concepts of radiation resistance and the 
form factor for a finite length of the antenna, which are customary in technolog>\ 
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In the formula (31.1) we made the Hertz dipole factor equal to 1. 
In reality this factor is a denominate number, whose dimension is ob¬ 
tained from the relation between 11 and E in (31.4). According to 
(31.4) n has the dimension E X Since, according to (31.1), 

n would have the dimension 1/r, which is the same as Af “ we obtain 
for the coefficient of U , which we set equal to 1, the dimension E X A/*. 
We compare this factor with the Maxwell dielectrical translation 
D = eE, which has the dimension of charge per unit of area, that is 
Q/Af^, where Q is the dimensional symbol for charge (see p. 237). Hence, 
written for the special case of the vacuum, we have the dimensional 
equation: 


(19) 


^ E = 




hence 


EAf3 = 


QM 


where QM is an electric momentum that we set equal to el. In Hertz’ 
original model e was the charge of one particle which oscillated with 
respect to a resting charge — e and beyond it. 

Now what takes the place of this momentum in the case of the short 
antenna described on p. 237 that is loaded with end capacities? The 
current jt that flows in the antenna must by assumption be constant 
over the whole antenna at every moment. We write it in the form; 


( 20 ) 


= j sin CD < = j Re 


The corresponding charges of the end capacities shall be 

Cj = e cos (o t and = — e cos to t. 


According to the general relation 




d 
di 


we must have e = jlco. At the time t = 0, when the current is zero, 
the charges of the end capacities are ± e. Since these capacities are at 
the distance I of the length of the antenna they represent an electric 
momentum of magnitude 


( 21 ) 


el = ii. 

CO 


We have to substitute this product el for the momentum QM in (19). 
In addition we have to append to (19) the factor 1/4 tc obtained from the 
comparison of the field (31.4) in the neighborhood of the dipole with the 



§ 36. 23c 


PROBLEMS OF RADIO 


279 


field of the antenoo current. Thus ue obtain tor the dimensionality 
factor to be appended to our 11 



il 

4 JT ca * 


Both the radiation S and the power W must be multiplied by the square 
of this factor. Using the relation 



we obtain instead of (16) 


(23) 


w = ^k^ r- 

O 71 


S,t(| + 2 


sin C — C cos C 


^k). 


, eo ■ 

This formula gives tlm power in watts in a dimensionally consisten 

manner. Indeed, has the dimension of resistance and the numer¬ 

ical value 120 Ji = 377 Q. In our system, which is based on the unit of 
electricity Q = 1 coulomb, j is to be measured in amperes, bmce kl 
has the dimension zero, W is expressed directly in units of power; 

QA^ = watt. . \ f 

After multiplication by the same factor, equation (16a) for the 

horizontal antenna becomes dimensionally correct; we find 


(23 a) 


ya (i _ si ++ i 


Appendix 

Radio Waves on the Spherical Earth 

The earth will be assumed to be totally conductive (e.g., everywhere 
covered with sea water). We are dealing with a vertical antenna near 
the surface of the earth. The direction of the antenna is taken as the 
axis d = 0 of a polar coordinate system r, f; the distance of the 
antenna from the center of the earth is denoted by ro) the radius of the 
earth by a <C ro. The field then consists of the components 
and is independent of <p . We now want to deduce this field from a 

scalar solution u of the wave equation. 

The Hertz vector n is not suitable for the representation of this 
field, since it satisfies not the simple wave equation AH -t- A:*il= 0, but 
the more complicated form (31.3b) which holds for curvilinear coordi¬ 
nates. It is more convenient to start from the magnetic component 
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Using the second equation (31.5) we compute Er,#= 
from H 



— i CO Sq = 


1 

r sin & d& 


(sin m), 


i CO Cq 



then, according to this scheme and from the 9 >-component of the first 
equation (31.5) we obtain 




Hence H satisfies the differential equation 



dr‘ 


(rU) + 4 ^ 


1 a 


r dd' sin & d& 


(sinm) + k^rH=0. 


We can transform this equation into the wave equation Au + k‘‘u = 0 
by making H proportional to duld& ; for convenience we set in 
particular 

du 

(2a) H=i<oeQ-^. 


Then (2) becomes 



a f 1 a^ r M 
* " ^ I 7 37 I- 


1 a / . - awN 

r2 sin & a# ^ d&) 


+ A* It I 



The first two terms in { } are equal to Au according to the above 

mentioned scheme. Hence if we choose u as a. solution of 



Au + k^u = 0 


then according to (1) and (2a) the electromagnetic field is completely 
described by 




1 a_ 

r sind 



__ 1 (r u) 
r d&dr 


u ■ ^ 


The boundary condition E^ = 0 on the surface of the completely 
conductive earth is satisfied if we set 






In addition we have the condition that u is to behave as a unit souice 
at the point r = ro, 0 , which means the existence of a radially 

directed dipole of the E-field. 

In this form the problem can be solved according to the method ot 
§28 with the equation (22) of that section for G{P,Q), the only differ¬ 
ence being that then we had the boundary condition i< = 0 instead of 
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our present condition (6a). However, this implies only a 
the Lstant d. Whereas from (28.18) and the condition - 
obtained the value (28.18a) for A, we now obtain from (oa) 




( 6 ) 

whpi-p here and in what follows 4ln stands for C„. r a i j fVvo 

Lm the solution (28.22) modified in this way ^ 
simolified formula lor the limiting case ro - a, m which t 
rdLctly on the ground. From (6) and (28.18) w-e obtain for this case 

y)„(ka) + kav„(ka) ^ 

{k ro) = u„ (ka) = Wn (k «)- ^ 


= ka 


v>„ (ka) {ka) — {ka)v'„ {ka) 


Kn(ka)-\-kaC(ka) 

According to exercise 1V.8, equation 11, the numerator of this fraction 
reduces to iKkaY, so that if w e abbreviate the denominator by {. 

we obtain 


(6 a) 


ijka 
(fc a) ' 


|„(fco) = C„(A:a) + fcoCn 


Substituting this in the first iine of (28.22) we obtain tor 0. which is 

our present u; 


j CO Cn 


(<) 


This equation holds for all values a < r < oo and 0 fj”' 

main of validity of the lower line of the same equation (28.22) has 
now reduced to zero. This result (7) agrees with the pi-evious treat¬ 
ment of this case by Frank-Mises (except for a factor which depends 
on our present definition of the unit source). In addition the lesults 
there for arbitrary earth can be deduced here by a suitable extension 
of §28 (continuation into the interior of the sphere instead of the 

boundary condition on the surface). u • i 

If, further, we wished to treat the horizontal antenna on the spherical 

earth, then we should have to introduce, in addition to u, a function r 

which arises from the interchange of H and E, and we should obtain 

a representation for ti that is similar to (7) but somewhat more 

complicated.^® , i-i i 4 . 

Ho\Yever, the convergence of the series (7) is very poor, like that 

'®This was done by P. Debye in his dissertation, Munich 190S; .Ann. F^hysik 30, 
67 (1909). See also Frank-Mises, Chapter XX. §4. 
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of Green’s general representation in Chapter V. In order to see this 
for the present case we merely have to note that because of the ratio 
of earth radius to wavelength the numbers ka and kr are >1000. As 
long as n is of moderate magnitude, Hankel’s asymptotic values for C 
are valid and they show that the ratio f„/|„ in (7) is nearly independent 
of n. We should have to use more than 1000 terms of the series until 
the Debye asymptotic approximations (21.32) became valid; and only 
the latter can bring about a real convergence of the series. 

In order to obtain a usable computation of u, we apply a method 
which was first applied successfully to our problem by G. N. Watson,*’ 
and which we shall find to be connected with the method developed in 
Appendix II to Chapter V. Namely, we transform the sum (7) into a 
complex integral. 

To this end and on the basis of the relation 

P„ (cos &) = (— 1)" P„ (- cos &). 

which is valid for integral (and only for integral) n, we first rewrite the 
series in (7) in the form 

( 8 ) ^( 2 n + l)(-l)"P„(-cos^)^^^ 

We then replace n by a complex variable v and we trace a loop A 
in the r-plane of Fig. 32 that surrounds all the points 

(8a) V = 0,1, 2, 3,... ^ 2 -, - • • 



/Voc. Roy. Soc. London 95 (1918). 
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in a clockwise direction. Over this loop we take the integral 


(9) 


2 ^ + 1 


f 2 v- 

j 


s\n.v7t 


Sy(ha) 


which is obtained from the general term in (8) by 

l;r As on p 215, P, does not stand for the Legendre polynomial, 
but for the hypergeometric function 


/ 1 — 
P,(*) = P V, V + 1, 1, 


(9 a) 

(which is identical with the Legendre polynomial only lor integral r ). 
Now the integrand of (9) has poles of first order at all “'e aeros » m r 
the zeros that lie inside the loop A are the points (8a) and in the 

neighborhood of the point we have as a hrst approximation. 

sin V71 = Bin »jr + (v — n) n cos nn = (— l)"7i (v 

Hence the residue of the first fraction in (9) becomes 


- ») 


271 -j-1 


(- 1 ) 


and by computing the integral (9) as -2.ri times the sum of all 

residues we obtain 

^ t (kr) 

(10) - ^ (2 n + 1) (-1)" P„ (- cos 9) , 

n= 0 

which is identical with (8) except for sign. u * -iv f 

The next step consists in a deformation of the path . e no e 

that the hypergeometric series in (9a) is a symmetric function of its first 

two arguments. Hence we have for all (including complex) indices v. 


(11) P.= P_,.i. 

With the notation 


(lla) v = fi—i 
equation (11) becomes 

(llb) P.-j = P-.-i- 

Hence P,-j is an even function of s. 

This also holds for the last factor of the integrand in (9). In order 

to prove this we start from the representation (19.22) of //\ \\hich is 

valid for arbitrary indices; if we denote the index by 5 we ha\e. 
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If we replace w; by s by -s and reverse the orientation of F, 
we obtain: 


H'-s (e) = 1/= e'*" H\, (o). 

IF. 

If we multiply this equation by and use (21.15) in order to 

pass from H to C then we obtain 


The same relation holds for the quantity .t(ta) of (6a): 
By division we find that the quotient 



C,-i {kr) 
fs-i (^o) 


is also an even function of s. 

Finally the first fraction in the integrand of f9) written in terms 
of s is 



2s 

—2 i cos S7i ’ 


and therefore is an odd function of s. 

^\ e now deform the loop A into a straight line B (which is parallel 
to the imaginary axis of the v- plane and passes through the point 
s = 0, i.e,, v= — M) and two paths C (which are at a great distance 
from the real axis and, so to speak, join the ends of B with those of A). 
The poles that have to be considered in this connection will be discussed 
later. For the moment we show that the integrals over the paths B 
and C vanish. 

For the path B this follows directly from the odd character of the 
integrand of (9) as written in terms of the variable s. In order to show 
the same thing for the path C Ave investigate the factor U^v of the 
integrand for large values of v. We start from the series (19.34) 



(qI^Y 
r(v + 1 ) 



9 


where all the terms indicated by ... can be neglected for |»'l>e. 
According to Stirling’s formula we have 


r(v + 1) = |/2 71 V c'** v', 



y2 nv \2 v) 


hence 
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and for general complex v: 



I.Aq) 


From this follows: 


/v(e) 

I.Aq) 



This last quantity approaoltus zero if the real part ot . app.uacnes 

plus infinity. Henee, in the representation (19.31) ue can neg ec . 

as compared to /-». If from we pass to 



and from we pass to the quotient of two C 

from (14) we obtain: 



functions, 


then, 


Since a/r < 1 the quantity in (15) vanishes if the real part of v + 1 
approaches plus infinity, as is the case on both parts of C The same 
statement holds for the quotient UkrWAka), which according to (6a) 
and (14) can be written in the form 

{.(Hal _ C,(li«){l + e 

From this we see that the third factor of the integrand in (9) vanishes. 
The first factor vanishes due to the denominator sinv^i. The fact 
that the second factor vanishes follows from (24.17) which holds for 
an arbitrary complex index of the spherical harmonic. Hence our 
original path A can indeed be deformed through the infinite part of 

the half plane in which the real part of v is positive. 

However, in this deformation the path cannot cross the poles of 

the integrand: 


(15a) ^y{ka) = 0. v = I'o, Vi, v„ . • • 

We shall now investigate their position more closely. For the neigh¬ 
borhood of the m-th root we write: 

/afv\ 

(15b) ^^{ka)=(v-vJi]Aka), »fv= • 


Then by forming residues we obtain from (9) 
(16) 71 'y p„(—cosd) 

sin V 71 


C y (fc *•) 
rjy (ka) 
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Now, except for sign, the integral (9) is identical with the series (10) 
and the latter in turn is identical, except for a constant factor, with 
the solution (7) of the sphere problem. Hence the series (16) also 
represents the solution of the sphere problem, and suppressing the 
immaterial constant factor we may write: 



Z 2v-\-l 

— 

Ol 


sm V7C 


P„ (— cos &y 


Cp (fe r) 
r)y{ka) ’ 


We see that the passage from the series (7), which is summed over 
integral n, to the series (17), which is summed over the complex v, 
is obtained by forming residues in a complex integral twice. 

Before we proceed with the discussion of (17) we return for a 
moment to Appendix II of Chapter V. There, too, we were dealing 
with a series summed over integral n and one summed over complex 
non-integral r, namely, the series (1) and (3). We now show that 
there, too, the identity of the two series can be proved by forming 
residues in a complex integral twice. Written in analogy to (9) this 
integral is 


(18) 


/ 

/ 


2v + l 


2 i sin V n 

2v + l 
2 i sin V 7t 


- p, (— cos &) Uy {k, Ta) fv (A: r) dv 


r>ra. 


Py (— COS ^) {k Tq) Uy (k, r) dv 


r <ra. 


with 


Uy (k, r) = 


y)y (kr) Cv (ka) — tfy (ka) Cy {kr) 

(k a) 


We see that the poles of the integrands under consideration are the 
zeros of the denominator 


(18a) Co (.ka) = 0, v = Vj, v^, V3, ... v„ .... 

which is common to the functions m„ {k,r) and u, {k,ro). The corre¬ 
sponding residues of u, {k,r) and Uy ik,ro) are 


(18b) 


yiy {k a) Cv {k r) 
T]y (ka) 


tfy (k a) Cv (k fo) 
r]y (k a) 


where, in contrast to (15b), we have 
(18 c) = 


The original path of integration for the integrals in (18) is again the 
path A of Fig. 32. As in that figure, we can deform the path into the 
sum of the contours around the points r = Vj, vj,..., since here too the 
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paths B .C make no contribution to the integral. Thus we obtain as 
the common representation for the two integrals (18) 


( 19 ) 


-i: 


2 v + 1_ (_ YiJM C, (kro) Cr (fc r). 


2 i sin V n 


7]y (k a) 


It can be seen that this coincides with the series (9). II to 

Chapter V, by considering the relation (II) from exercise (IV.8) 

C» (e) Vv (e) - fv (e) Vv (e) = . 

This relation yields the fact that for e = ^ « and Cv (ka)=^0 the quantity 

" '‘?h„: " "idL'n can be derived by comp^x 

integration from ordinary series summed over integral n. In Part cular 

this derivation shows the mathematical reason for 

stressed on p. 217 paragraph 1, that the two n-senes which are different 

for r ^ ro merge into the same r-series (19). 

In order to conclude our discussion of the spherical earth problem 
we must first show that the roots (loa) lie in the firet quadrant of the 
Iptae (just as the roots of (18a)). In (15a) we had the roots of the 

transcendental equation: 

^20) fv ^ — fca ^ * 

For we again must use the special trigonometric form (11a) on 
p. 218 (both saddle points of equal altitude), since, for the general 
exponential form of , equation (20) can have no roots at all. Hence 
we can take dU^Q from (lie), p. 219. We then obtain 


(20 a) I, {k a) 


n 

—2=^{smz + QBm(xco8z), 2 = e (sinoc-a cos a) - -- 
^j/sina 


Due to the quantity e = ^« the second term in the parentheses (20a) 
is dominant. Hence, the roots of = 0 (in contrast to the roots of 
0 on p. 219) are given with sufficient accuracy by 


(20 b) 


cos 2 = 0 , 


= _ (w + i) 7 t sin z = (— 1 ) 


m 


From this we obtain, in analogy to (21.40), 

(21) V = e cos « = fc a - y) ^ + ■g' (iTo) ’ 

so that to each m = 0,1,2, ... a root does indeed correspond in 
the first quadrant of the v-plane. 
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Since the absolute values of the v„ are large numbers (because 
fca» 1), we can compute P»(—cosd) in (17) from the asymptotic 
equation (24.17). This equation can be written in the form 

P,(-COS&) = "l/I—XZTe-<(-+i) («-«) + < :»/4 . 

' ^ 2 ji V 8in ^ 

if we neglect an exponentially small part. With the same accuracy 
we have 


8iiiv7j = ”/21. 

Hence we can write in (17) 


(22) Pv(-cos») ^- 1 / 

sinV 71 ^ nv sm ^ 

We now specialize the factor C/j? in (17) to the neighborhood of 
he surface of the earth, that is, we set r = a. According to equation 
(11a) on p. 218 with sin z = ( — I)"" we now have 



■ 

t 

Q ^^sina 


i-ir 


and if we restrict ourselves to the principal term of (20a) we obtain 
from (15b) 



_ 7 Bz 

(- e sin « (- ir) — . 
Q |/ sin <x ^ 


In analogy to p. 219 we have ^/dv = — a. Hence, 


(23) 


1 




^(xsina ka a am a ka a- 


Substituting (22) and (23) in (17) we finally obtain 


(24) 


„ = V , 1’'. + ^ - e‘C + i>" «-* . 


ka 




m 


J/ 71V sin ^ 


The last factor depends on the inde.x of summation ni; in fact 
we have as in (21) 


(If,)' 


In the first factor under the summation sign of (24) we may replace 
V by the first term of the last member of (21), which is indepen ent 
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of m. Thus (24) simplifies to 


( 25 ) « = .. • (sin <>)-* *n + D"* • 

where the terms which are independent of m and d are denoted by . . . . 
In our original series (7), summed over n, we would have had to con¬ 
sider more than 1000 terms. In our present senes, summed over »i, 
convergence is so rapid, due to the exponential dependence of the 
terms on and to the increase of indicated in (21), that \\e 
may break off at the first or second term. Because of the positive 
imaginary part of » the increase of v„ indicates an exponential damp¬ 
ing of the radio signals with increasing distance along the surface of 
the earth; the factor (aind)-* indicates an increase of intensity at the 

antipodal point » = n of the transmitter.'* 

We have omitted all numerical details since our formulas are of no 

importance for radio communication due to the predominant role of 
the ionosphere. However, our formulas are of interest for the general 
method of Green’s function in Appendix II to Chapter \ and they 
show the power of this method for a special example.'* 

“The apparent infinity of (22) for d contradicts our general condition of 
continuity. buT^i* need not disturb us since the equation (24.17) which wa.s used 
in (22) lo8« its validity at the points # = -i and # = 0. \ more precise investiga¬ 
tion of the point = rr lead.s U, a kind 

to montloo ti«> ton, oomotuoiated to mo by Mr. Whipple oo 1^ 00^ 
iioo ol . trioodly vidt by EogU.h phydoUm, thot W.W. rmulu con Im deductd 
directly a-ithout the use of complex integration. I may venture the guc.ss that the 
particular ph>-Mcal considerations which were made for this case are contained in 
the general method of our Appendix II to Chapter V. 


EXERCISES FOR CHAPTER I 

1.1. The position of the maxima and minima in special Fourier 
approximations. Show that the extrema of the Fourier approximation 

/S 2 „_i = sin a: + -I- sin 3 a: + • • • + 2n—\ (2 — 1) a: 

lie at equal distances, and that except for the extremum x = 7r/2 which 
is common to all S, they lie between the extrema of iS 2 „+i. 

1.2. Summation of certain arithmetic series. Compute the higher 

analogues to the Leibniz series (2.8) and to the series in (2.18). 

1.3. Expansion of sin x in a cosine series. Expand sin x between 
0 and in a cosine series, 

a) by considering sin x continued as an even function in the 
interval — xc < x <0 , or 

b) by substituting 6 = 0 and c = tj in (4.5). 

1.4- Spectral resolutions of certain simple time processes. Compute 
the spectra of the time processes which are indicated in Fig. 33a and 33b 
from their Fourier integral and represent them graphically. In the 
same manner compute the spectrum of a sine wave sin 2 ji tjr, which is 
bounded on both sides and which ranges from i = —T to t = +T 
where T=nx (Fig. 33c), and deduce from this the fact that the 
width of a spectral line varies inversely with its life span. An abso¬ 
lutely sharp, completely monochromatic spectral line would therefore 
need a completely unperturbed sine wave that extends to infinity in 
both directions. 

1.5. Examples of the method of complex integration. Give the 
reasons for the result of exercise I.4a {Dirichlet discontinuous factor) by 
the method of complex integration; also, resolve the spectrum of the 
sine curve bounded on both sides into the spectra of two waves that 

are bounded on one side. 

1.6. Compute the first Hermite and Laguerre polynomials from 
their orthogonality condition by the method applied to spherical har¬ 
monics, normalizing so that the leading term of H„ix) is (2x)’' and the 

constant term of (i) is n\. 

For the definition of these polynomials see the table on p. 27. 
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EXERCISES FOR CHAPTER II 

ILL Elastic rod. open and covered pipe. Compute the Iransverstd 
proper oscillations of a cylindrical rod of length 1, wh,eh .s at 

I = 0 and oscillates freely at i = I, and compare them to the proper 

oscillations of an open and a covered pipe. 


11.2. Second form of Green’s theorem. Develop the analo^e to 
Green’s theorem, see v.II. equation (3.16), for the general elliptic dif¬ 
ferential expression L{u), 

a) where L(u) is brought to the normal form, 

b) in the general case. . , , i 

c) Investigate the conditions under which the boundary value 

problem becomes unique for a self-adjoint differential expression 

We may restrict ourselves to the case of two independent variables, 

for which Green’s theorem is 


j uAvda + J (grad u, grad v)da = j u^ds . 

II.3. One-dimensional poterUial theory. Determine the one-dimen¬ 
sional Green’s function from the conditions 




6 ^ a: < I, 
I < a: ^ I , 


b) 6r = 0 for a: = 0 and x = I, 


, Q continuous for i = f , 

' dx dx 

and apply it to the (obviously trivial) solution of the 
problem: 


d^u 

dz^ 



u continuous for 


0 


X 


I 


( 




boundary’ value 

for 1 = 0, 
for X = 1. 


Condition c) means “yield 1’’ of the source of G which is situated at 
x = is the branch x > |, G_ the branch x | of G. 

II.i. Application of Green’s method which was developed for heat 
conduction to the so-called laminar plate flow of an incompressible viscous 
fluid. We assume the flow to be planar and rectilinear throughout; this 
means that it is to be independent of the third coordinate z and directed 
in the direction of the y-axis. The velocity v then has the single com¬ 
ponent v„ = V, which, due to our assumption of incompressibility, is 
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independent not only of 2 , but also of y, so that the quadratic con¬ 
vection terms (v grad) v vanish. The Navier-Stokes equation for v is 
then according to v.II, equation (16.1) 

^ ^ dt 8x^ Q dy ’ 


where k is the kinematic viscosity; the right side is independent of x 
due to the corresponding equation for the vanishing ^-component of 
velocity, hence it is a function of t only, say a{t). 

The flow is to be bounded at a: = 0 by a fixed plate, which is at 
rest up to the time t = 0 and thereafter is in motion with the velocity 
Vo{t). Due to the adhesion of the fluid to the plate we have for a: = 0: 

fO.. .f ^ 0, 

(2) V = I 

[vq (f)... i > 0. 

For the linear Couette flow (see v.II, Fig. 19b) we would have to add 
further boundary conditions on a plane that is at rest at a finite dis¬ 
tance from a: = 0. However, for the sake of simplicity, we shall con¬ 
sider this plate situated at infinity. The limiting case obtained in this 
manner is known in fluid dynamics as plate flow. For this flow we have, 
in addition to (2), the condition for a: = 00 : 

(3) t» = 0 and p = po (independent of y). 

From this it follows that a{t) = 0, so that (1) goes over into the equation 
of heat conduction. 

We are thus led to a boundary value problem, which is a specializa¬ 
tion of the problem illustrated by Fig. 13 only in that we now have 
Xi = 00 and Jo = 0, and is a simplification of that problem because in 
the initial state in which the plate and hence the fluid are at rest, 
we have: 

(4) t> = 0 for < = 0 and all j > 0. 

The solution is obtained as in (12.18), if the principal solution F is 
replaced by a suitable Green’s function. Discuss the resulting velocity 
profile t;(j) for increasing values of t. 


EXERCISES FOR CHAPTER III 

III.l. Linear conductor with external heat conduction according to 
Fourier. Let the initial temperature for j > 0 be m(j,0) = f{x). How 
must this function be continued for j < 0 so that the condition is 
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g + Ju = 0 


satisfied for x = 0? 

111.2. Deduce the normalization condition in anharmonic analysis 
by specialization from Green’s theorem. 

111.3. Experimental determination of the ratio of outer and inner 
heat conductivity. A rod is to be kept at the fixed temperatures u, and u, 
at its ends x = 0 and a: = Z and is to be in a stationary state after the 
effect of an arbitrary initial state dies out. The flow of temperature 
would then be linear if the lateral surface of the rod were adiabatically 
closed. Hence, at the middle section of the rod x = / 2 we would have 
temperature = (wi + M3)/2. Hence from the measurement of 

„ _ 

we can determine the ratio of outer and inner heat conduction 
(essentially our constant h). Deduce the relation between q and h 
needed for the evaluation of the measurement; according to the above 

g = 1 corresponds to /i = 0. 

111.4. Determination of the ratio of heat conductivity x to electric 
conductivity a. A metal rod is to be heated electrically, where the 
current i per unit of length gives the rod the Joule heat 

iq = cross-section of the rod); the rod is to be insulated against lateral 
heat conduction. Write the differential equation of the stationary state 
and adapt it to the boundary conditions w = 0 for t = 0 and x = I 
that are realized in water baths. The potential difference T at the 
ends of the rod and the maximal temperature (’ at the mid-section of 
the rod are to be measured. From them we are to compute the ratio xja. 
For pure metals this ratio has a universal value (Wiedemann-Franz 
law). 

EXERCISES FOR CHAPTER IV 

IV.1. Power series expansion of I„(q)- Compute this e.xpansion 
from the integral representation (19.18) 

a) for integral n, 

b) for arbitrary n 

with the help of a general definition of the F-. function. 

IV.2. Deduce the so-called circuit relations for lF„ and Hi for inte¬ 
gral n from the integral representations (19.22). 
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IV.3. Compute the logarithmic singularity of H^Iq) at the origin 
from the integral representations (19.22). 

IV.4- An elementary process for the asymptotic approximation to 
Verify the asymptotic limiting value of HI{q) by successively 
neglecting IJq and the higher powers of 1/^ already in the differential 
equation. This method is of course dubious from a mathematical point 
of view. 

IV.5. Expansion of a function on the sphere. 

a) Expand f first in a trigonometric series in (p, and then in 
spherical harmonics in cos That is, find the expansions 

•4- 00 . 00 

/('.?,<?>)= ^ C^= Z 

m — — CO 


and as combination of both these expansions 


( 1 ) 


?>) = -P.T(cos 1?) 

m n 


— OO < < + OO , 


ml ^ 71 < CO . 


b) Construct / from general surface spherical harmonics \\ and 
determine the coefficients from the orthogonality relation for 


V„,„ = P:(cos,9)e 


— xm<p 


that is, find 


/(i?, 9?) = 


00 

z Y 

n » 0 


+ n 


n > 


Yn= ^ e 


xm<p, 
> 


m^ — n 


and as combination of both expansions: 




n m 




0 < n <oo , 

— « ^ m ^ + w . 


Clarify the apparent dissimilarity in the order of summation in (1) and 
(2) by a figure (lattice in the m,n-plane) and show that *4„„ and .4„min 
(1) and (2) formally have the same meaning (by interchanging the order 
of summation and integrating). 

IV.6. Mapping of the wedge arrangement of Fig. 17 into arcular 
crescents. Transform the 60“-angle wedge of Fig. 17 by reciprocal radii 
with a suitable position of the center of inversion C (see the text for 
this figure); the three straight lines 1,-1; 2,-2; 3,-3 then go into three 
circular arcs and the angles formed by them go into circular crescents. 
Examine the association of these regions and consider the fact that 
the Green’s function of potential theory can be obtained for each of 
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these regions (spatially speaking they are spherical crescents) by five 
repeated reflections. 

IV.7. Mapping a) of the plane parallel plate into two tangent spheres, 
b) of two concentric spheres into a plane and a sphere. Investigate the 
three-dimensional figure into which the plane parallel plate of p^74 
together with its mirror images are transformed upon inversion, me 
sphere of inversion is best situated so that it is tangent to the boundary 
planes of the plate. Show that the plate is thus mapped into the 
exterior of two tangent spheres; and its mirror images are mapped into 
the space between two interior tangent spheres, b) Show th^ two 
concentric spheres can be inverted into a plane and a sphere. Hence, 
conversely, we can transform the potential of a sphere towards a plane 
into the "much simpler boundary value problem for two concentric 
spheres. The same holds for the potential of two arbitrary non¬ 
intersecting spheres. 

I V.8. Evaluation of two expressions involving Bessel functions. In 
equation (5) of Appendix I to Chapter IV determine 

(I) {q) I'n (q) — K (e) h iQ) 

and in equation (20b) of the same appendix determine 

(II) C„{q) Vnie) - ^niQ) Wn (q) ■ 


EXERCISES FOR CHAPTER V 

V.l. Normalization questions. Normalize the functions 
and y>„ (k r) of (26.3) and (26.2) to 1 for the basjc interval 0 < r < a 
with the boundary conditions J^(Ao) = 0 and y)f^{ka) = 0 in analogy 
to equation (20.19). 

V.8. The Gauss theorem of arithmetic mean in potential theory. 
Prove the theorem: The value of a potential function u at any point P 
of its domain of regularity S is equal to the arithmetic mean u of its 
values on an arbitrary sphere Ka, which has radius a and center P 
and which lies entirely in a*'. 

V.3. Summation formulas over the roots of Bessel functions. Verify 

that the coefficients A„„ in the expansion (27.13) equal those of (27.14), 

and derive interesting identities for the from the equality of the 

^ . 

coefficients of IP^ (cos ^q) in these two expansions. These 

identities can be rewritten as identities for the . 
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EXERCISES FOR CHAPTER VI 

VI.l. Vertical and horizontal antenna at the altitude h over an 
infinitely conductive groutid. Show that the formulas (31.16) and (31.17) 
for the two electric antennas: 

pikB' fiikB 

a) n = n^ — , b) 77 = 77^ = —^ ^ , 

satisfy the conditions (31.15) for the vanishing of the tangential com¬ 
ponent of E in the entire plane z = 0. 

In the same manner show that the formulas (31.19) and (31.20) 
for the two magnetic antennas: 

fikR pikB' gikS 

c) n = n^ = —^ d) 77 = TZj. =-^-f 

satisfy the conditions (35.1) for the vanishing of the tangential electric 
component. 

VI.2. Behavior of the electric force lines for a Zenneck wave in the 
neighborhood of the earth’s surface. Show that the lines of force in the 
air are bent forward, i.e., in the direction of propagation and that the 
lines of force in the earth are dragged behind. 

VI.3. Simplified compulation of the power needed for the vertical and 
horizontal antenna. Prove the expressions (36.16) and (36.16a) by 
determining the work EjV done per unit of time by the field strength E 
and the current j for the length I of the antenna. 
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I.l. The equation which determines the position of the extrema is 

cos X + cos 3 a: + • • • + cos (2 n — 1) a: = 0. 


If we write this in the form 



Re (e*® + +-h e<*”''>‘®) = 0, 


then we can sum this geometric series. We obtain finally 



sin 2 nx 
2 sin X 


1 . n 271 

hence (4) ^ 


(2n — 1) 71 
’ 2 ^ 


Due to the denominator in f3) we do not count the points x 0 and 
x=n. Equation (4) proves the statement in the exercise. 

1.2. By integrating from 0 to x we obtain a sine series from the 
cosine series (2.17); and if in the sine series we set a: = W2 then we 
obtained the analogue to the Leibniz series which follows (2.14). 
Integrating this sine series we obtain a series in terms of 1 — cos x, 
1 — cos 3x, . . . and setting x = Jt/2 here we obtain the next analogue 
to (2.16), from which we deduce the value of Zg • This process can 
be continued indefinitely, but it does not seem to lead to a transparent 
law for the successive analogues. 

1.3. The two processes mentioned in the exercise lead to the series 


sm X = 



cos 2 X — 


2 

3-6 


cos 4 X 



from which, by setting, e.g., x = 0, we obtain a representation of M 

as a series in the reciprocals of odd integers. 

Consider case a). If in (4.8) we replace x by t and perform 

the integration with respect to S we obtain 




1 


7t 


+ 00 

/ do) . 
— sm 

CO 


O) T 

~r 


— 00 


oo 



cos CO t d(o • 


where la(a))l stands for the amplitude of the spectrum of f{t) with the 
frequency co and, according to (1), 



a (co) = 


1 sin ct) t/2 
n co/2 


This function has its principal maximum of altitude t/jt at co = 0 , 
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followed by secondary maxima of decreasing altitudes at intervals with 
lengths asymptotically equal to Ja» = 2 njr. 

In case b), where according to the figure we are dealing with a 
function/ which is odd in t, we obtain in the same manner: 



+ 00 



— 00 


00 


cos = j b {w) sin 0 ) t do); 


0 


b 



1 1 


7t 


COS 0} t/2 
w/2 


1 sin^ CO t/4 
71 . co/4 


VVe now h 9 ,ve 6 (w) = 0 for <o = 0; the first maximum lies at to ~ 4.7 /tj 
as before, the subsequent secondary maxima successively decrease in 
altitude. 


1 1 _ 


0 






O) b) 

Fig. 33. 

a) /(/) = 0 for |<| > t/2, b)/{/) = 0 for \t \> t/2, 

f(l) = 1 for < t/2. f(t) =1 for — t/2 < < < 0, 

= — 1 for 0 <t< t/2. 

In both cases a) and b) we are dealing with a “grooved spectrum” 
that extends to infinity. 

In the beginning of the theory of x-rays an attempt was made to 
interpret them as ether impulses of the type a) or b). From a spectral 
point of view, which is the only one that is physically justified, this is 
not a departure from the wave interpretation, but merely an (arbitrary 
special) assumption about the nature of the x-ray spectrum. 



Fig. 33c. Schematic representation of the intensity in the spectrum of a wave 

process of frequency Wo= ”• which breaks off on both sides. Here is the 

half-value width of the corresponding spectral line. The ruled middle portion of 
the siiectrum consists of sinMike oscillations, just like the unruled part. 
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For the wave process of length 2 2’=2nT which breaks off on 
both sides (Fig. 33c) we start most conveniently from equation (4.11b) 

and find 



00 

f{i) = Jb{w) 
0 


sin CO t dw, 



smojT 



The principal maximum of b lies, as expected, at the frequency ^ ti/t 

_ /» t\® 

and has the altitude ftp = corresponding to the intensity 

and hence increases with increasing length. This principal maximuna is 
flanked on both side§ by secondary maxima of successively decrea^ng 
altitudes at intervals with length asymptotically approaching ninr, 
for all these maxima we have eih co T ~ 1. We seek the two maxima 
for which I = }4Io, that is, according to (4), those maxima for which 





The difference of their frequencies is the so-called half-value width of 
the corresponding spectral line. If we assume n »1 then this fre- 
quency difference is, according to (5), 

\f2 2^2 


Hence the half value width decreases with increasing T as stated in 
the exercise. Only for T-^oo do we obtain an absolutely sharp 

spectral line. 

7.5. The function /(O of Fig. 33a) for t/2 = 1 is known m the 
mathematical literature as the Dirichlet discontinuous factor. 


( 1 ) 

If we set t 


CD 



sin cu cos CO t 


d(o 

(O 


0 

0 here then we obtain the 


== U = 

I 0 \t\> 1. 

fundamental integral 




or 



4-00 

J sin a> 

— CD 


dco 

CO 


n • 


which was used in connection with Fig. 4, p. 11. This can be verified 
directly through complex integration: since ^mcojco, is analytic on the 
real axis and in its neighborhood, we can avoid the point co = 0 (e.g., as 
in Fig. 34a, p. 301) below the real axis, and we then can decompose (2a) 
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into the difference of the integrals 






both integrals being taken over the h»avy line of the figure. The path 
of integration in II can be deformed into the infinite part of the lower 
half plane, where the integral vanishes. The path of integration of I 
must be deformed into the infinite part of the upper half plane since 
exp(iw) vanishes only there; however, it cannot be deformed across 
the pole ft) = 0 . The residue at the pole is 2ni. This proves (2a) 
and hence (2). 

Finally, we easily verify that those parts of the path of integration 
which in the figure are indicated by short arrows and their dotted 
continuations also make no contribution to I and II. 

The method of complex integration also serves to extend the state¬ 
ments of the preceding exercise for the wave which is bounded on both 
sides. Such a wave can be considered as the superposition of two waves, 
which are bounded on one side, of opposite phase, one ranging from 
t = —T to t= cx), the other from t = -\-T to t= oo . However these 
processes cannot be represented individually in the Fourier manner, 
due to the divergences at t= oo . For this purpose it is necessary to 
transfer the path of integration in equation (4) of the preceding exercise 
from the real axis into the complex domain (as shown in Fig. 34b), and 
then to perform the decomposition. This is explained by the following 
transformations which start from equation (4) on p. 299: 


OO 



Bin 0)1 sin (oT 


0 



= i /• (c 08 ft)(< - T) - cosft)(t+ r) 



+ 00 




- 00 



= I-U. 


1 

11 



T) 



where the integral signs without upper and lower limits are to be taken 

over the complex path of Fig. 34b. 

We claim that I represents the wave process starting at t = - I 
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and II represents that starting at t = +T, both continuing to < oo. 



Fiff -14 a) Dirichlet ciiscontinuoiis factor. Wc prove etiiiatiou (3i by 
processes which are bounded on one side. 

In order to prove this we set T = 0 for simplicity, and show that 

1 r ^ . dco 

T /' ;;jrTO? 


t4) 


is a sine wave which starts at < = 0 and continues to t= oo . dhe 
proof is given in a manner similar to that of (3); for t < 0 the path of 
integration can be drawn into the infinite part of the ower half plane 
and the integral vanishes there. For t > 0 the path of integration 
must be drawn into the upper half plane. Due to the poles w=±2nlT 

we obtain the residues 


2 71% 




4ji/t 


and 2 71 % 


^ e-2.Ti«/T 


4;i/t 


SO that 


27lt 


/o(0 = 


_ ^ (e® " * _e”® ’***/’) = sin — 

2 


This completes the proof. 

If instead of starting from (4) we start from 

(5) 


/.(,)_-i Re/."' 


oj — 2 jijr 

then we see that for the same choice of the path of integration and the 

same deformation of this path we obtain the same result as befoie. 

0 «< 0 , 

O ^ / 

t > 0. 




1 c. 

The interest in this representation lies in the optic theoiy of dis- 


(6) 
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persion. We imagine that perpendicularly to the plane x = 0 the 
wave (6) enters a medium filling the half space x > 0, and decompose 
it according to (5) into partial waves of the form a{(o)e*“>*. Each of 
these waves propagates in the direction of increasing x independently 
of all other waves and we represent it here by a (w) [i {k z—co t)]. 
The wa^'e number A: in a dispersion-free medium would be kf, = (olc-, 
due to the induced oscillation of the electrons (numbering N per cm.®) 
we have 




■?V a^-<oV’ 


where co, is the proper frequency of the oscillating electrons (for the 
sake of simplicity we neglect the damping of these oscillations). Hence 
in the infinite part of the co-plane we have; 


k= kg, k X — a)t= kg x — a)t = — {x — c t) . 

c 

Thus the question of whether the path of integration is to be deformed 
in the direction of the positive or negative half plane is determined 
by the sign of x — ct. Since this criterion is independent of (o it is 
the same for all partial waves, so that x = ct stands for the entire light 
stimulation at the point x of the dispersive medium. The head of 
our light signal therefore propagates with the vacuum velocity dx/dt = c, 
not, as one might think, with the phase velocity V = colk which is char¬ 
acteristic for the dispersive medium. We interpret this in the following 
way: the electrons are at rest for t < x/c and start plane oscillation for 
t = x/c. The full amplitude corresponding to the incoming oscillation 
is attained only at a later time that is determined not by the phase 
velocity V but by the group velocity V — dcojdk. The oscillation proc¬ 
esses which precede this time may be called/orerunners of the light signal. 

1.6. a) Hermite polynomials. Due to the even character of g{x) = 
and the fact that the interval is — oo < a; < -b oo we see that the 
Hermite polynomials, like the spherical harmonics P„, are even or odd 
functions of x depending on whether n is even or odd. Considering 
this fact and the customary normalization of H„ (see exercise) write; 

Hg=l, H^=2x, Hi=ix^ + a, Hg=8x^-i-bx, H^= IG x* + c x^ + d 

and compute the coefficients a, b, c, d through a repeated application 
of the orthogonality condition (result: 

a = — 2, 6 = —12, c = — 48, d = -b 12). 

b) Laguerre polynomials. Due to the weighting factor g{x) = e 
and the fact that the interval is 0 < ar < oo the polynomials are no 



hints for solving the exercises 


303 


longer even or odd. Considering this fact and the customary normalisa- 
tion (see exercise) write: 

and compute the coefficients a,b. . . . / as in a) result: o - 1, 

c= -4, d- -1, c = 8./= . ,, 

II1. The differential equation (7.8) to uhich this 
Is obtained as follows from the theoiy of beam bendmg: we start 

the differential equation: 

1 

( 1 ) 

The bending moment M of the exterior static load of the beam is to 
be replaced by the moment of the dynamic inertia resistances 


— Q 


dt^ 


(e = mass per unit of length of the oscillating beam). this be 

be clamped at a = 0 and let the free end be x - h AH he c oss^ 
sections . < f < i contribute to the bendmg moment at Ae c 
section X, each cross-section with the lever-arm I - x. Hence « e ha 


I 


( 2 ) 


l 

r o-u dM f dH 

M = -Q j 




d^M 


cx^ 


d^u 


Substituting this in (1) we obtain (7.8) and for the constant c (of 
dimension cm.^/sec) we obtain 


(3) 



According to (2) we have at the free end ilf = - 0. According to 

equation (1) above this means 

(4) 


= 0 
dx^ dx^ 


X 


= I 


On the Other hand the clamping implies 


(6) 


■u = — =0 forx=0. 

OX 


If we write «= C/= e 


a X 


then (7.8) yields 




CO 


a = ± jfc and = ± ^ ^ > 


=y 


CO 
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Hence there are four particular solutions of the differential'equation for U: 

which for the following can be combined more conveniently into the forms 

sinh kx, cosh kx, sin kx, cos kx. 

Hence the general solution becomes 

U = A sinh kx + B cosh kx + C sin fcx + H cos kx. 


According to (4) and (5) there are four relations among the constants 
of integration A,B,C,D, from which we obtain through elimination the 
transcendental equation 



cos kl = 


1 

cosh kl 


The graphical treatment of this equation in the manner of Fig. 7 yields 
an infinity of roots at intervals which asymptotically become 





0 ) 


n 4 1 




For the basic oscillation we have 

(7a) k= ki= l.Slb/l, w=Wi=ckl. 

The differential equation of a pipe is the same as that of an 
oscillating string, that is equation (7.6) where u — longitudinal velocity 
of air, c = velocity of sound. For the pipe which is open on both ends, 
or one which is cov'ered at x = 0 and open at x = / we have the boundary 
conditions 

f)U 

(8a) — = 0 for j = 0 and x = I (open pipe) 

dx 


or 

(8b) 



0 for ar = 0, 


— = 0 for x = I (covered pipe) 

dX 


(due to the hydrodynamic continuity equation duldx=0 means the 
same as 8pldi=0, that is p = Po = atmospheric pressure which we 
assume to hold approximately). Writing w=t/e'“’* for the proper 
oscillations we obtain from (8a, b) 


(9 a) 

U A COS Xf 

k„ = 

n 

”T> 

(9 b) 

U = Bsin k„ x, 

k„ = 







% 




• • 



► ^ 
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The value (7a) of h lies between the values (9b) and (9a). The sequence 
of c7 is harmonic for both the open and covered pipe; or the elas ic 
rod it becomes harmonic only asymptotically for high overtones (see ( ))• 


II.2. a) Using the identities 


d^u Bv du 


dx 


(v 




BiL BD V B / r> rt, aA 


dx 


and writing L(u) in the normal form (10.1), we obtain 


( 1 ) 

with 

( 2 ) 

(3) 


^ 8X , 8Y 

V L (u) (w, V, . . •) “T 


dy 


(dl) 

A (u, V, . . .) = (grad m, grad v) + u 


dDv . dEv 


+ 


dy 


-Fvy 


X = V -T - 

dx 


Y = + Euv. 

dy 


Here ^ is a bilinear f(yrm in the u,v and their first derivatives. If L is 
self-adjoint then, because D = E = 0, equation (10.6), we have. 

A = (grad u, grad v)—Fuv, 

which is symmeiricin u and V. 

b) If L has the general form (8.1) then we again have equation (1), 
but with 

. du Bv 

(5) A{UyV,..)=^A 




dx dx 


dD V , dE V 


du ^ ^ ,Q ^ ^ 

di dy dy dx) dy dy 


('i) 


(dD 

-L f^l I- 

‘ \dx 

^ =« (- £ 


dy 


-Fv^ +v(^ 


dA du 

dx dy^ dy dx dy dy )' 


<^y 


D u 


)■ 


-.( 


li?S+oS! + ®.) 


dx 


oy 


If L is self-adjoint then, due to (10.6), the expression A simplifies to 


A^ A— — + b(—^ + 
dx dx \ 


^ ^ dPuv , dEuv 
dy dy dx dy 


dx dy ' By dx) 

which is again symmetric in the u and v. This can be further simplified 
by taking the terms 


dDuv 

dx 


and 


dEuv 

By 


Gulmarg Resea’-^' 
Guliu«urg 











306 


PARTIAL DIFFERENTIAL EQUATIONS 


over to the X,Y on the right side of (1). We then obtain: 


(7) 

( 8 ) 


A = A 


du dv 
8x 8x 



du dv\ du dv 

dy dx) dy dy 


— F uv 





If we now integrate equation (1) over a region <S with the boundary 
curve C we obtain the most general version of the second form of Green’s 

theorem: 

(9) fvL (u) da+ f A(u,v,...)da= f cos (n, x) + Y cos (n, y)}ds. 

c) In order to investigate whether the solution of the differential 
equation for a given boundary condition is unique we proceed as in 
the case of the equation Au=0: 

Assuming that for given values of u on the boundary curve C 
different solutions Ui,ti 2 exist, we set as in (9) 



Then, because of the linearity of L, the first term on the left side of (9) 
vanishes. Also, because «; = 0 on the curve C, we see by (6) that 
= y = 0 on C, so that the right side of (9) vanishes. Thus (9) 

becomes 



J A(u,u,...)do=0. 


If we restrict ourselves to the self-adjoint case and introduce the abbre¬ 
viations I = dujdx, t] = dujdy we obtain 



/I tip • • •) 


Ui! 

Ai^ + 2B^ri + Cn^-Fu^ 


according to (4) 
according to (7) 


The upper line of (11) contradicts (10) if F{x,y) is negative throughout 5; 

the second line contradicts (10) if the quadratic form 

is definite and Fix,y) has the opposite sign throughout S. In both these 

cases we conclude from (10) that 


(12) w = 0 and hence ui = U 2 

that is the uniqueness of the boundary value problem, ^ ^ 

This is identical with the non-existence of “eigenfunctions- (see 
Chapter V). In particular, for the self-adjoint differential equation m 
the normal form Au-\- Fu = 0, where F = const. = , ''C 

the differential equation 


( 13 ) 


’ P w = 0 
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has no eigenfunawns in contrast to the equation of the oscillating 
membrane 


(I3a) 


Au kr u = 0 , 


equation of elliptic 

t,peTh\' untie question/or the ho„n<far„ 

ttls :rrs:clr?l"s".h:orent. explains the preferred 

role of these differential equations m mathematical . 

In order to stress the physical importance of equation (13 l e 

pmark that as the Yukawa meson equation it plays the same i 
rrt pCtal is played by the potential equation in c/cctron phys.es. 

II.3. From the conditions a), b), c) of the exercise Me obtain 


( 1 ) 


for 0 < X < f l)^’ 

for f < X < i . • • <7+ = r) ^ ’ 


On the other hand the solution of the “boundary value problem” for u 
is obviously ^ 

W = «0 + f • 

Figure 35 represents the lines tor 0 and u. Verity that Green’s equation 
(10.12) for one dimension 


(3) 




rcG+\ /8G- 


)r" 


.1-) 


\dx 


II L According to equation (2) of the exercise, ti = i^oCO is given 
for X =^0 and t > 0, hence the required Green’s function G must satisfy 

the condition: 


( 1 ) 


(7 = 0 for X = 0. 


This function is obtained from the principal 

equation (12.16), through reflection on the line i = 0 (see also §13). 

G= V(x,t; |,t)— F(x,<; — f,T) 

/ f —(x —1)^1 f —+ 

= {47tfc(T-0j-Mexp|j^^^^}-e^P|4fc(T-0 jj’ 


and hence for a: = 0: 

. c<? 

(•2) 


cx 












308 


PARTIAL DIFFERENTIAL EQUATIONS 


This value is to be substituted in (12.18) for dVjdx, so that we obtain 
the following simplification. On the right side we have to cancel the 
first term, since according to equation (4) of the exercise we have 



Fig. 35. Behavior of Green’s function G with the source point a; = | and 
behavior of the potential function u with the boundary values «o. uj. The figure 
at the same time indicates, by the dotted extensions, an elementary construction 
of the ordinate of G at the point x = f coincides with (2) if we use the values of G 

from (i). 


F = 0 for f = 0. In the second term the part corresponding to Zi= <» 
vanishes, so that only the term corresponding to Xo = 0 remains, which 
according to (12.18) is to be taken negative; in this term the part 
multiplied by V vanishes because of (1). Hence, due to equation (2) 
of the exercise we have: 



v(l,r) = 




2^nk 



Ufl (b exp 


-I' 


4 k{T—t) 


dt 


(T- t)i 


If instead of t we substitute the variable of integration p = l/|/4 
then we obtain 



as the final solution of the problem. 

In order to discuss (4) we expand 




Vo It — 


4 kp 


= Vo(t) — 


r;(T) , t’;'(T) _± _ 

1! ikp^'^ 2! (4A:pY 


■ • • 


(5) 
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Replacing the variables I.t by x,t then we obtain from (4): 

«0 W 7 , N , T fzl— ••• 

(6) t;(a:,t)=Wo(0-?o(2)— 4^^[-r 16 it* 2! 


with the abbreviations 


00 


oo 


(7) 


X 


z = 


y ^kt 


— 7 


/o(2) 


= 2 fe- 


dp. 




p2n 


Here /o(z) is essentially the well known 
“error integral.” We have for z “ 


and frequently tabulated 




( 8 ) 


/o(0)=l. 


The corresponding statements for /„ (z) are 


_ «.* 


(8 a) 




The expansion (6) is valid for z < 1. For z » 1 we have: 


-«* 


(9 a) 


V {x, t) 


0 . 


The transition between these limiting laws takes place at z 1, 
that is, for 



( 9 b) * ~ 

The plate flow investigated here is a useful prep^tion for recent 
investigations of the turbulence problem (see v. II, ^38). 


( 1 ) 


III.l. According to (13.1) we write 

« (X, t) = “{/(!) U (X, f) + /(- f) U (*,- f)} dS. 


0 


Here /(f) is given and we have to find /(- f). For j - 0 we ha\ e 


OO 


( 2 ) 


{4:71 kt)i u(0, t) = j {f{^) + /(— ^ d^. 


0 


OO 


(3) 


0 


^ ^ Akt 


d$. 


If we assume that /(^) can be made continuous at ^ 0, that is, that 


(4) 


T..im /(— f) = Lim /(+ tf) — /o > ^ > 0 , 

and if we transform the integral in (3) by integrating by parts, then the 
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resulting term free of the integral sign vanishes and the right side of (3) 
becomes 

OO ^ 

(4a) /^{/(l)-/(-l)}e 

0 


The condition imposed in the exercise for x = 0 is satisfied by the inte¬ 
grands in (2) and (4a). Considering the fact that here djdn is the same 
as — didx , we write: 

(5) (|+a)/(-|) = X, X = (A_a)/(|). 


The differential equation for /(—I) obtained in this way becomes 
integrable if we multiply by exp {h |) and yields 

f 

(6) = f{v)dT,. 

0 

This expression for /(—I) is to be substituted in (1). Verify that we 
obtain the representation of G in (13.15) if in (1) we now specialize/ to a 

d- function. 

IILB. We are dealing with Greenes theorem (16.6) from which we 
are to deduce the normalizing integral (6.3a) by the limit process 
. Since this integral assumes the form 0 0 we apply de 1 Hos¬ 
pital's rule by first differentiating the numerator and denominator with 

respect to and then setting Xm = 


drin dUn 
dXf^ dx 


— U 


n 


d dUn 
d?^ dx 


X 

X 


I 

0 


2 kfi 


dk. 


d^ 


The numerator must be computed for x = I only, since for x - 0 it 

vanishes even before we pass to the limit. 

According to (16.5) and (16.5a) we obtain 


l ^ . 

da; = 4-f cos* 71 + sin* A„ ti — ^— sin A„7icosA„7ij, 

y n 2 \ '•n ^ ' 


0 


which coincides with (6.4a) if we specialize our present (to tt . 

We performed this calculation mainly in order to be able to use it as 
a model in later cases where the normalizing integral cannot be inte¬ 
grated in an elementary manner. 

III.3. In the stationary case equation (16.11) becomes 
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From this we obtain as the general solution 

A + B ; 

The coefficients A and B are computed from the values 

u = ui for X = 0, « = Ms for x = I- 


We obtain 

( 2 ) 


u = 


Ms 


sinh Xx + Ml sinh X(l x) 


inh Xl 


and, setting x = 1/2, 


(ui + Ms) sinh Xl/2 ^ + ^3 

^ ~ sinh Xl 2 cosh Xl/2 ' 


The symbol ,, which was introduced in the exercise now becomes; 


(3) 


q = cosh X 1/2. 


From this we obtain a quadratic equation tor exp (li/a). which yields 


(41 


u 

2 


= log (? + K?*—i) • 


t A- try rn wp also have h expressed in terms of q. According to 
taZ kLJs for the ratio of the exterior heat conductivity (which was 
j 1 L AnT^\ to thp interior heat conductivity For q 
tluiii W tha“t h = 0 as required in the statement of the exercise. 

i;; s srz .=4 ^ 

r.r. .k.. 

differential equation of the stationary state. 


dx^ 


= — a * a = 


Y11 

h’ 


Due to the boundary conditions at the ends of the rod j 

the temperature process. We determine a in terms of the maximal 
temperature U and obtain: 


X 


1 F* 

8 U • 


Thus, through measurement of V and U we can verity the J*"' 

of Wiedemann and Franz which, according to the theory of metal elec- 
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trons, asserts that 



«* / fc Y 

T W 



where T = the absolute temperature, k = the Boltzmann constant, 
and e = the electron charge. 

IV.l. a) For integral n we can expand the function exp(iecoBw) 
of (19.18) in the well kno^\^l power series. As the coefficients of g* we 
then obtain 

(k - n) n/a r 

'*> 2 , 412 . J 

— n 


If we perform the binomial expansion under the integral sign then only 
one term remains upon integration, and even that term remains only for 
k — n ^ 0. This result agrees with (19.34). 

b) For non-integral n (g is assumed real) we substitute in (19.14) 


(2) <= £ 

2 t 

The path Wo, which may be assumed rectangular, is then transformed 
into the loop of Fig. 37a which starts from -t- oo, circles the origin in 
clockwise direction, and returns to -f- oo according to the scheme 

3 JT 

T' 


U}= t oo — 

71 

2* 

7t 

“ "S’ 

0, 

+ 

71 

n. 

Sti , 

< = + oo 

9 

^ 2 ’ 

2 


Q 

2 ' 

2 ' 



Equation (19.14) then becomes 


<3) 


In (e) = 




di 


s 


we again obtain the series (19.34), provided 
we use the following general definition of the F-function: 



r(x -t-1) 


fin(x ♦!) 
2 71 i 



-ti-x-i di. 


We can easily verify that this definition coincides with the elementary 
definition F(a: + 1) = x! for integral x by forming residues for t = 0. 

IV.S. In order to complete the investigation of the real part of 
tgeoBW (p. 89) we compute for complex g= lg|e‘® the quantity 
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_ V 1^1 rsin — 0) e® — sin (p + 0) 

( 1 ) X = Re (i e cos u’)= -Y 

order that X become negative in the infinite part of the upper half 

of the uvplane (q » D've must have 

sin (p — 0) < 0 • 

(• 2 ) 

The shaded strip 

— 71 <p<0 


of Figs. 18 and 19 then shifts into the strip, 


1“ 2e"rlf " “ °hV.f in ^ w'droflht 

"u^ere according to (1) n'e must replace (2) by 

sin (p + 0) > 0- 

For 0 < 0 < (upper 
half of the positive e- 
plane) the shaded regions 
of the upper and lower half 
planes have finite seg¬ 
ments of the real axis in 
common, so that the path 
Wi can be situated en¬ 
tirely within the shaded 
region. From this follons, 
without the use of 
the asymptotic formula 
(19.55), that W vanishes 
for e ->■ oo in the upper 
half plane. Due to this 



Fig. 36a. Distortion of the path of integration 

shift ot the snaaea regiuuo intoW'. for a full circuit around the origin. 

we also see that for necessarily 

O>0>-« (lower half of the e-plane) the path \ o^oo. 

lead across the non-shaded region so that ^2 

The opposites of both these statements holds foi 2 
Figure 36a illustrates the effect of th.s shtft on^a 

around the origin with respect to t e ^ ^ distorted 

has been shifted by 2 a, the end b> - 2 >«, thus , 

into ir,-. However H’l' can be decomposed into thiee pa.tialpathso 
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the same character as the original Wi,W 2 following the symbolic equation 

Here — IFi is the middle one of the three shaded partial paths of the 
figure and it differs from Wi in orientation only; — is the path on the 
right; the path on the left is obtained from W 2 by replacing w by w— 2 n , 
thereby changing the factor exp (t n w) in the integrand by the factor 
g-23t<n Thus, as a result of (4) we obtain: 

(6) K (e "‘I = - (e )- (o) (1 + e-“-‘. 

When n is an integer this becomes 

which we can rewrite in the form: 

(6a) H; (g — (e) = — 2 {Hi, (g) + Hi (g)} = — 4 /„ (g). 

This change in Hi of 47„ together with the relation //‘ = / + iN corre¬ 
spond to the change in logg of 2ni in the formula (19.47) for N. 

Figure 36b represents the correspondingly distorted path lF 2 'of 
for a full positive circuit of g around the origin. This path can be 
decomposed into five partial paths of the same character as W\,W 2 
following the symbolic equation: 

(7) iy;= ITj-l- ll^-h ir»e+a’“». 

Here 1^2 is the middle one of the five partial paths, Wi is the path adja¬ 
cent on the left, IFie*”'" is the path adjacent on the right, etc. Instead 
of (5) we now obtain 

(8) Hi (g Hi (g) (1 -f 4- Hl(g) (1 + e*'”"). 

When n is an integer this becomes 

(9) Hl(ge^”*) = ^Hl{g) + 2Hl(g), 

(9 a) Hi (g e-^”*)-Hl (g) = 2 {Hi (g) -f- Hi (g)) = 4 /„ (g). 

The change (9a) together with the relation H- = I — iN 
again correspond to the charge in logg of 2ni in (19.47). 

The equations (5) and (8) are the so-called circuit relations of the 
Hankel functions for the angle increment /i0=2n. These relations 
correspond to the “relationes inter contiguas” which were established 
by Gauss for the hypergeometric functions (see §24). Just as the equa¬ 
tions (6a), (9a) for integral n are obtained from (19.47), the general 
relations (5) and (8) can be derived from the representations (19.31) and 

(19.30). 
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. . , , rf* • U',' Fin. 36c. The half- 

Fig. 361). Distortion of the path U i of / , m o circuit relation for //^ 

for a full circuit around the origin. 

tion in §32 we discuss the huU-circiut relation for 
The relation reads 

(10) HUce'")- 

For a proof, a look at ZoT-n< p < ^ 

has been shifted by + « m path W,' obtained in this 

aa indicated by the arrowa m I;-statement of 
manner is identical with the path 11, for H . 

equation (10). , • obtained if we replace 

A relation which is analogous to (10) is obtaine 

Q by ge*'”: 


(10 a) 


Ul(Q€-*”)= - ^o(Q)- 


a© \6 ® ' .. 

e nf the inteerand we can generalize 

Considering the factor exp (tnu-) of the in gr 

(10) to 


(11) /f;(ee*'')=-« 

for arbitrary n, or (replacing q by e''") 


(11 a) 


Hl(Qt-*”)= »i(e) 
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These half-circuit relations can also be derived directlv fmm 
equations (19.30) and (19.31) with the help of the equalTs 


( 12 ) 


I„{e ■ 


nptt 


^-n (Q ) • 


which follow from (19.34). 

and T''IT inh°"i! ‘hem for v. fe) 

i ; + ! Jlh in/ “■■■•'^ponding Hankol ^Bessel functions of 
dex n + , u.th integral n are multiplied by \/s^; namely we have 

In the representation (19.22) for BUe) we substitute 

% lix 


X = tQ COS W y 


dw = 


+ G* ’ 


The path ^ 1 , which for convenience is to be taken rectangular is then 
transformed into the a:-plane according to the scheme 


f « 0 


J3 


)<■ 


|X=/oo 


bj 



Fig; 37a. 
for small q . 




The loop integrals for. l/r(a; + 1). b. The loop integral for Zf‘ 


(e) 


W= — 


^ I • 

2 +»°°« 


~2' 


j- ^ . . 

T" -g I -g -f- » OO , 


» 0, 0, -oo 

We thus have the loop integral of Fig. 37b that begins at the negative 
infinite end of the real x-axis, circles the point *= <« and returns to the 
negative infinite end of the real axis; the orientation of this loop is con¬ 
trolled by a small displacement of the real branch of W^. From (19.22) 
we then obtain; 



This integral is obtained by the combination of the two branches of 
Fig. 37b, w'here the originally negative sign of the returning branch has 
been reversed through the complete circuit around the branch point 
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= i p . Through integration by parts with respect to x we obtain 


IQ 


( 2 ) 


{e. log (. + (/*■ + e--)|, . i, - M j >• >»8 (» + !/«■ + e’) <'* • 

^ —oo 

= i O in the first term and letting e 0 in both terms 


Substituting * = »e 
we obtain 


0 


(3) 


Lim Hi (e) = — log »■ e — ^ / e* log 2 * d* . 

7t J 


0 


— OO 


With the substitution x = - < the last integral becomes 


OO 


(4) 


i di 


= log (_ 2) - C = log . 


log (- 2) + J e- ‘ log 

Here C and y are the quantities defined in (19.41a) (check using the 
Laplace integral for the T-function). Combining (4) and (3) we obtain 

from (1): 

2i / V o t7i\ 2i‘ y Q \ ^ 

(5) Lim Hi (q) = — (log -f - Y) ~ ^ 

e -^0 

Due to the relation 

i > Lim//o = 1 + t I'im ^0 

equation (5) coincides with the equation (19.48) for N. 

IV.i. 1. If we neglect 1/e in the differential equation (19.11) 

we obtain Hl= A 6*^ (A = constant of integration; the solution mvo v- 

inc corresponds to //«)• ,, , i 

2. We now consider A not as a constant but as a slowly varying 

function of e ” such that A’',A'Iq and A/e* can be neglected. Th^s 

yields a differential equation for A (e), from which we obtain A = fi/j/e • 

The normalizing constant B cannot, of course, be determined in this 

manner. 

1V.5. a) According to the equations (1.12), (22.14), (22.31) we 
obtain as the coefficients Q-i^d Aj^n of the exercise. 



+ 71 





+ « 



Cm (^o) Pn ^o) 8“ ^0 


- n 
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_ ^ -h i (n — m)l 




f i r . « r 4 

27r J ^0 d&, j p« (CCM, e ■' ” 

0 - ji 

b) From the scheme for /(^,95) in the exercise we see that if we 
multiply/(^„,9Jo) by 


^VfA = Py (cos ^q) e-*f^Vo 
and integrate with respect to 9 >„ then we obtain 


+ n 

I f{»o,<Po) dq,o= 27 i^ A„^ p/J (cos ^o) Pi; (cos &„) , 

n 


Integrating with respect to sin^o'^^o 
from (22.14) and (22.31) we obtain 
the result 

/ / /(^o. <Po) Yy^ da^=2n 

After a change in notation (y, n instead 
of n,Tn) this coincides with the e.xpres- 
sion for in a) except for the order 
of summation (see Fig. 38). 

In a) the horizontal strips 
|wi| ^ n < oo are summed in the ver¬ 
tical direction, and in b) the vertical 
strips —n m ^ -f 7i are summed in the 
horizontal direction. In both cases 
the total domain of summation is 
bounded by the lines n = ± m; thus 
the sums are the same. 


1^ n = + m 

/ 



Fig. 3S. The double sum in the 
number lattice of n,w: arranged in 
horizontal strips for case a) and in 
vertical strips for case b). 


IV.6, Again we draw the 60° wedge of Fig. 17 together with its 
fiv^e reflected images, so that the original wedge lies symmetric with 
respect to the horizontal plane. For reasons of conv'enience we situate 
the center of inversion C on the horizontal line through the vertex 0 
of the wedge and we let the circle of inversion (dotted circle in the figure) 
pass through O. Since the point at infinity is mapped into C and the 
points of intersection O and Si of the line 1 with the circle of inversion 
remain fixed, the position of the circle into which the straight line 1,-1 
is transformed is determined by the points 0,C,Si. The arcs of the circle 
which correspond to the half lines 1 and — 1 are again denoted b}' 1 and 
— 1. The same holds for the line 2,-2 which is mapped into a circle 
of the same radius passing through the points 0,C,S2. The line 3,-3 
goes into a circle of diameter OC in which the upper and lower semi¬ 
circles correspond to the half lines — 3 and 3. 
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’th:tSe. of the reflected wedge. AH these .mages 

are interiors of certain cir- ^ 

cular diangles (crescents); 
e.g., the wedge 2,3 is mapped 
into the crescent C,<S22,0,3,C, 
and the wedge — 2, — 1 is 
mapped into the small lens¬ 
like region C,— 2,0,— 1,0 in 
the center of our figure. 

Up to now we have 

described the drawing as a 

plane figure and spoken of 

straight lines, circles, circular 

diangles, etc. However there 

is nothing that prevents us 

from interpreting the figure 

as three-dimensional and to 

speak of planes and spheres 

instead of straight lines and 

circles. These spheres are 

then situated with their , o .lu 

centers in the plane of the drawing. The original wedge 1.2 then is 

mapped into the exterior of the two intersecting spheres which belong 

to the circles 1 , - 1 and 2, - 2; in the same manner the reflected 

wedges correspond to the regions bounded by two of the spheres l,2,d. 

Just as before, we obtained Green's function for the wedge from the 
elementary reflections in Fig. 17, now in the case of the potential equation 
(but only in this case) we obtain Green’s function for the corresponding 
circular or spherical regions by finding the “electric image of the given 
pole upon inversion on the boundary circles or spheres 1,2,3 and by 
giving alternating signs to these poles. For the symmetric structure 
of our problem it suffices to have five such electric images in order to 
satisfy the boundary condition u = 0 on the boundary of each of the 

regions under consideration. 

IV.7. a) In the inversion in the sphere K (broken line) of Fig. 40 
all the infinite points of the reflecting planes ±1, db2, ±3, ... are mapped 
into the center of inversion C; thus the planes ± 1 go into the spheres 
+ 1 and - 1 which are tangent at C and have diameter equal to the 
radius a of the sphere of inversion. Here the exterior of the spheres ± 1 
corresponds to the interior of the plate and the interior of these spheres 


Fig. 39. The wedge 1,2 of the 60° angle Ls 
mapped bj’ inversion into the exterior of 
C,1,0,2,C of the intersecting spheres 1,-1 and 
2^—2; the reflected wedges 2,3; 3,-1; are 
mftpped into spherical crescents. 
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corresponds to the exterior of the plate. The planes ± 2 are mapped 
into spheres which are again tangent at C but have a diameter of only 
a/3. The images of the planes ± 3 are in turn spheres which lie in the 
interior of the spheres ± 2, have the diameter a/5 and are tangent at C. 
The region bounded by two consecutive spheres in this sequence corre¬ 
sponds to a reflected image of the original plate. 

-2 


-2 

Fig. 40. Inversion of a plane parallel plate and its successive reflected images 
into a system of spheres tangent at the center of inversion C. 

Greenes function of potential theory for the exterior of two tangent 
spheres (e.g., the spheres db 1 of our figure) can be deduced by inversion 
from Green’s function for the plane parallel plate. The infinitely many 
image points of the arbitrarily prescribed pole of Green’s function that 
arise in the inversion are situated in the successive spherical regions 
mentioned above, and they accumulate at the point C. 

b) If the radii of the concentric spheres I and II are a and 2a then 
we may choose the radius of the sphere of inversion equal to a and place 
its center C on sphere I. Then sphere I is mapped into the plane £* 1 , 
and II is mapped into a sphere A^n of radius 2a, 3; the minimum distance 
between An and Ei is a/6, Conversely, Ei and An are mapped into 
the concentric spheres I and II. 

For an arbitrary position of the non-intersecting plane E and sphere 
A we can proceed in the following way (kindl}^ communicated to me by 
Caratheodory); from the center of A we drop the perpendicular L to E; 
from the foot £ of L we draw tangents (of length /) to A and draw the 
auxiliary sphere // with center F and radius t. As the center of inver- 
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Sion we choose one of the points of intersection S of Z. and W. Then L 

is transformed into a straight hne, H becomes a ^ 

pendicular to L, and E and K be¬ 
come spheres which are perpen¬ 
dicular to H and L and hence have 
their center at the point of inter¬ 
section of H and L, that is, in the 
center of inversion. The radius of 
inversion remains arbitrary and 

determines only the size of the con¬ 
centric spheres. 

Instead of E and K we may 
also consider two arbitrary non¬ 

intersecting spheres Ki and K 2 (see 
the last statement in the exercise). 

In order to transform them into 
two concentric spheres we start from 

the pencil of spheres A'l -r ^ ® • 

The pencil contains two spheres of 

radius 0, namely the two poles of , , , 

the bipolar coordinate system. If we choose one of these poles as tl^e 

center of inversion then all the spheres of the pencil, including K, and 
K 2 are mapped into concetitric spheres. 

IV.8. Let ui and «2 be linearly independent solutions of the differ¬ 
ential equation 

L{u) = u" + pu' + qu = 0 

of second order, where p and q are arbitrary given functions of the inde¬ 
pendent variable e ■ Then for X = «iM 2 - UiUi we have: 



Fig. 41 


Two concentric spheres I 
and II are transformed through inver¬ 
sion into the plane Ei and the sphere 
Ku (which are shaded in the figure). 


dX 


hence 


Ml L (Uj) — M* i (Ml) = 

X = C , C' = constant of integration. 

a) For the Bessel differential equation (19.11) we have 
and hence 

C 

x== 

Q 

If we take Ui = i/}., ^2 = Hi then C is determined most simply from the 
asymptotic values (19.55), (19.56). We obtain 


— di 


— di 
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Due to 7„— + H '^^), we see that the expression (I) in the exercise, 

where H is to stand for H\ equals half the above X, so that 


the sign is reversed if H is to stand for H-. 

The determination of C becomes somewhat less simple if we start 
from e = 0 instead of = OO . 

b) In the differential equation (21.11a) we have p=2/q, and hence 

X=C/q^. If we take Mj = Cni «2 = , then according to (21.14) 

we have, for p -»■ cx>, 

fL 2 _ J. f i > fO — (n + I) ^/-’l \ — li n — O • 

,, . A , t - - 2i. 

For the expression (II) we then obtain: 


(11)= T 


where the sign depends on whether we set C equal to C* or . 

V.l. a) Due to l’„(/.a) = 0 the limit process of (20.9) yields the 
normalizing integral 



instead of (20.19). With the help of the Bessel differential equation we 
obtain 



Hence if we “normalize /„ (/») to 1” we obtain 




lu (/ r) 
— n- I„ {?, a) 


b) From the relation (21.11) between v'» (?) and we obtain 

for the present normalizing integral 



(I 


(I 


For the boundary condition 
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of the exercise xve obtain by a limit process analogous to that of a) 

y . 1« ”1 + JK ‘“’} 


,vith the help of the Bessel differential equation tve may therefore write 

N= :3^,V'n (kn)[k^a^''n{n + l)}; 


thus the normalized form of vv 




•2 F/ri 




(n + 1) 


VjjM). 

V',. (^'«) 


( 1 ) 


V.2. The proof follows from Green’s theorem 

j {uAv - vAu) ih = j (u - r 


if we set v = \/r where r stands for the distance of the integra¬ 

tion from P. Due to the singularity of i’ at P we surroun in 

customary manner by a sphere of radius @->0. then 

integration on the left side over the region bounded by A„ and X, , then 
he feft sL vanishes and the right side becomes the sum of the surface 
Itegrals over A, and A, (in both cases a stands for the extermr normj 
to the region). By letting e 0 in the integral over K, we obtain from 

( 1 ) 


( 2 ) 


/ 


du 

dn 


da. 


The third term on the right here vanishes since throughout the interior 
of tS we have Au^O. Thus equation (2) proves the theorem of the 

arithmetic mean. 

V.S. From equation (27.14) and the condition u = U on the sphere 
— a we obtain 


( 1 ) 


2nU= (cos &,) ; 

n m 


Multiplying by and integrating with respect to from 0 to 
we obtain: 


( 2 ) 


j" U dfo = ^ ’ 

0 n 


multiplying by 77^ (cos^o)sin and integrating with respect to from 










324 


PARTIAL DIFFERENTIAL EQUATIONS 


0 to ^ we have: 



n 2n 

f f V nt (cos e*/*sin d<p„ = , 


which coincides with (27.!3a) except for notation. 

Comparing the r-dependence of (27.13) and (27.14) we obtain 



The summation extends over all the roots k = k„ of the equation 

V'„ {ha) = 0 , which are the same as the roots of the equation v>„ (ha) = 0 . 

In order to determine the ’f'n in terms of the y>„ we use equation (21.11) 



Vn (*) = 



■In + i (a-) 


and the relation (20.19) (which holds for non-integral n, too) 



j [fn + iih r)f 
0 





where A: is a root of I„^.^{ka) = 0, and hence a root of yt^{k:a) = 0- 
From (5) and (5a) we obtain: 

a 

( 6 ) l[Vnikr)Yr^dr=^[y,'^{ka)]-. 

U 


If we now set Ny>„ and impose the condition 


ro 

we obtain 


/ Wl{kr)r^dr=l, 
0 

iV* = 2/a* [y>'^ {k a)]». 


Rewriting the equation (4) in terms of v',, and adopting the notation 
« = rja , we obtain: 




Vn (K I « g) 

y>'„ (k„,a) 


For n = 0 we have according to (21.11) 



therefore 


, , sin a: 
Vo(*) = ; 


yig(ka)=0 for k=koi=—, 


i = ± 1, ± 2, 


• « • 
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„,s« ro« «i.»«o t« 

u- P««uUH.v .impw «.u..ioo .*) b— 


(« 


4* OD 

S T (-1)' 

rtn 


i 


%'ieJds 


1 1 " 

1-4+5-4- 


U rU. <2 8) In (ceneral obtain from (2.9) for 

o« .h, - -"-o-'b ^ 

* — ■inx +—j—T —^ • l_j,<x<0. 


0 < * < + *• 


m 2 m ^ _j_... (or 



„d □.«» «««^ «.d depend- 

VII a) Due to the fact that 77 hw he 

«ly on . and r* - X* + If*. «»>»•*” 


E.- 

E,- 


t. ~ 

ax Ai 

^^Jf a« 


* ^ ^ 
7 ard*’ 

y a*// 

r arai* 


!5 

ax 


For the form a) of the exerc« we have 

. wd *'*• « + *^ LL- 

r is TT +-IT ii?-r • 

w« u m R' Hence the expreaxionB 
diH.m>.-.K» with ««pec. P. 

a a// 

a» rx ■ 

■ u*-, frtr 9 V 0 ftlfiO HeVC Ex ® 

B„, ^ to .h. (o™ b) n 

vutohtoK I« .11 pobd* °" 
e) From (85.1) we obtam 


« 3/7, 

a/7, E •'-»>*•“' ST ‘ 

E,^*>'**ar’ 
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partial differential equations 


" 0> in the form c) 77, itself vanishes 


d) From (35.1) we now have 


^ 0, E„= i^uo w 


dn^ 

dz 


But according to the form d) we have 


dn^_z~^h d 6^*^ ^ z + hd 


dz 


R dR R 


+ 


R* dR' R' 


which vanishes for 2 = 0 since then R' = 

VI.S. This exercise is instructive not only for the understanding 
of Zenneck waves, but also for the general knowledge of electromagnetic 
rotational fields and for their representation using complex operators. 

From (32.20) according to the prescription (31.4), we obtain forthe 
air 


( 1 ) 


^ - Vp* - A:* 

E = 7^ A 


These expressions, multiplied by the exponential time factor, 
represent an elliptic oscillation as known from optics. Due to the 
complex nature of the right sides of (1) the principal axes of the oscilla¬ 
tion ellipse are oblique to the z- and 2 -direction. If we form the absolute 
values of E^ and E^ together with their negatives, then we obtain the 
limits between which E_i. and E^ oscillate, in other words we obtain a 
rectangle circumscribed about the ellipse. The ratio of the sides of this 
rectangle is given by the absolute value of 


( 2 ) 


E, p 


n 


The value l/n is obtained from the definitions (32.16a) and (32.2) of 
pandn. Because |w|>| the rectangle is tall and narrow (See Fig. 42a). 
On the other hand, due to (32.20) and (31.7), in the earth we have 


(3) 




E.= 




Hence again we have an elliptic oscillation that, is this time, situated 
in a rectangle with the ratio of sides given by the absolute value of 

E. _ „ 


(4) 


P 
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hints for solving the exercises 
„,Kere n U a.ain obtained fton. (32,.6a) and ^ \ 

the rectangle is now broad fo L't is seen from the 

ellipse is traversed in the opposite seni^ of the tormer, 

reciprocity of the values n and 1/n in (4) and (2). 



‘ “d"tThe'wa^eleng h this field strength does the work Ej^t 
LTe i 1 H^etoo^ding to er,nation (36.20) we have as the t.nre 

average of work 

H’ = ji /Re(£e-““') Re(ie-‘"')7- 

where r stands for the thne of oscillation. With the method given on 
p. 271 we obtain 


U 


i 
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PARTIAL DIFFERENTIAL EQUATIONS 


and hence also 


( 1 ) 




a) Vertical antenna. From (31.4) and the differential equation of 
77 we obtain for 77 = 77, and E = E, 

dz^ r dr dr 

We express 77 with the help of equation (32.9) and both e''‘^/R and 

e' //e'areexpressed with the help of ( 31 . 14 ). Since the r-dependence 

of these three terms is given by 7p (;. r ), the application of the operator 

-11 L. 

r dr dr 

under the integral sign yields the common factor +Ig (A r), and 

hence at the point r = 0 of the antenna it yields the factor A®. Thus we 
obtain from (32.9): 


OO 


(3) 


/ 


0 




OO 


+ 2i f (*■*■*) - 

J n 




0 




}■ 


Since /^ is real for k (see p. 273), the integral over A: < A < oo in 
the first line does not contribute to the real part and we can pass to 
z = hf that is, to the point of the antenna, without encountering diffi¬ 
culties of convergence. Thus Ave obtain 

k OO 

141 D./ .-fi 2Reli 

J hu {Jr 


0 


0 




}• 


If we take the values of these integrals given by (36.13) to (36.17), 
substitute (4) in (1), and append the factor (36.22) in order to e.xpress 
the result in terms of our units, then we obtain the value of IF from 
(36.23). 

b) Horizontal antenna. For 77= (77^,77,) and E = E, we obtain 
from (31.4): 


(5) 


E=.k‘^n, + 


dz^ 


dx dz 


Now according to (33.12) and (33.15) the x-dependence of 77, is given 
by 7o(Ar), and the x-dependence of 77, is given by —i^(kr). Hence 












hints for solving the exercises 
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for small x,y we have 








a X j _ ± 

dz r ^ 


and for'f = 0 

( 6 ) 

These factors ^(2P-A*) and ^/2 

equations (33.12) (31-4) and 

first two differentiation with.respect to 

in addiLn to the differentiation with respect to x (this yields a factor 
under the integral sign). Thus, instead of (5) we obtain 


E 




00 
2A:2 


A2 




(g- Ai I * -ft 1 _ A® M 


0) 


u 


oo 


+ Z®"'' " + "*■ A:^ + 


1 


XdX. 


0 


The first term in [ ] is due to the third term j33.12) the secon 

term is due to (33.15). If we form the common denominator ot I J 
and observe that A = («*- D (^ee p. 2fi0), then we obtain 

P ^ A^—2 fx/j-B 

^ ■* " n^ix -f (ijs ’ 

Hence for c = 0 the second line of (7) becomes identical with the integral 
for L in (36.17a). If in the first line of (7) we pass to R= (--*« 
according to the procedure of (3), then we 

limit ~ by it and carry out the integration as m (36.16a). « 

pass to our system ot units we obtain exactly the e.xpression in (36.23a). 
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